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Abstract

Hydrodynamic shape funet ions for model l ing biological  macromolecules

in solut ion in terme of an el l ipsoid of revolut ion model are revieued.

Several  neur hi therto unpubl ished shape funet ions ulhose experi .mental

determlnation does not require knouladge of the sL,ollen molecular volume

in solut ion, aDe given. The Limitat ions and inadequacies of this model

are explained. The viscosity increment v for a di lute dispersion of t r i -

axial  el l ipsoids of semi-axes a> b> c, under dominant Brorr lnian motj .on is

derived and an expl ic i t  expression in terms of a,  b and c is given.

Knorr l ledge of the viscosity increment alone is not suff ic iant to uniquely

determine the axial rat ios (^/b, O/c) Uecause (i) in order to determine

v, knouledge of the sb,ol len volume in solut ion is required and ( i i )  a

part icular value for v has a l ine solut ion of possible valuss fot  (a/b,

b/") .  ( i )  is dealt  rrr i th by combining.v rrr i th the tr i -axial  f r ict ional

rat io funct ion P to give the tr i -axial  R funct ion and ( i i )  by combining

graphically the R line solution rrrith 6* and 6- srrrelling independent line

eolut ions. The experimental  detarminat ion of 6* and 6_ requires the
-

lesolut ion of a 2-term electr ic bicafr ingence decay into i ts component

rel .axat ion t imee; current data anaLyeis techniques ana houever not

aat iEfaetory for resolving cfoae relaxat ion t imes (as for globular

protains) rrr i th the current experimental  precision. I t  is hourever shoun by

exhaust ive computer simulat ion that using a neu, R-constDained non-

l inear least equares i terat ive analysis thie is nou possible. I t  is

thus concluded that the general-  t r i -axial  el l ipsoid as a model for the

gross eonformation of biological  macromolacules in solut ion ean nou be

employed.
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Prefac6

Th6!e aEe !!ro basio approaohgs for determining the gloss

confornation of a biological macronolecuLs in solutlon. 0n€ i3 to assume

E structulo (generauy an alEay of sphelss of valying sizeE) and then

calculat6 ltg hydlodynaoic PsoPertiesr for Bxanple the j.ntrinELc

viscosity, sedLmentatlon coeff icientr transLational diffusion coeff icientt

and then s€€ hou much th€se predl,cted ploporties diffe! flom th€

expslin€ntally dBteridn€d plopsrties for the unknolrn structure. The

nodel is then sucoeEelvely chanqed or rrefinodr until' the Pledictsd

plopertieg convslgs to agrE€ Eith thB actual propertieg. ThiE nethod has

b€e'l  deueloped by Bloom?isl,dr Garcia de la Torre and co-uorkelg

(Bloorlfie1d 44444444444444444444444444444444444444444444444444444444444444444444444444444444444, 196?' Earcia de 1a To.a€ & Bloo[fL€Ld' 19?7a,brc, '1978t

Uilgon & Aloontf igld, 19?9arbr Galcia Belna.L & Galcia de Ia Tor!€' 1980).

Ther€ is houeve! a ssliolg dlauback in that the ?inaL calctllatsd gtlucturs,

nay not be the 4U ong uhieh gives thesB proPerties.

Th€ €ltalnativ€ approach Ls to calculat€ the gtructqle directly froo

th6 knoun hydrodyn$ic propeltLga. Solne general tnod€l mlEt of co|Jls€ be

agsrJned, but although the trodels available faon this apploach a.6 16ss

precise (thg nost genelal bofo!€ the commencem6nt of thi6 study being an

ellipsoid !,ith tto 6qua.L axes) Lt doea not Euff€! fron thE unj.qudnes€

problen. This apploach uas fLlst dev€lop€d by Stokgo (1851' 1e80) In

tErmg of a ginple Ephsrical oodBl calcuLet€d fton the traoslationaL

frictlonal Frop€lty and the rotationEl fllotional ploPerty and aqain for

a sph€rical, model by EinEtein (1906 - utth a col lection in 1911) fron the

viscosity pfoporty. Although the culrent statB of theoletical, €xpolinental

and data analygis tEchnLqueE alloug u6e of the 12 equel ax69r ell.iFoid

("€Il ipsoid of lsvolutLonrr), l t  Ls c16a! f loE a si-mple perusal of



clyEtalloglaphLc nodels that fo! many bioLogLcal stluctur€s this mode.l

i9 a v6ry poor apploxination to the truE structufe.

The aigl of this thesig ie thus tuofold: thB fLrst i .s to.avL6u a1I

th€ cullent el,IipEoid of lovolution shape Functlons (in urhlch gofis neut

hLtharto lnpublish€d functions a!6 given) and the s€cond ls to dBvElop the

current theoreiica.l, and data analygis tBchnique6 to ghou that !.,ith cur!6nt

exp6rimontal prgcision the restriction of trro Eq!a] €uBg on the €Ilipsoid

Bodel can noo, Ln plinclpl€ 6t 16ast, be disp€ns€d r'dth to aLLou u€e of

th6 more gen€lal ntlL-axial ell,ipsoid' model.

I |l|orJld like tg taka this opportunity to expaEas ny deepest

glati tudE to 0r. A.J. Rote for hLs Expelt guidance and gupe.vision durLng

thB oourse of this Etudy.

t uould e].so liko to thank the fol,lou,ing people fo. th€i! hslp and

advic6 on specif lo palts of this Etudy. Dr. | ] .O. oampie! of the l lathematics

oepaltd|€nt fo! h€lping n|e derive the viscosity increfisnt fo! t!i-ax:al.

€l l ipeoLds, D!. X. Btodlie o? th€ Computing Advisoly s€rvicse fo! helping

.r€ r,rith thB progranmlngr paltlculally in the early staqea; Drs. J. Rallison

& J. Hinch from Canblid96 fo! helplul dLgcussions on sqsFension aheoloqyi

Plotossor B. f,Ennl,ngs 6nd D!s. V. llorris and A. Fou€lackgr of grunel

univelaj.ty, 0!. Houssl6! of L1€9e university and 0r. J. Jost of the union

oil Cod|pany, califolnia foa digcussLons and conrnunications on Blectlic

bi!€flinqencs, D!. F. Dale of the PattBraon Labolatoli€s on the limitations

of fluolescsnc€ depolaDLzation, arid lvlr. A. Pancholi of this laboratoly fo!

pelnisgion to u6E his viscosity daia for henoglobin.

I en grateful to the SciBnc6 Reaearch Colncll for e F€6eelch

Stud€ntshlF and also FLgons Pharoaceuticsls Lintted fo! financi,al a99l,6tance

durLng thi6 stldy.



I uould l1ke to thsnk ny flLsndE and ool.l'eagues in this oePaltoent

fo! daking ny etay h€re an 6nJoyabl6 on€r and finally ny llothe! for ha!

grBat patLEnce uhllst typinq this Fanusclipt.



C H A P T E R  1

ThB llaes. Siza and ShaDe ol lrlacromol ecules in

Solution: The EllioEoid of Revoluti.on llodel



1.1 .  l t lacronolecul .ar Structuss in Solut ion

The eoncept of a unique structure for a biological macronolscule

in solution and in crystallized form has only relatively DecentLy bean

eEtabl ished b€yond dispute. Pr ior to the uork of  Svadberg the vieu, tas

eonmonly takan (Sorens€n, 1930) that ploteins and otheD macromolecules

exist  ln solut ion not as unique struetures but as dissociable comDlaxes

containing possibly several conponBnts, that the aquilibrium state uras

d€pendent on circunetances (For example tha compoeition of the solution)

and any components pa€cipitated ara not necessarily to be identifiad u,ith

those occuf,ring in aolution. Researchere LreDB con€equently surpDis€d at

the ul t racentr i fuge resul ts of  Suedberg and his co-uoakers (Svedberg &

Pedeosen, 1940) uhich stlongly suggested the mol.acuLan hornogeneity of

many protein systama. Thus, in stDiking contrast to the polydispersi ty

of many polymer systams (such as carbohydrates, rubbB! or polystyrene)

it uag deduced that carefully prepared protBin golution€ contain one, or

at the most a ferrr, different rnol.Bcular speciee. This deduction rrras

d€rived mainly from the observation that boundary spraading obseDved in

th6 sadimentation of psotein solutions could be identifj-od rrith

gepalataLy measured translational diffusion co€fflcients. BBssleD and

Ta1mud (1944) suggeeted houever that a monodispelse protein real ly

contains a distrtbution of mo.l-ecula! !,eights uith a sharply defined

maximum. This surmiee ia,  on thB othBr hand, stcongly oppos8d by the

immunological  plopert igB of pDoteins (Alexander & Johnson, :1949)

together uith the overuhelming €vidence nour available fron protoin

cryatallography ( Kendreu g+;L, 1 958, Perutz g!_.g!r 1 960 , Blake et al ,

1965, Feldman, 1976) uhich support  the idea of discrete indiv ldual

structures.



X-ray cDystalloglaphy is by fa! the most accurate method for

determining theEe structures. Unfortunately this technique is alEo the

most Labol ioua, roquiDing severaL leseatchers uorkj .ng for a per iod of

month8 to determine the structure of a single globuJ.ar protein. The

ealculated st luctures are also of  the r foEsi l izedr form of tha

macromolecule uhich may not neceEgarily be the sam€ in solution. There

are many tBchniques avai labl€,  such as nuclear magnet ic fegonance,

electnon spin reeonance, fluoEescenca and other spectloscopic techniques

Uhich can gi.ve much detailed infonnation about the dynamic properties of

localized regione of macromolecuLee in solution (for example, the actj.ve

si teE of enzymes arE being extensiv€ly studied).  These techniques

cannot hou€ver gj.ve informatidn as to the overall macromolecular mass,

size and shape. For this one n€eds to consideD the hydrodynamic

properties of, solutions of the macromolecul€ (although seattering

phenomena can alEo give useful i.nformation), ulhich allorJs determinati.on

of the molecular ueight, simpl€ t hydlodynamically aquivalentr

mathematical models for the atructula and also the size (incLuding th6

srrralling due to solvent aasociation) of the macromolecule.

1 . 1 . 1 .  l t l a s s

The r inar t la l  mase? of  a body can be d€f ined as the quant i ty  of

mat ter  in  i t ,  or  as tha rat io  of  the force appl ied to i ts  aceelerat ion

(Neutonrs 2nd Larr r  o f  l lo t lon) .  For  a mac"omolecule ue convenisnt ly

expresE th€ mass by the |ftloJ.ecular trleight r (|lr) uhich ie defined as the

rat lo  oP the mass of  the macromolecule to  that  of  ona s ix teenth of  an

oxygen o j6 aton,  and is  €xplBssed in  qrams.

The maes of fLuid displaced by a macromoleculs in a soJ-ution 1,i11



The I Archinedean

(Van Holde, 19?1) ! 'n

the fluid dieplacEd !

equal the product of  the volume displaced and the densi ty of  the solut ion

( t t t  i / ru-)p.  uhere l l  is  the molecular rr le icht.  N- Avoqadrors number.  I  the'  r '  A '  o '  t  -  A  o

solution density and i the partlal specific volume of ths macromoleculo,

i .e.  th€ vofume incr€aa€ l rhen uni t  mass (general ly one gram) of  solute is

added to an infinite vol.ume of the solvent at constant temDaraturg and

Draaauta

( r )

maser ( i .e .  the buoyant  mase)  of  a  maeromolecuLe

solution urill eoual the true maee minue the mase of

- v o  )
o -

( 2 )

The molecular ueight of a macronolecular eolute can ba measured from nany

m€thod8, for exanple s€dimentation velocity and tlanslational diffusion,

oBmosis,  Light or x-ray acattel ing, or mogt prEcissly f rom a sequence

analysis.  A rscont revieu of  th6se methods is qiven by Rorrre (19?S).

The partial sp€cific uolum€ can be found either from a cone€ntration

d€tetminatlon fo1]orrred by a densimetric analysj.s (Kratky g!3.!, 1969,

19?3),  or for a protain,  f rom Traubers lu la (Ror, le,  t9?8).  This rule may

possibly aleo be appl lcable to nucleic acj .ds (pearce et al ,  19?5).

1 . 1  . 2 .  S i z e

The eize of a rigid macronolecule in solutlon ullf diffler from that

the anhydDous state because of associated solvent. The hydrodynamic

suol]en speci f ic volume i"r  u i l l  nou comprise of  the part ia l  speci f ic

ldn

fr |fr"] ,"=h,'

I N



volumB, i ,  the bound solvEnt that adhelss to thB hydrophi l ic part ic le

surfaee, and rentrainedt solvent u,hich may be trappad in the var ious

cavi t i€s and indantat ions in th6 macromolecule ( f igure t) .  The rat lo

i^/ i is knoun as the teuelling! of the nacromolecule and is equal
s'

to unity if the macromolecule is anhydlous and compact in solution.

The suro1lsn specific volume can b€ simply related to the neffectiven

hydlodynamic volume V" i.e. the suolLan volume of a single macromoLecule

in a homooeneous solution:

i l.r
< ?

' e  N .
1 a \

1 . 1 . 3 .  S h a p e

Ouing to the difficultiee in developing theor€tical relationships

betu€en the shapa of a nacromolecule and experinentally meaeurable

parameters, only rather sirnple I hydrodynanically equivafent t models aDe

culrentLy avai.Iable, th6 boundaries of rrrhich can be deecribed by a sinple

mathematical eqr.ration; these are (Figure 2) rods, diece and elJ.ipsoids

of revoLut ion (Tanford, 1951) .

An ellipsoid of revolution is folm€d by rotating an ellipse either

about the majo! axis (prolate ellipeoid) oc about the minor axis (obJ.ate

ellipsoid) and thu€ has the neceasary restriction that trrro of the three axeE

must be equaL. In the limit of large axJ.al ratio, a prolate ellipsoid

(2 minor axas, 1 major) becomes a good approximation to a rod t,hilst an

oblat6 el l ipsoid (2 major axes, 1 minor) becomes a goocl  approximat ion to

a diec. Consequontly, phystcal biochemists have tendad to usa the

sll.ipeoid of levolution nod€1 to determina the hydrodynamlcally aquivalBnt

shap6 of a r iq id macromoLecule in solut lon.

It should be nade clear at this EtagB that m€ny macronolecules cannot

be modelled by any of theee rigld gtructures as they h6ve no preferred
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structure in solut ion: thes€ r landomly coi ledf macromolscules ean only be

rBpreEantsd by probability configurations. flany othe! mactomolecuLes have

a rrrell defined rigid structure but cannot be reaeonably modelledr judging

from tha x-Day modals at 1ea€tr by any Bllipsoid. The L-shaped Tranefer

RNA molecule ia an outatanding example (Kimr 19?4).

1.2. The Hvdrodvnamlc Prooarties of a flaclonolscula! Solution

The hydrodynamic properties of a macaomolaeular solutionr urhich are

used to detelmin€ theEe etructu!€e, can be convenisntly divided into three

broad c1a€s6g:

(i) The viseosity property, uhich concernE th€ Bffect of the dieeolved

rnacromolacule on the bulk motion of the fluid uhen a Eheir qradi.ent is

appl iad.

(ii) The translationaJ. frictional prop€Dty, uhich eoncdrns the movem€nt

of the' nacromol.ecule through its soLution uhan some form of external force

ie applied. ThiE can be a centrifugal field in a sedimentation experiment

or a concentrat ion gradient ( i .e.  a gradient of  chanisal  potsnt ia l)  in a

translational dif fuslon exoeriment.

(iii) fne rotational frictional prop€Dty, !,hieh conc€rne the diBorienting

offect on the nacronolecule by the locaf Brounian motion of the surrounding

solvent molecul6s.

1.3.  The Vlscosi tv Propertv of  a f lacromolacular Solut ion

The viscosity of a fl.uid is a m€asure of its resigtance

be simply defined for a simple shearing flor,r* (Figure 3) in

sheari.ng stless o and the EhBaD tata G:

o = n G

to f lorrl and may

tBlms of ths

(4 )

* For the equat ions deser ibinq a mole general  f lou see Batchelor ( tSeZ).
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uheDe n is knourn as the viscosity coBffi.cient. If n j.s a proportionality

constant independBnt of the shear rata tha fluid is said to be Neutonian.

Houev€r,  i f  the const i tuant molecules shou, preferred oaientat ionar this

uj.lf alter the letaDding forcee betureen adjacent fluid elements and hence

the intEcnal fliction or vlscositv coefficient. This non-Neutonian

effect u,ill occur in Bolutions containing highly rsymmetric or easily

defoDmable molecules and at high shear rates (Batchel :r ,  195?);  th is forms

the b€sis of  f lou, birefr ingenca experim€nts (see 1.5.3).  For charactar iz ing

the nacromol€culs in solution ue can set the conditione (i.e. veDy lou shea!

ratee) so that the Neutonian condition pasvailsr lrheaeas the ch€nical engineer

uiould b€ nore lntBrested in the general flou properties.

Ueing aquation (4) r,re can Eimply r61ate th€ viecosity coefficient to

the eneDgy dissipation during flou. $lriting o as a tangential force per unit

arEa (F/n) and the shear rate a6 tho veloeity gradient ( (ax/at)/av )z

F  l d x
A  ' A y d t

mult ipLying both sides by G:

F d x  ^ 2
AAvdt

Since AAy is th€ volutn€ of the element und€r considerationr then

" (#) = .')
ulhere <dtldt> iE the mean anergy dissipatBd peD unit volume.

The effect of dissolved or susDgndBd naetomolecules urhich aDe asauned

to occupy a volume 0 of  f1uid,  is to distuDb the streamlines of  the

ftuid notion and to reduce the voLuma of the fluid in uhich the eame

overal] defolmation takes place. Thu€ th€ intarnal flrictionl the uisco€ity



1 0 .

coefficient and hance th€ enetgy diseipated is increased. This incDeass

can be represented by!

<#> = cz(n - no) = G2 no vo
( 6 )

uh€r€ n is ths viecosity co€fflcient of the solution and no that of the

solvent.  Reuri t ing:

n = n o ( l  +  v S )  ( ? )

Here v ie dafined as the viscoeity lnclemgnt and iE a funstion of the

ehape of the particle. Agal.nr leu,riting equation (?):

* - t = n - - = v Olo sP

uhess n-_ is the spacific viscosity. This equation only applies to an
s'D

infi.nitaly dil.ute eolution in urhich no solute-eolute interactions occur.

For finite concentDations:

.  . a  2
n _ _  =  v 0  +  v r o -  +  v Z Q " + . . .  . . .

SD

or, repJ.acing 0 by cvg uhere c Ls thB concentration and vs the 9u,o11en

goecific voLume 3

n - -  t
n"ua = 

T= vi, * urir2 c * v2t7r3 c2 *

uhere 
16d 

is th€ s€ducsd specific visco3ity. As the concenttation

appDoaches zero, nrsd tends to a Limiting valuer knoun as th6 intlingic

viscoaity, [n] . This ean thelefor€ be lound by €xtDapolating a plot of

speci f ic volum6, i "  is knor,rn (sect ion 1.1 .2.) ,  v can algo be found:

n versug concentration to infinite dilution. and. il the gL,ollEn

In l  [n ]Mr
v = - = i i . _

i, "e ttA ( B )
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An approximate value for v can be estimated foc tglobularr proteins by

ueing the part ia l  speci f tc volume i  and assuming that i " , /  i  is  -1.4

for globular pfoteins. A full revieu of the Exparimental techniques for

determining th€ intr insic v iscosi ty '  [nJ is given by Yang ( tget) .

Einstein (1906, 1911) uas the f i rst  to deternine an expl ic i t  value

for v for a spaci f ic part ie le shape, i .e.  a spherB, by solv j .ng the

equations of motion fo! thB flou using spherical halmonica. His

agaumptions lrer€:

(i) the particles ar€ laDg€ Enough compared to the eolvsnt molecules

so that the surlounding fluid can be regarded as a continuum and Eulerrs

(Batchalor, 196?) equations concerning the changa of florrr through specific

volume alements rather than the eompliiated Lagrange equations for

part ic le mot ion can be usedt

(ii) the dimeneiono of thB particlas are hobrever consider€d veDy rnuch less

than th€ spatial variations in the velocity fJ.orrr field,

(ifi) ttre flou ratee are snaLl anough so that squaR€d tarns conceDning the

velocity (and hence normal. Etress e?fects) can be n€glected and that the

in€rtia or masa forees can b€ neglected.

using th€se assumptiono and eonEi.dering the inclease in th6 avarage

dissipat ion of  energy per uni t  voluma, he found that v = 2.5,  and uas

indapendent of particle size. This r€su1t has b6€n confirmed oxperj.mentalLy

for polystyrena latex sph€res by Cheng & Schachnan (1SSS1.

Jeffrey (1922) attenpt€d to Bxtend this theoDy to find v ae a

function of arisl latio fo! 61]ipsoids of revolution, u€ing ellipsoidal

haDmonics to soLve tha equations lor the lluid flou. Ouing to the non-

isot lopic nature of  el l ipeoids, the hydrodynanic torquee on the el l ipsoids

ueaB shoun to have tuo effects:



(a) ttre first affeet tends to make the particls rotata on average uith

the local undistuDbed angular velocity of the fluid,

(U) tne s€cond effoct  tBnds to oDient the ninor axie paral le l  to the f lou

for prolata elllpsoids and perpindicu,lar to the flotrl flor obLate ellipeoids.

Ae a result, the fluid is no longer isotropic and an snergy dissipation

analysis fail8 to giv€ a uniqu€ value for the axial ratio for a given value

of v (Brenner, 1972a). Houeve!, if thB particles are sufficientl.y

smal1 the randomizing effect of the Blounian motion of the surrounding

eoLvsnt molecul€s countaracts the orientational tendancy of the

hydsodynamie torque (b) so that the particlee are randomly oriented (Simha,

1940) and Rotate on av€lage rrith the local anguJ.ar v€Locity of the ftui.d.

Tha solution iE th€n statistically isotDopic, allouing an en€rgy

dissipation analysis to be used to obtain an unanbiguous solution for v

in terms of th€ axlal ratio for plolat€ and oblate ellipsoids of revoLution.

Sinha (1940) u,as thus abLe to obtain a formula rrrhich has been shoun to give

good agre€m€nt rrrith experiment (llBhl, oncley & Simha, 1940):

, {
v = * {'o' 

{

2 e " 7 2+ - + -
lSb"clt 5

I u"'La' * b'1 + 2gr"
|-=:._-.-..-...--5

leo '  [za 'u 'oo 
'  +  (a-  +  b-

I

il
t )

lt1 5 b 2 a  t B  I
o o

(e )

uhere arbrb are th€ thr6e soni-axes of  the el l ipsoid (b>a for oblate ano

b<a for prolate),  and th6 cr etc.  rrrhich depend on a and b are el t ipt ic

int€gralE given by Jeffsey ( tszZ) (nppendix I ) .  ThiB relat ion could bB

solv€d nunerica.lly fol both caso6 and a tabl6 of values for v as a

function of axial ratio uas given by f16h]' Oncley & Simha (1940).

' 
l2a2b2go' * 7a2 * b2)8o"1



Th6 funct ion is plot ted in Figure 4.  In the l imit  of  large axial  rat io

P Gb/a)

t/p2
rs(*n(2/p) -3/2)

- 1 .  .
t p l

* l /pz .  L4
s ( tn (2 /p ) - I / 2 )  l s

Coblate)

(prolate)
( t o a )

l 6
15 -*-

(  i ob )

Theee formula€ agaee ulith the indep€ndent deDivatlons of Kuhn & Kuhn

(  1945)  and  K i r kuood  ( t s6z ) .

51mha apparently did not aasume that the particlee uere on averaga

rotating uith the loca1 angular velocity of tha fluid but uith z€so

angular velocity. This objection rraa Daised by Saito (1951) 'rho houever

obtained exactly the sama result (equation 9) dsspite aeeuming particles

on avelage rotating uith the same local angular v€locity of the fluid.

He suggeetod that Simha rrprobably msde som€ BEroD in his calculationri

u,j.thout actually finding it. lJe ui1l shou in the next Chaptor that Simha

had app€r6nt1y anrived at thE correct result by making the u,rong aasumption

and then nissing out a uhole serles of t€I:ma in hiE calcuLation.

1.4. The TranElationaL Frictional Propertv of ltlacromolecular Solutes

The €ase uith uhich a nacromolecule moves throuoh its golution und€x

the influence of an applied ext€Dnal force field uil-l d€pend on it, shape

and siz€. The coefficient gen8rall.y used to describe thj.s ea3e ia ths

fr ict ional  coeff ic ient,  f ,  def ined as the rat io of  the fr ict ional  lorca

to th6 teDnlnal velocity of the partiele. Stokes (1851 ) uaing spherj.cal

harmonics again and aesumptionE simi lar to Einsteinrs (eect ion 1.3)

derivgd th€ k,el1-knoun relatlon betueen the frictional coeffieient f ano
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the radiue R of a spherical  part icfe:

f = 6 r n Ro

uhere n- i€ th€ viacosi ty of  the solvent.  perr in (1936)
o

Herzog, I I1 i9 and Kudar (1954) extended Stokes aquat ion

of general allipsoidal particlee:

( 1 1 )

and ind€pendBntly

to coveB the cas€

( tz)

volune:

( r s )

s8ct ion 1 .1 .2.  The integral

solved for th6 sp€cia1 case

( t a a )

I

I
o t.t"lv3 J TG'a)#.^T"illr

o
rrlhere f- ig the corresponding coeffielent foD a sphere of the saneo

,,- fsv ]h
ro = 6rno(abcY' = *'" 

l#J

V is the molecular auo116n

in equat ion ( tz)  is euipt ic

of BLl iDsoidE of revolut ion.

volumsr defined

and could only

in

be

For prolate et l ipeoids (  p = (n/a)< t) :

r
t

o

and for oblate el l ipsotde (  p = (a/a) > ' t )

t _  ( p  - r J
E .t^'o  partan- '  (pt ' r ) '

and can easily be plotted aa a

tDanglational frictional ratio

from a tranElatlonal diffusi.on

concEntration gradientl oD from

force is a centr i fugal  f ie ld.

( 1 4 b )

funct ion of  axiaL rat io (Figure 5).  The

f/?- can be meagured experimentally eith€!' o

experiment,  uher€ ths dr iv ing forcB is a

ul-tracentrifugation, urhele th€ driuing
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1 .4.1.  Translat ional  0i f fusion

The translational diffueion coefficientr Dr is related to the

fr ict ional  coeff ie ient,  f r  at  a part icular part ic le conc€ntrat ion,

by th6 relat ion:

c ,

{ ' . " # } ( t 5 )

(van Holder 19?1),  uhere Yis the tact iv i ty coeff ic lentrr  a meaaure of  thB

concentration gradisnt. Extrapolating Dc to infinitg dilution gives the

Einstein Delat ion (Einstein 1905, Tanfordr 1961):

_ k TU = T

By assuning the eoncantration gradient to

applying Fickre lau,e (Tanfold,  1961) for a

relation fo! findlng D experimentally can

under,  A, and the maximum height of ,  H, a

vereus digtance (x) curve:

l  \ z

l+l = 4nD t
lru c

^ k T
U  = ' . ; -

c r

( t 6 )

be in  one d i rect ion only ,  and

trrlo-component system, a simple

be der ivad,  Ln terms of  the arsa

conc€ntDation gaadient (dc/dx)

?
Thus a plot  ot  (  A/n) versus t ime, t '  in a r fcee di f fuelon of  a sharp

b6undary experin€ntr  rrr i l l  g ive D" from the gradient (Tanford, 1961 ,  van

Holde, 19?1).  D" can be extrapoLated to inf in i t€ di lut ion af te!  r€peat ing

th€ proc€dure for several  solute concentrat ione. Unfortunately,  f6u labor-

ator ies have th6 apparatus required lor an accurate dEtarminat ion of  D using

thig nethod. A faet and acculate method for detsrminj .ng di f fusion coeff ic-

iente hae been developed using quasi-el.astic las6r llght scatt€rj.ng (Chu,

1974r Cummins & Pike, 19?3, Berne & Pecora, 1974);  the f luctuat ions of  solute

particlas from the equilibrium stata are a funetion of the dlffuelon



coeffi.cients and r,rith adequate instrumentation for sj.gnal analysia can bB

t ime-rssolv6d.

Flom squat ion ( t0),  t t re f r ict ional  rat io can bs found From th€

translat ional  di f fugion coeff ic ient using the relat ion

f D o
f D"  ( r z )

uhere D j.s th6 tlanslational diffusion cosfficlant .for a sphare of the
o

same volume and molecular ureight:

. ,16
-  k T  k T  l 4 n l-o 

f  6nn l3V Io o ' e '

( t e )

1.4.2.  SBdim€ntat ion Veloci tv

In a sedimentation veloeity experinentr ueing an analytical

ul t raeentr i fuge (van Holde, 19?1),  the macromolEcules quickly at tain the

tErni.naL vBlocity, uhence

Mr . -  -  - .  + d f
i l t t - v P o ] o - l = ^ d t

urhere p- is the solution deneity, r th€ distanca from the centre of' o

rotation of the solutiort/golvent boundary, 0r ths speed of rotation and

|| l - (1 -  t  p-) / t^ t t retbuoyant masst def ined in sect ion 1.1.1.  Rearranging:
 O - ' � A

M ( 1  - i o  Ir '  dT /d t
. . . . . . . - . . _ . . . . . - . - _ - - J

N. r  u j ' r  c
A ( t s 1

uh€re sc lE the s€dim€ntation coefficlsnt at a partLcular solute

concent"ation. In a sedimentation veloeity axperiment the movement of

the boundaly betueen solution and eolvent is monitored as a function of

tine using th€ psop€rty of change oP re?ractive ind€x u,ith changa in
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concentration, hence optical technJ"ques such as scanning Schlieren optiEg

or ul t ra-vj .o let  absorFt ion can be used (Lloyd, 19?4).  I f  ue rear lange

and integrate aquat ion ( tS) ' re l ind that

I Agnr
-c 

bJz At

thus by plot t ing Ioq_D veraus t  and knou, ing the angular veloci tyul  ,  s can- - A c

be found from the gradiBnt. The ssdimentation coefficient s" is a function

ol solute concEntration, thua is normally axtrapolated to infinite dilution

to give the sedimBntation coefficlant, s, rrrhich iE characteriEtic of any

macromolecular solute.  From equat ion (19) i t  can be geen that the

frictional tatio ?ft- uilt be givan by, o

lrhsla so is the sedimentation coefficient for a compact sphere of the same

molecular  ueight  and volume.  From equat ions ( tS)  ana ( tS) :

r o
r s

o

""=\ire)=H;e,J Fj^
and thuE the fr ict ional  rat io can be found, provided sr f l " r  i r  por r lo

and the suollen moLecular volun€, Vo are knoun:

f  Mr( l  -  i  0 , . , )  ganf6
: =  a  v  r _
to NO 6nno s i3V"J

(2oa)

(2ob)
1.5. Tha Rotat ional  Fr ict ional  Prooerty of  l t lacromolecular Solutes

The ability of a macromo]ecul€ to rotate under the influence of the

local Brounian motion of thB neighbouring solvent mol.ecules u,ill depend on

i ts s ize and shape. By analogy ni th the tranelat i .onal  f r ict ional
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coeff ic ient,  l re can def ine, for rotat ion about a speci f ic part ic le axis,

a rotat ional  f r iet ional  coBff ic i€nt,  6rr  aB tha torque uhich must be

appl ied to cause tha part ic la to rotate ui th uni t  angular veloci ty.  For

a general 611ip6oida1 particle there uill b€ three rotational frictional

coafficients corresponding to rotation about each of thB thr€6 axesl for

an ellipsoid of revolution there brill be ttro, and for a spherlcal particle,

one. Each rotati.onal frictional coefFiceint can be lelat€d to a

sotational diffusion constant by analogy rrrith the Ein€tein refation (1905)

(equat ion 16) :

uhere 0. is definsd as the rati.o of th€ mean squar€d angular displacenent

of the axie to the t ime slapsed (Tanford, 1961 ) .  In a typical  rotat ional

frictional" exoeriment an initial orientation of the macrornolecule is

produced by some externa.L fi€Id. If, for axample, the macromoleculss in

a solution are orientad uith theiD rrarr axi8 parallel to an orienting fiald

and the fie.ld iE suddenly lenoved, the macromolecu.Iee u,lll than relax due

to the Brounian motion and tend to assum€ a random configuration by

rotating about tha b and c axas. ly'e therefore convenLently define a

Dotational relaxation time in terns of tha rotational diffuslon constants.

(eb, 0c about tha brc axeE respect ively) by

^ = --.:-
Y t  A  a  A- ' c " b

(z2a)

TheDe u,ill- be similar telations describing !€laxation of the b and c ax€s:

^ k Ts ;  = -

1 1
"n - 

6--F,  o " . o a  - c  o " * 0 b

Q t )

(22b ,c )
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By analogy Uith the trsnElat lonal  fDiot ional  caee, Stokee (1880)

using epherical harmonic aolutiona of the equatlone of motion uith

the boundary condj.tion that the fluid in contact rrrith the partiele rotatee

uith the eaoe angular veloci ty (1.e.  the Ino-el ipr condit ion) der ived an

equatlon llnking the rotetionel frictlonal co€fficlent rrrith ite

rad iua ,  R :

6 = 8nno R3

(2s)

Eduardes (1893) gxtsnded this Bquat ion to the caee of general  al l ipsoidal

part ic lae. After a corr€ct lon for a nuoesj .cal  erroD (Perr in,  1934),

theae arg r

l 6 r n  , .  c
. = ---9 ,,D- " c;
'a  3 bzBo + c '1 'o

l 6 r n  ,  )' o c - + a -
f  = --b 3 c '1o + a 'ao

l 6 n n  t  . .o  a - + D -r  = --c  3 c ' r  + a 'c' o  o (24)
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uh€f,€ aqain the a- stc.  are el l ipt ic integrals d€f inad by JBf l r€y ( lszZ'1 -- o

s6e Appendix I. The expreesions on the right hand side of equations (24)

ara functions not only of Bhap8 but of volume as uell; the correeponding

rotational fDictional catioE houeverr atre not.

a e' a  o  z  o 2  ,  c 2

%=q=f f i  FzB;- -cT

9 b  o o  
z  c 2  + a 2

E e- 3abc cz"( + a'a- o  b  o  o

r Ae c  " o  
2  a 2  + b 2

a e 3abc azd. + bzg- o  c  o  o

(2s )

rrrhere 6- (=8 1n -abc) & O- (=kT/ E) arg the coDlesponding coefficisntso o o ' ' o -

foD spheree of the sane volume, apd can b€ found experimentally only

if the suollEn molecular volum€, Vo is knoun:

qo = 6no v" ) oo = kr/6no v" 
(26a rh)

The corresponding rotational celaxation time ratios are:

(27a)

' e  z' .=E-5t
l e  e  I
L O  O J

n r =  ,
Po fo" eu I

l e - ' 6 -  I
L o  o l

+l
z
+

n"  =
p o th

uhele go = 1/2 e; (2?b )



Unfortunatelyl as for the tsanelational frictional coefficientsr the

elliptic integraLs could only be solved analytically fo! the sp€cial caae

of el l ipsoids of  r€volut ion of  seoi-axes a,  b=c (Gans, 1928, Perr inr 1934).

Although numerically €quival.sntr Gans uses the less managsabl€

raccentr ic i tyt  (e = 1 -  b/a) rather than the axial  rat io (p = b/") ,  h"n""

the equatione of perrin are gen€rally used:

E a  g o ' � z ( t - p 2 1

{=q=3?r ; ' :3 ,
to 

= 
uo 

= e_.  Cr -  p4)
{= q= 3 iT{fi I l

uhere

s = (t - ne;-i l .r,{[r + tt-p2)l]/p]

for  a prolate el l ipsoid (p<1) '  and

(2Ba)

s = (p2 - t1 
-3 

.",,-i t 02 - r) 
j l

for  an oblate el l ipsoid (p>1).

ThB rotational diffusion ratio er/eo (i=arO) can be related to 6xp€rim6nta1

parametees using equat ionE (zog):

0.  6n \ i
1  O e  a

A I-o kT

(2Bb)
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The corresponding

Perr in (1934) but

raeult uas given

!otati.onal relaxation

contained an er lor of

by  Koon ig  (19?s ) .

tims ratioa usle

sign involving 5.

also g iven by

ThE correct

- o

e
o

a- b

P v _  z  _  4 ( r  - p 4 )

% 
= 

?fT] 
= rrFF6.i5 +11

to- - e-l' o  o '

Th6se

(26b,

may b6 related to expgrimental palametels

27b) |

by combining equations

(2ea)

(2eb)
o .

u o  " " o ' e

Al.1 th€Ee funct ions (et /eo= 0ol0o, ei leo) are ptot ted as funct ione of

axial ratio in Figure 6. It should also be pointad out that, like the

translational lunctione tha rotational diffueion coefflcients and

lelaxation timea aDe functiona of concentlatlon (Riddiford & Jennings,

195?) and should be extrapolated to infi.nite dilution. The same is also

tlue fqr the harmonic mean relaxation time, the birefringenc€. d€cay

conetants and the fluoraaeence depslarieation reLaxation ti.m€s nentioned

balou. The varioue expsrimental methods for d€tEmininq all theaa shape

oarameters uill nou be discussed.

1.s.1. .P!s!.sEslL9!Fs,S,
The capacity of a condenser filled uith a eolution of the macDomoL€cule

is measuled as a function of the aoolied sinusoidal voLtao€ acroes it



(Edsal l ,  1955) .  ThB td ie lBctr ic  incrementr  or  ineaeaee in  the d iBlect r ic

constant, e , due to the presence of the solute is given by

c c
^ F  =  .  -  "  t -  -  - 9- - ^ a ( .

v v
(so)

uhere eo is ths dielsctric constant of the solv€nt and C, Co and Cv

aDe the capaci t ies of  r€epect ively,  the solut ion, solvent and vacuo.

At sufficiently smalI frequencies, the dipolar maeromolecules ean ke€p

pace uith the altarnating field, and the dielectric conetant uril1 remain

at i ts rstat icr  value. At Buff ic iBnt ly hiqh f ie lds,  the rotat ion of  the

macromolecule about a particular axis uil1 no longer follou the figld and

its contribution, Ae_ to the dieLectric conetant is that of a non-polar

Eubstancd (0ncley, 1940);  thus over a certain cr i t ical  rang€

chaDacter ist ie of  tha sizB and shape of tha nacromol€cu]e, the dielsctr ic

conatant decraas€s as the frequency incf,eases. The frequency correspondLng

to the nid-ooint of the disD€Dsion curvE is knourn ag the rcritical

frequancy'. For a general particla uith three rotational Delaxation times

P"r 961 9"r there uill be thDE€ critic€l frequ€nciea 3

v = 2nO :  V.  = 2?To.  :  v  = 2noa  - a  b  - b  '  c  ' c
( r 1 )

For an al l lpeoid of  revolut ion there ui l1 be tuo (s ince 0O = p")  o!  one,

either if the dipolar axis ie paral.lel to tha rotatj.on axis of aymnetry

or for a sphelical particlB. Typical dielectric disp€rsion curves for

BUipeoide of revolution of various axial ratios are shoun in Figure ?

(from Oncley, 1940 )

Even in the most favourabls caee, 0 = 45o, reeoJ.ution ls poor for

axial  rat ios 1ea6 than 9 (Squire,  19?8).  Appl icat ion of  th j .e mathod is
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also l imitad by the fact  that,  due to electrode polar izat ion, onLy

solutions of lorrr ionic strangth can be uaed, thus restricting the use

to pDotelns of  high Eolubi l i ty.

1.5.2.  Elsctr ic Bieefr inqence

Polalized light incidBnt on a eolution of maeromolBcules orlanted by

an Blctric fisld ui1] be split lnto perpendicular components bacause the

sefaactiue j.ndax uilf be different For di.lections parallel and

perptndicula!  to the electr ic dipole moment (Benoit ,  1951).  The EoLut ion

ie th€n eaid to be birefringent and the amount of birefringence rrrill

deDsnd on the natur€ and concentration of the macromolecules.

The decay due to Brounian motion of the birefringence uhan the fiBl-d

is Euddenly Euitched off ie moet int€resting since this urill be

independent of tha Blectri.c propertiee of the macromo}ecules (apart feom

th€ inltial amplitude of the decay) but dependent on their sizs and

asymmetry, assuming the solution to be homogeneous. The solution must

be r€ndered homogeneous by, say, ultracentrj.fugation foD renoving }arger

impuritias, foLloued by 9e1 filtration for fine purifieation. The number

of te!m6 in the exponential decay uill be depandent on the particle

aeymmetDy, aseuming that the paDticLos are small €nough eo that the

RayLeigh -  Gans -  D€bye scatter ing theory appl ies ( i .e.  part ic le dimensiona

lees than I /20).  Ridgeuay (1965, 1968) has shoun that a gBneral  part lc ls

uLll have tuo relaxation tines, "+, "_ oq tlro d6cay conetants, 0* (=l/6r*),

o (=t /ar  ) t

, ,  - 5 0 .  t  - 6 0  t
6 t r = . | 1 n .  e  

' + A  
e  

- )
lIr 1 

- +

(32)

rrrhece An is the birefringence, N iE the number deneiiy of particlas in
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suepeneion, nn the refract ive index of ths solvent and A+ compl icated

axpressions dgpending on the initial pacticle oriBntations and thei!

dielectric and diffueion propeDties. unfortunately, although Ridgeuay

provid€d lelationships linkinq 0* ulth the size and shape of qeneral

tri-axia1 ellipsoids (sae Chapters 3 and 4), only onB relaxation tima

has been reeolved from th€ experinental exponential d€cays for homogeneous

solutions. Thue the method has been restricted to elJ.ipsoids of rBvolution

(A_ = 0) for uhich BBnoit  (1951) had sho!,n previously that,  foa an in i t ia l

b i . re f r i noence  n .' o '

- 6 n  f  - a a  f-  - " L -

An = =.::- Ae 
u = n c

2t" "-

(s3)

assuning the electric dipole axis coincideE rrrith the rotational axis of

synnstDy. For spherical paltic16s theDe lrould be no birefringence.

1.5.3.  Flou Birefr inoence

The aligning fi.e1d can also be pDoduced, if the macronolecules are

highly asynmetric, by large florrr v€locity gradients in the annular spac€

b€tlrBen tuo eoncentri.c cylind€re, ons rotaay and one stationary (van HoJ-de,

19?1 ,  Squire,  19?8).  Th€ oxiBntat ion of  the macromolecules ui l l  again b€

opposed by rotational BDounian motion, and for a constant sheae rate, there

roill bE an Bquiliblium distribution of osientation states. Reeults ior

€arly studies are discuEsed by gerf and SchBraga (1952) and by Tanfosd

(1961).  This method has the advantage that thB eteady state birefr ingance

can nou be used to deri.ve ehape parametBls, since this uri1l be indepsndent

of the alectrie plop€rtiss of the macromolecule. Houev€D, the method hae the

serious disadvantage in that relaxation experimBnts are virtually irnpoeeible,
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and also the uee ls r€str ict€d to highly asynmetsic mol6cule6 (Squire,  19?8).

1.5.4.  Fluorescence Depolar izat ion

Thie method appLies to those maeromolaeuLee that poesess a fltiorescent

group o! a chromophore (Cantor & Tao, 19?1).  I f  an electron in a chromophole

iE sxcit€d to a high€r enargy stat€ by the abeorption of radiation, then

instead of the energy b€ing diesipatBd non-radiatively in the forn of hsat

as it r€turna to th€ ground state, it loees only part of its 6ne!9y as heat

ae it retuens to the lou,eet vibrational LeveL of tha excited state, but t,hen

rE-radiatee the reet. This rrilt neceesarily be of lorrler anergy (hence longer

uavelength) than the incid€nt radiation. This phenomenon is called

f iuorescence.

If the macromoleculs is irradiated rrlith polarized light, and j.f , in th€

10-8 to 10-? seconds it takes for the Bnergy to be re-radiated the

macromolacula has changod itE orientation due to Brounian motion, there tril1

be a net depolar izat ion of  the incldent l ight.  I f  the solut ion is

continuouely irradiatad then a steady state depolarization uiu be f,eached

d€pendj.ng on the ratio of tha fluoreecence decay time, i* to thB harnonic

mean of the three sotational relaxation times (equationa 27), r. (Perrin,

1934)  :

( r  1 l
[P 3J

( s+)

P is the polar izat ion ( i .e.  the rat io of  the di f fBr€ncs in intensi t ies of

lj.ght poLaDized para1161 and parpindicular to the incid€nt beam to their sum),

Po iE the intlineic polarization of the fluorescence (the polarization that

Uould be obEerved i f  no Dotat ion had occurrod) and rn is dBf ined by

( t  r l  ( .
l P  3 l  l '
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for  ganeral  el t ip6oids, or fo!  el l ipsoldE of rEvolut ion (eO - O"),

1  I  ( t  1  1 )
T ,  J  l 0  0 .  o  In  . - a  - b  - c '

I  r  f r  z l
'h 3 lPa eil

Th€ halnonlc m ean Delaxation time ratio rn/ ro can thuB be plotted as a

. functlon of axial Datio (FiguDe 8), uhere t^ ia the corresponding

coBffici€nt for a eph€re of tha eama rol""ui." ueiqht and volune:

J n  v
t = o €' o  

kT

(36a )

Thus t-/ r- can be related to experimental parameters by:
t T o

tn 
= 

nt"n
r  3 n Vo  o e

(36b)

Equation (Sa) is not particularly useful as it stands, since n€ither po

nor rn are knoun. I f  rn is approximated by rh -  ro ( i .e.  = 3novn/kT) tnen:

t +  + l  = f : - l  h . ! r " .1tP 3) [Po 3) t^ nov"J

( 3 ? )

If meaeuremento are then made in solutions of varying viscosity (foc

exampla by adding glycerol) and/or tarperature, (1/P -t/S) can Ue

plotted againet t/no, l/Fo can be found from tho intercept and hence tn
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from the gradiant, assuming ri can be found indep€ndently. A rnajor

disadvantage of this method is that by adding glycsrol or changing the

temp€lature th6 srJ611ing due to solvatlon may b6 alterBd: also an

independent estimata for r* is required.

A more accurate method in principle is nanosecond fluoregcence

depolarization decay (Cantor & Tao, 1971). Here the solution is

irladiatBd urith polalizBd light pulsee of very short duratlon (-1ns).

The anisotropy, A is maasuDed by detelnlninq the lntensity of emiseion

polal ized paral le l  to ( Ix)  and pBspindicular to (1) tn" i .ncident pulser

rr, - It
a  = -" 

Itl + 2rL

( 3 8 )

For a rigid epherical macromoLeeule, the anisotropy decay is described

by a single €xponent j .a l  tarm (JabJ.onski ,  1961)

- t  / -

A f t l  = A e  "

(se)

rrrith ro = no UJkf . For a rigid alJ.ipsoid of revoLution, tlemming (tS6t)

and Uahl (tgeO) nave shoun that the anisotropy is a sum of thres

Bxponent ial  t6rma:

-t / r  
r  

- t / r  
2 

- t /x 
3

A ( t )  =  a r e  *  o 2 "  
' * o 3 "

(ao)

uhBre

1 1' r = E 6 I  ;  r z = E E I
-  - - b  - - b  *  0 a  '  ' 3  

2 e b  +  4 0 a  
( t , t \



The fluorescence d€cay time ratios are plotted in Figurs 9 uhere ro is

tho corDesponding coefficient for a sphere of the sam€ noLecular ueight

and volume !

n V 4ln abz
-  =  - g -  o-o 

kT skT

Thus th€ fluorescence anieotropy decay tim€ latios can bB related to

Bxpelimental paraneters by

L :  K I T .
- J I"o  = 

; - !+  ( i=1,2,3)

(42)

The values o? the component amplitudes s,l, cr2, ea and hence the

dominant relaxation time b,iu depend on the angle betueen the tr€n8ition

moment of the chromophore to the rotation axis of symmetry of the elLipsoid

of a€volution. tJnfoltunately, resolution of a multi-teDm exponential decay

into i ts components ie notosiously di f f icuJ.t  (JoEt,  19?B),  even ?or

relaxation timee differing in ord€ra of magnitude; this is coupled to the

problsm that the observed decay rrril1 be a convolution of the finite cut-off

tlme of the incident pulse, the fluoreseence decay and tha anisot"opy decay.

Th6rs ale also mora serl,ous oroblems:

(i) sinca the fluorescenee itself decays rrithin about 10ns, only nolecules

rrrith very short relaxatlon times can be inv€etigatBd,

(if) noat macromolecuLes do not contain a chromophorie group such as

tryptophan; thus one must be introduced. ThiE may eigni f icant ly al tBr the

true conformatlon of  thB molecule.
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( i : - i )  even i f  the macromolecul€ contains tryptophan, tha dacay is not

perfectly Bxponential, due to interference betueen the side chain and

the indole ring r

( iv)  rotat ion of  the chromophore, or of  a f ragment of  the maeromolecule

to Uhich the chromophore is attached, uith respect to the r6et of the

macromolecufa may occur! tlunro et al (19?9) havs giv6n Bvidenco for

internal rotation of the tryptophan reeidua fn .9!gp!1!ry,ge-ggg

nuclsase B (flD = 14'100) and Plg!!rygggiE azurin (t!" = '141000).

1 .6 .  Sca t te r i nq

Absorption and h€nce FluoDescenca phenomena can only occur urhen the

fraquency of th6 exciting radiatLon is the eam€ as o! nsar to that of an

alloued transition frequency of th€ mol€cule. Houever, at other uave-

langthe electro-optic interactj.on can still occur; the Blectlic vectol

of the incident sadiation polarizes the molecule by attracting th6

nuclear maEs and rep€lling the electron elouds. The f,lequency of

oscillation of the incident rediation i€ the sama as that of tho inducod

oEaillating dipole; houev€r, th6 uava6 €nitted ar€ by Huyghens principle

soherical  and hence the radiat ion iE scatteDed in alL direct ions.

The Eeattering by a Bolution of macromolBcul€s is most rigorously

analyeed by considering the local conc€ntration fluctuations of the

solutlon; houevar, ifl ue consider the particle as small compared uith the

uavalength of the incident light and tha solution to be so dilute so that

aaeh pacticle can b€ conEidsrBd independ€ntly, relationa can b€ d€rived

bstt,e€n particle shape in tsrme of the rradius of gyrationr (Tanford,

1961 ) and tha scatteling (van de Hufst, 195?). Fox Em€.Il particles (<)\/2O)

interfeEence sffects betueen radiation scatteled by dlfferent parts of the



macromolacule can be neglectsd, and the follorrring relation bett€en

molecular ureight, flr and the Ecattering can be derived:

Hr-

T = f r - '  to"
r

uhera c iB th6 partiele concentration, H is the scattBring constant

.  . - a( of,*, and the squar€ of the reflactive index incrBment r dn/dc),

B the sscond viriaL coafficLent and r is a m€asuEs of the rElative

Bcatter ing perpindicular to the incident beam ( i .e.  the fract ion of  l ight

scattered (van Holde, 19?1 )). Hence if HE/t is pj.otted versus

concentaationl the molecular ueight can in principlE be dstecnj.nBd from

thB intereept. For large particlee (d -^/28) destauctive interference

occuas betlreen light scattesed from diffelont palts oF the macromolecule.

Light scatterad in the foruard direction eannot houever be subject to

destructive intarference. Unfortunately thie cannot be vieued directlyt

but if th6 scatteDj-ng is studiad ov€! a Dange of angles it can be

extrapolated to the foruaDd dicection. This involves extrapolating to

zero-angle and to zero-concsntration using the so-cali-ad Zimm plot

(Zimnr,  1948, Stacey, 1956, Tanford, 1961).  The elope of the e0 l ine

give6 the radius of  gyrat ion of  the part ic le l  R6r i .e.  tha mesn €xtenaion

of maes from the centre of gravity. Fo-r a sphere of radi6 R' R" = /SJl A,

and for a large rod of J.ength L, RC = L/62 , thus light "".tt"iing ""n b"

uaed to obtain infornation about confornation in eoLution, uhere particular

node1E for uhich R can be specified are appl5.cable. Holtzer and Louey

(1SSO) enor,reO by this method that L = 1500 f  i f  ryosin couLd be reaeonabLy

modalled by a long rod. ltlartin (1964) has shou,n that the radius of gyration

can be related to the axial ratio of the eouivalBnt elliDeoid of

revolution provided that the suollan volun€ iE knolrn:
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un' = 1svu126 1.roa6 * +p-% l
lE-J [-rs 1

( 4sa)

for  a prolate el l ipsoid and

(43b)

for an oblate Bl l iBsoid.

An explicit relation r€lating R, to axial ratio afone can be found by

rreducingr i t

t /^'" 
4A -2/a

(R") _ rlr l  o _ (sp"t , 4p-tt-  ( r '  .  = l : - i  K^ = l r- red lSvei 
--G 

|. ls
(44a)

for a plolato ellipsoid and

,  , u s  . 4 ,  
1

(Rc) . = k"J'*- = |,n-o : rn-*l'
r e o  [ 5 v ,  b  I  5  J'  e '

(44b)

for an oblate 611ip€oid.

Thi6 is plot ted in Figure 10. ExperimentaL daterminat ion of  (R"). . ,

requiees of course a knouledge of V".

Th€ €ans analyaia can be used for laser light scatterlng as this

gives good time resolution for rapidly changing solutione (for example

aggregation of macromoleculae, randomly coiJ.ed macromolecules ) . Hourever

a majo! difficulty Uith all light scattBring axperimente is that all

. .24
l 5 v  l  

-
I  e l

l 4 t r J

z
R G =

4/�3
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solutions, glaesurare etc., must be dust freel temovall ulithout damaga to

tha biological  soluta,  poses great di f f icuLt ies.  Due to di f f ract ion

eff lects i t  is  also di f f icul t  to measuDe scatter ing anqleE l€8e than

about fiv€ deg!€es, thug a c16as extrapolation to zero angla may not be

poe8ibl6. Anoth€r major difficulty is thatr Eince the DBsolvi.ng pot',Br

, ^  t , , 2  -  -  . - -  o
dapands on  (Rn/ f ) - ,  the  method fa i l s  fo r  maeromolecu lee  ba lou  about  100 A

(although ltl" may still be found). Reducing th€ uavelength of the

incident ladiation doea not help (unti1 doun to the x-ray negion) since

bslot, 200nm most biological matarials abeorb very strongly. A mBthod of

lorrr angle x-ray scatte3ing (LAXR) has also been developed (Beernan g!3,,!r

195?).  Hourever,  dus to very strong di f f ract ion and intesference effects,

th€ gcattgrlng is almost entirely confin€d to a v€sy narrou uavelength

Dang€. 0n the othel hand, it is possible to coflimate th6 x-ray beam much

bettBr than a light beam, thus m€asur€oents can be nade to a lou, enough

angle to a mole rBasonable extrapolation to zero angle.

Deductione about the siza and stnpe of macronolecules from. scattesinq

infornation ie generally raetricted hou€v6!, since any eimple interpretation

of the radius of gyration must aEsume that the macromolacule ie homogeneous

(uni form electron densi ty) .  I f ,  thereforer the psrt icte contains f lu id

filled cavitias or indantations or a monolayer of bound solvent, tha

dimBnsions of any assumed nodel calculated fron the Ra urill be incouBct.

This problem doss not apply to the determination of the hydrodynamic ehape

parameters coneidered previously si.nce theee phenomena do not depend on

interactions uith oD psopertlBe of ths interlor of ths nacromoleculEs.

1.7.  The ProbLam of  Suel l ino due to Solvat ion

In order to determine from axperimantal data the €lliDsoid



of revolution shape functi.ons mentioned so far, a knotrrledge of the

sb,el l inq due to EoJ.vat ion ( i .e.  V") is required:

(2ob )

(2sb )

(2eb )

(36b )

(42b)

Inl  [nlu-
r, = !!L

i " - N A v "

, _ Ll"(1 - ioo)

{= 
-frF,,"4F

a | 6n tr'" i  r O  - . ' o . e  
;

= _  =  _  =  _  w j

oo 6i  kT

ei kT
e " = r g  e t

T
h  k T r- = =---:_r Lh

t  5 n  v
o  o e

I  K l '

. t ^ a

l 4 n l
lsv I' e '

( i  =  a , b ) .

( i = r  , 2 , 3 )

( B )

Vs

(44)

The first €ignifieant attempt at dealing uith this problem uas due

to 0nc1€y ( te+t)  ustng a graphical  analysis:  I f  V" is f ixed then a elngle

varue of ths shapa paDaneter being considered u l- corrospond to a singre

valus of  the axial  Fat1o. I f ,  hou€ver,  Ve is assuned to have a aange of

possible v€luBa, then a Eingle value of the shapa parameter uill have a

(*n)'"u = ttl Rc



rLine solut ionr of  poseible values of  the axial  rat io.  Thie is shoun in

Figules 11a and 11b for the vieeoeity increment and translat ional

frlctiona.L coefflcient. Houever, if line solutions f,or tuo or mor€

of the different shap€ paaameteDs are compared, th€n in principle a

unioug vaLu€ fof, th€ axial ratio and €ff€ctiue voluma can be found fDom

the intersEction. 0n the other hand, in practice these curves eould only

be mada to intersect by imposing large exparimental €rrors on the datat

and in one caae -  pepsin -  thB culvee do not cross at  al l  (Figure 12).

Here 0ncley uaBB as his abecisea th€ rhydration factocr u, related to

the ef f8ct ive volume, V€ by:

w = p o ( i s  - v )  = p o  l +  t l
t r )

A diffarent approach uould be to 61imi.nat€ V" simultaneously by

combining any tuo of the ehape parameters together. The effective volume

can then also ba found by back subetitution into the equations. Thie

natulally aEsumea, aa doea the Onc1ey approach, that the axial ratio and

ths suelLing are the sane for both type6 of experiment. Scheraga and

flandel.kecn (tS5l) combined equatione (8) anO (ZOU) to produce a srrrelling-

ind€p€ndent funct ion B (Figure 13):

,, us
- NA uv,4 - ---------:-
t s  l r ^  . E t E

( 1 6 2 0 0 1 2 ) t '  ' ' ' o

(4sa )

o! in tarms of experimental parameters, from

No s In] 
' , 'n^

A = --J--:-"  -  
u h ( t  _  i o  ) t o o v 3r - o -

(asu)
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urhere [n] is in ml/gm. Scheraga and tttandelkeln also eombined aquation (8)

uith equatione (zgU) to produes suelling independent 6a and 6b functione

(Flgure 14),  al though in their  or ig inal  paper,  only 6b is given:

E^  0=  6n -0 '  l n i l t l
r  = j . , = f . , _  o r " r- i  

E i -  0 o ' -  N A  k T

(46 )

( i * , b )

scheraga (rg6t)  tater combined (20b) ' r r th (zeu) to produce errrel l ing

independent ua, ub funct ions (Figure 15) al though again only ub uas given:

ui = fFf Ff"=$ Uo')\*= r4",
^  \ ' J  (eo . /  o . - ' "  Mr ( l  _  i co )  t i " ,

y'z
a n  \  -
I  o l
( t r r J

(47 )

( i=a ,b )

Squise et al (1964) eombined equation (20b) uith (zsU) to producE suelling

independent y. and 1O functions:

a 3
r ^ r "  o  I  M r ( I  -  v p o )

- .  _ l E l  
- o = _

' r  (toj pi s+r2tt 'nkt ,,ni ei

(48 )

(:.=a, b )

Squire later (t920) comuined (20b) 'rith (35b) tso g;ve a s"ell t'n3

independent Y funct ion (Figure t6)

, , ,  f 'o l  
% 

f  r i  -  f4 'no)% Mr(r  -  ioo) 1r '1 va
' 

hJ l.{J =l-'.tJ : -%qs t-'J

(4s)
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givBn in

obtained

Bquation

th€ Squire

Figure 16.

Y"

A

and yb parametels as functLons of axial ratj.o

similar sualling independent function can be

by combining th€ viscosity i.ncrementy equation (8) inetead of

(20b)  u i th  (seu)  (ssE Appendix I I  and HaDding '  1980a) :

. ''"o.1 _ 
3no [nJM"

A =  l - l  v  E  : - - i - -
t .nj  nA *, .h

(figure t?). Also, by co|trbining equation

equat ion (29b),  sue ing independent eat

(F igu re  18 ) :

oo  3no  [n ]Mr
. i = u d

( s 1 )

( i + ,  u )

By combining (8) 'rith the fluoreecence anisotropy relaxation times (42b)

three neu funct ionar .1,  K2, KS ale produced (Figure 19) l

r  n  [ n lMo  o "  "* i = u i = f f i .  ( . 1 = r , e , r )  ( s 2 )
. ) A J

Alternat ively,  combining Bquat ion (20b) ' r i th equat ion (azu)(f : .gure 20):

' j
) '
:;

( j  '  t ) 2 / 3  ) ( 5s )

As far a6 the author i.s auare, th€ l, e., r, and E, functions arB neu

and haue not been publiehed before. ThesB functions are tabuLated for

axiaL rat ios betu€en 1 and 10 ( taUte f) .

Itlartin (1964) elininated the requirement of knou,lBdge of the Euollen

volume for EcattBllng experiments by combining (44) simultanaouely rrlith

( s0 )

(8) insteaa of (2ob) ui th

e. functiona ale produced
o

l r l  o  -
t = - l
I I  I  T .

J
t62

vP"
t  t l '

l l

KT
v;
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either the translat ional .  f r ict ional  funct ion (Figure 2t) :

- RG ro D - RG no NA t l fo fro'h * oo-"flY = ---F-= 
",(, _ toJ 

= 6;; r l---"-,J
(prolate ellipeoid )

r fo bv, * zo-7.)L= 6;T l---3- l

(oblate elJ.ipsoid)

or the viecoei.ty increment (Figure 2Z):

- % = 7s 1!I--:z3l '  , . ." = 
-4u- 

= ;q l-ff- ) 't,
L' r l  " ' r  

(pro late a l l ipsoid)

. ,  ]
r-'rj ^--?i t' I

=  _/5 lp  + tp  I= ;F,; t-----J F

(oblate e l l ipsoid )

u,heae D ie the axiaL rat io dsf ined in gect ion 1.4.

Ths nolscular covolume has also b€sn glvEn aE a function of shape

and BuolLen voLume by Nichol et al (1SZZ) for proLate and

oblate elllosoldg

(  -  s  ( ' t  +  s in - Ie )U = N . V  \ 2 + *  l 'A e r z | .- 
--;-l

\ F t  I  F  c - t - l

l ,  *  g 'un l l '  j I
I  z e  r - e i  I

(  s4)



39.

uhere the €Uipticity e is rel.ated to the axial ratio by

for prolate el l ipsoide (b<a),  and

for oblaie €uipsoide (b>a).

in terms of shape alonB:

By rreducingr U ue obtain a funct ion U"rO

, , uurea = 
f-i[ 

=
|  .  - 1  r
l �  r  +  s 1 n  e l
l r r . . - - - ] I
\  c r l  -  . 2 1 2 )

1 q (  )

The covolume U can be found from a sedimentation equilibrium €xperi.ment

in terma of the act iv i ty coeff lc isnt,  as out l ined by Nichol  Eb! (19??)

although i.n oDde! to determine Ured, a knouledg€ of V6 is stilI required.

Nichol  et  aI  (19?Z) nor ' rever el iminatBd V" by eolving equat ion (55)

simultaneously uith tha translational frictional. ratio (equation 20b) to

produce the suelling independont rJr function (not to bB confused rrlith the

Squire Y funct ion)

t .  r  -  e -  _  r  +  e  I
I I ' ----:- tn f--- |
\ . - L - L )

u , f  . ,3  un3No '  , '

* = 
-rea- 

l-_ol = ITI-----:- .r,  
to2rz  l f  )  

-  M;  ( t  _  upo) '
(  s5)

As seen from Figure 23r { has th€ advantagE that no prior decision has

to be made as to uhether the maceonolecule is batter modelL€d either by

a prolate or oblats al l ipeoid.  Unfortunatalyr for typical  globular

macromoLecules (Emafl axiaf ratios), the paraneter iE still very



48.

sensitive to €xperimental Brrorr this is clBar fDom Nichol gljlr s

D€sults for ovalbumin, uhose axial  rat io thay found to be 2.5:1 rrr i th

a gtandard error of 5. This is largely due to th6 large number of

tBrms on the right hand side of equatj-on (56), several of tham cubed.

U""d " .n of  course b6 corbinad t i th any of  the equat ions (e),  (zob),

(2sb ) ,  (29b ) ,  (36b ) ,  (42b )  t o  e l im ina te  ve .  Fo r  exampre ,  i f  ( 55 )  i s

oonbined urith the v!,scaslty lncremant (8), a neu suelling ind€pendent

funct ion is produced (Figure 24) (Harding, 1980b):

U- reo .-
t L . =  -  - U

trlq
( s? )

Values of the II function for varioqe a(ial ratio€ a36 given in Table 1.

Tha results for hemoglobin ar6 in excellent agreement uith those found

lrom x-say crystal lography (see Appendix I I I ) .

1.?.1 .  Hvdrodvnamic non-idaal . i ty:  the R funct ion

Th6 vlscosity, translational frictional and rotational parameters

conaidered eo Par are normally those extrapolated to zero coneentration

in oDd€D to negate the effect of the net volume excluded by the particles

and soluta-soluta interaction. Houever, th€ nature of the concantration

dependenca of theee parameters, particularly the sedinentation coefficient

nsn and the reduc€d specS,f ic viscosity, n"'/e r has nou baen shoun by Roue

(1glt) to give valuabla information aE to thB conformation and sualling

in solution and a1€o an sstinate of the naoodnees of fitrr of an ellioeoid

for the nacromoLecule in solution.

Tha variation of E and n /c rrrith coneentlation can be reoregented
sg
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by regression parameters k-,  and k :s -  n

s c =  s ( l  -  k s c ) ( 5 8 )

n__r v =  [ n l  1 + k c )  
( 5 9 )

c  "  -  n -
rrrhere k- and k- ane, Dsspectj.vely, the sedimsntation and viscosity

3  r l

concentration DegFegsion coefficiente. Theee appcoximate lj.near

equations are valid onfy fos dilute solutions. A universal equation hae

been derived by Rou€ (see Appendix IV:.) for all soluta concentrations up

to dpr the cr i t ical  packing fract j .on:

s ^  t - l
- - :=+  =  t ' r ' l :  =  1 -  Bcs t tro/ "

(60a )

!rhere

kc  -  t 26  -  t l  r c i  / o  t 2-  D  ' -  s "  P -qc = -,---  
k c  - 2 i e + L

s
(60b )

uhere k=k- (sedimentat ion) or k=k_ (viscosi ty) .  Thia provides a mores t '  n

acculate method fos extrapolating to infinite dilution to obtain Ell .

and rrsrr, and alEo for finding k" and kn r from a given E6t of data, by

minimisi.ng:

{ w , I s ,  -  f ( k r , i r , s , c ' O D )  ] ] 2

(u.  = rrreight)  (61 )

This procedure j.s unetable if ks, is and s (or the correeponding viscosity

parameters) ara al-l taken to be independent variablee. Houever, if ue

aeeume i" = kJA fox grobular proteins, or assune i" from the ratio i",/ V



= k\/kL, urhere krn and kr ere the Parangt€rs found from thg approximate

Pit  (equat ions 58 & 59),  a stable f i t  may be found.

nor,re (tSlZ) has shoun that the su€LJ.ingr is/ i , can be found flom!

(62)

Therefore

v ks =  n
v k ^

M v  M  k_ .  r  t  " . J . iv " = - T ] -  = i l -  
r (- -'A "A --s

t  oJ , ,

The vElue o? i / 
-u 

and hence V- thue found is ind€P€ndant of any assumed
3 ' g

model lor the ptotein. Since the determi.nation of V" bY back substitution

into the equat ions givon at the beginning of  1.7.  af tar the axiaL rat io has

been datarmLned is dependent on the nodal choeen (i.e. an allipsoid of

revolut ion),  an est imat€ for the r tgoodness of f i t r r  of  an el l ipsoid of

ravolution is no!, available by comparing the model dependent V" rrrith model

indeoendent V (or,  equivalentLy, i  or  i  , /  ! ) .'  ' -  3  s l '

This theory also provides a neu ehape function rrR[, uhich is

independent of  part ic le suel l ing:

( 6 4 )

I ta les & Van Holdb ( tgsa) f raa previousJ.y D€polted that thB rat io k"/ [nJ

uras Eons unknoun function of ehape and equal to 1.6 for spherical

part icJ.ea; th is agreee ui th that prsdicted by equat ion (aa) ( f ieure tS).

R varles rather rapidly uith axial ratio for eJ,lipsoids; Even lor lour

axial ratioe and this function provides a precise method for

characterizing th€ axial ratio of relatively aymmetrical particles.

k

F]-=i ( ,  .  [*] ' )  =
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BeEidee its greate! sensltivity than the B function (or the v function),

R haa Eeveral other advantages:

(1) unltke B computation of R doaE not require knor,rledga of the absolutE

solute concantration (Rouer 19?? )

(Z) leea data ls r€qul.led to compute R and hence the ceror in the final

function is minimlzed. Ae rotational parametBla are generally very

difftcult to determiner ae uil1 be €vid€nt from the earlier parts of this

chapter, the R functlon iE afeo to be psefetred ov€r suelling indep€ndent

functionE involving these. The R function is also to be preferrod over

the ecattellng Y and a functions mainl,y bscause of the particle

homogeneity problem mentioned in section 1.6. The B functlon can stil1

hou€v€! ba u6eful, precl,EeLy b€cause of lts fack of variation for oblate

Bllipeoide, in decJ.ding rrrhather the macromolecule is better modelled by

either a pcolata or an oblatE al.lipsoid. Experimental values for F and

*nltnl (=R) h.ve been tabulated foR a uida range of proteina by clasth

& Knight (fgOs). VaLuee of B belou the theoretlcal minimum a? 2.'l'12 x 1o6

and abov€ 1.6 for R may lndicate that some proteinE cannot be modslled by an

equlvalent ellipsold of revolution. This haE been euggested for Bovine

Eerum albumin (BSA). A table of values of axial ratio calcuLatad flom

the R function for recent datar togather rrrith a compariaon of their

Inodal dependent r astimatee for i"fi uith their tmodel independent I

€Btlmatee to d€termin€ the rgoodness of fitt of an elLipeold of

revolutionr ls. giv€n in Tab1e 2.

1.8.  @4.

Although a hydrodynamically equivalent eLlipeoid of Eevolution

model can nou be fltted uith mueh qreater preciei.on to many rigid

nacronol.eeuJ.eg !,ith the aid of the R functj.on (and poselbly the II function)
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the dlEtinctlon stiLl haE to be made as to uhether the maclomoLeculs

iE better modelled either by a prolate or an obLate nodel. It is clear

from a poluaal of the cryatallogeaphic modELs of many globular proteins

euch ae calboxypeptidags, myoglobin and rlbonucleaee (Table 3) that in

many case6 this iE guite arbit8aFy and indeed in some caeee is

lmpoBelbl.e

It trrould be a Blgniflcant Bt6p foruard thErefora lf the restriction

of ttrlo equal axeg on th6 eLlipsoid !r6se Demoved to a11otr uee of the more

general trl-axial aLllpsold. Ho!,6ve!, elther du€ to the lack of the

theoretlcal Delationships linking the axial. dimenaiona of th€ ellipsoid

uith experimental parametele, o!, even Lf they are available, due to the

lack of the neceeeary experinental pseclgion, nLmeDical lnversion

proceduree or data analyeie tsehniqu€s, thle model hae not, to date, b6en

available. Tha ain of the reet of thig thesis ia to shou that the gensral

tri-axial B[ipeofd can nou be Euccegsfully employed to model biological

maclomolecules in solution. l/e u111 start by d€siving the trl-axial

vi8cosity increment equation.



Values of A r  e"r  
f , r  

* ,1,  
\ ,  \ t  \ t  E2t E 3EbieJ.

axial
ratio

a r P

8 r  €

E
b r P

e
br  o

" 1 r P

K
1 r s

K c ^

K
2 r o

K-

t l  
, o

-2 tF

'2ro

6a, o
'3 ,  o

fip

lT'-o

2 .500

Z.a| .JU

2.500

2.500

2.500

2.500

2.509

2 .500

2 .500

2.500

2.500

2.500

1 .000

1 .000

1 .000

1 .000

1 .000

1 .000

3.2U0

3.200

5.624

1 .854

r . u  r i )

1 . 9 3 1

? .899

4  i I a <

1 .0?5

1 . 9 3 1

3.349

1 .892

10.1?4

1 .77?

0 . 3 1 3

0 .74s

o .976

2.966

0.686

z. tJ:,

Z  ' F E

D . 4 l  /

1 .427

1 .O44

1 . 8 9 6

9 .164

1 .792

1 ,O44

I . O Y O

a . r c , l

't.862

11.8?1

1,7s8

0.292

1 . 0 5 1

0 . ? 1 8

3.322

o.574

2.O41

3.268

45.

7 .359

a  a n E

1 .O20

1 .868

10  .528

1 .??4

1  .868

4.189

,l a'a?

I J . O Y O

1 .742

o.275

8 . ? 1 9

1 . 1 2 9

o.707

3.690

U . O ,  I

1 . 9 3 5

3.2AO

prolate and obLate el l ipsoids of  revolut ion

1 0

l

A

2.490 2.692

2.356 2.157

1.932 1.574

2.522 2.343

2.168 3.250

2 .2?3  2 .110

1 .932  1 .5?4

2.522 2.343

2.211 2.'�133

2.439 2.265

3.047 3.809

2.198 2.O32

0.756 0.588

1.008 o.920

0 .865  0 .79?

o.967 0.890

1 .192  1 .423

0.868 0.?98

3 . 1 2 2 . 2 . 9 6 0

3 .180  3 .1?9

3.O?1 3.5?5

2 .070  1 .989

1 .3?3  1 .251

2.202 2.102

3.920 4.73?

2.005 1.932

1 .373  1 .251

2.202 2.'lO2

2.222 2.413

2.136 2.s45

4.769 5.899

1 .931  1 .97s

o.4a7 0.421

0 .860  0 .818

0 .?88  0 .811

0.834 4.796

1.69'1 1.983

o.757 0.729

2.118 2.601

3.192 3.20e

4.177 4.862

1 .93'�1 1 .887

1 . 1 7 1  1 . 1 1 5

2.029 1.974

5.6?9 6.?36

1 .882  1 .844

' 1  . 1 7 1  1 . 1 1 5

2.O29 1.9?4

2.6?4 2.989

'1 .980  1 .930

7.142 8.509

1 .832  1 .801

o.374 0.340

s .?87  0 .763

0 .854  0 .911

0 .?68  8 .?47

2.295 2.623

o.711 0.69?

2.438 2.291

3.225 3.241

prolate ellipgoid

oblate Bllipsoid

subscrlpt
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Table 3.

Protein

Ca!boxyFeptidas e

llyoglobin

CytochlonE c

Lysoaym€

RibonucleasE

Pre - aLbumin

H eoo 9I obin

Crystallographic dimensions of some globular proteins

Dimensions (R) Reference

4?,

Lipscomb ( 1971 )

Kendreu g!3! ( 1958 )

oickerson & Geiss (1969 )

B]ake g!-g! (1e6s)

Kartha gL3L (196?)

Blaks g!-gl (1e78)

PeEutz gl3l (1e60)

5 0 x 4 2 x 3 8

4 3 x 3 5 x 2 3

2 5 x 2 5 x 3 5

4 5 x 3 0 x 3 0

3 8 x 2 8 x 2 2

? 0 x 5 5 x 5 0

5 4 x 5 5 x 5 0
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: V

: associated solvent

trapped or entrained
solvent

Efg-L. A macronolecule in solution is ,oenerallv

suollen du€ to solvent aesociation

Prolate ellipsoid
of revolution
(b.a)

Fioure 2. tlathematical models Por macromolEculas in solution

I
Iyl av
I

x

strcsso-velocityv-

Oblate ellipsoid
of revolution
(b'a)

length of arrows are proportional to
the fluid velocity at that value of y

Fisule 5. Shearinq of a Neutonian

fluld b etrJeen paraLl,el

pl.ates ( frorn Van Holde,

1971)

statronary



Fiou!6 4. Plot of the V_iSegS_!!.LlaefeqeO! as a function of axial ratio

for ellipsoids of revoluti,on
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A r i a l  R a t i o

Fioure 5.  PIot  qf  lhe t , ranslat ional  Fr ict ional  rat io ( thE rrperr in

of revolution



q, l

Floure 6.



Fioure ?. Oielectric dispersion curves for prolate eLliosoide of

r€vol.ution. Constant dipole angle ( O= +So) and varying

axial ratio (arlb from 1 .to 50). From 0ncley (1940)
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?1

&

Plot of th€ harmonic nean rotational relaxati,on lin€ ratio

aa a lunction of axiaL ratio for eflipsoids of revolution

Floure 8.



4 5

A x  i a  I  R a t i o

Fioure 9.  Plot  of  the l luorescence anisotropv relaxat ion t ime rat ios as

I rat io



Arial  Rat io

Fioule 10.



Fiqure 11. (a) Values of  axiaL rat io and hvdrat ion as a funct ion of

v( i"r / i  ) .  contour l in€s denote values of  v(V"/V )

(u) ne auoue, uut as a runction of (f , /ro).( i" / i )1/3.

Contour l ineE denote vatues of (f  /?i .( ir / i )1/3

( f rorn Bncley, 1941 )
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Fioure 12.

certain olotein moleculas. ( f rom Onclev. 1941)
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p r td6 tProlet

p r l O - ( O b l a t . )

( O b l a t . )

R  (P ro la

4 5

Ar ia l  Ra t  i o

Eiquf6 13. Plo! oF thE Schetaqa & ltandBlkef,n e (x 10-") and Roue R functions

velgus axial, ratio for ell,iosoids of revolutl,on
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FiourE 14. PIot of d- and 6- as functiona of axial ratio Pos ellipsoids

of revolution
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4 5
A r i a l  R a t  i o

Fi.oure 15. Plo!  of  p_ and p- as funct ions of  axial ,  lat io for el l ipsoids

of revolut ion



4 5
A r i a l  R a t i o

Fioure 16. PIot  of  y^r Y. and Y as funct ions of  axial  rat io for eJ. l ipsoids

prolati

r  ob f  a  tC

of revolut ion



J

Arial  Rat io

Fioure 1?. Plot  of  A as a funct ion of  axial  ral io lor el l ipsoids

of revolut ion



Fioure 18.  PIot  o f  e-  and e l .  as functLons of  ax la l  ra t io  lor  e l l lpsoids

of revolut ion



6 4 .

Fioure 19.  Plot  o f  K1,  K2 and K3 as funcl ions oF ax ia l  ra t io  for  e l l ipsoids

rr prolatE

of  revBlut ion



F iou re  20 .  P lo t  o f  E . ,  6 as functions of axial ratio for ellipsoids

of  revolut lon
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C H A P T E R  2

The Viscosi ty Increnent for a Di lute.  Neutonian

Susoension of Tri-axial Ellipsoids



o:r .

2 . 1  .

Although the forcee and torques exertBd upon a suspended particJ.e

by a fluid are all ultlmatBly of moleeular originr it is convenlent to

d!.stinguish those that can be explainBd by continuum hydrodynamLcs from

thoee, due to molecular fluctuatS,ons, that glve rise to Brounian motion.

If ue flrEt completsly negl€ct the Brounian motion, it iE clea! thatt

once a ateady state has been attained, suspended particlee free of any

extErnaL inposed lmpreegBd forceE or topquea mugt mov6 in EUch a ulay that

the net hydrodynamic force and torqua, T, acting upon tham ale 26!0,

i . e .  T ,  =  0 .

Let ue consider a steady simple shearlng florrr (Eection '1 .3.), as in,

for €xanp16, a sinple capillary or Ubbelohde viscometer experiment

(Yang, 1961 ). The motlon of the fluid in the n€lghboulhood of any point

can be decompoEed lnto three conponente; a translational velocity rrlhich

valies flom point to pointr an angular veLocity uhich for thiE type of

flou, is the €am€ for all pointsl and a pure straining motion ulhlch again

i€ the san6 for al.l points. If nou a singla, neutrally bouyant, rlgid

ellipeoidal palticle i€ introduced the florrr ui1l be disturb€d, although

at larg€ dietanceE flom the ellipsoid the diEturbance !,i11 tend to zero.

Ue shall aesume that the motion of the ellloeold and of the fluid ls BUeh

that the Reynoldre number (Batchelor, 195?) ie very small. Then it is

possLble on the bagls of uork by oberbeck ('t8?6) and Jeffrey ('tgZZ) to

say uhat the hydrodynamlc foreeE and tolques acting upon thE particle af,E.

In partlcular it ls knourn that the force uill be z€Do ujh€n the tlanelationaL

velocity of the particlE is the same as the translational velocity of the

point in the undisturbed florrr at !,hich the point 1€ suepBnded. The

situation for angular velocity iE more complicated sinee tuo factoDs come



t u .

into play; one gives a tolqu€ if the angular veloclty of the particle

dlffers from th€ angular vel.ocity deflned by tho undisturbad flou (or,

equivalsntlyr by the actual flour at infinity)r uhilst th€ other gives

a torque if the principal axee of the e11lpeoid have a differ€nt

orientation from the prlnelpal axes of the stralnlng motion defined by

the undisturbed florrr. Takan together, these mean that the angular

motion of the particle unda! zelo hydrodynamie torque conditlons Ie vsty

complicated (Chrrlang, 19?5) and a compJ.ete Eolutl.on for it is not knoun.

TuDning to the Erdrnlan motlon uhlch le in th6 natuaB of

fluctuatl,ons the sinplEet question ue can aek ia uhat is the average,

velocity and the averag€ angular velocity of the particle? By the

averaEe uB m€an in th6 filst inetance the time aveaager although ln praitlce

this rrrill be aeeumed equal to the volume av€rage taken over an aneemble ovel

a very laEge number of particles suspended ln unlt volume (see Batchelor,

'19?0 for a detail€d diEcuseion of various methods of aveeaging). Ignoring

for the moment the hydrodynanie forcBsr ue can anau,ea the question by

saylng that on av€aa96 the particle is at reEt in th€ local frame of

reference defined by the undisturbed flou. In other u,olds it is on average

moving uith the translational velocity of tha point in th6 undisturbed fl.otr

at u,hlch It is suepended and ulth the angular velocity deflned by the

undisturbBd flou (Kuhn & Kuhn, '1945, Brinkman .g!-gl' 
'1949, sch€Dlga, 1955).

ldhen ue cone to coneidee the conbined effect of th€ hydrodynanic forces

and th6 Brounian motion no problom ariEeE rrith the tranelational motion

€inca both affects tend ln th6 sama dlsection - motlon ullth the

translational v€locity of the florrl. But for the angular motion thE

situation iE l€ee simplel the t!,o effects do not have the same tendancy

and u€ must considar a lange of poseibilitieg depending on the relativa

etrengths of the tuo. This range is represented by the Peelet nunber



a= G/e (Brenner, 19?2a) rrlhere G is tha Ehear rate and 0 the mean

rotational diffueion coefficLent. lJe shall only be considaring the case

of overuhelmlng Brounian motion (c-r0) in r,rhich the hydrodynamic Bffscts

are conpletely negligible comparBd u,,ith the Brounian motion eff€cts. Thus

ue Ehal1 take lt that on av€rage the particles are rotating uith the local

angular velocity of the ambient f lor,l; and ue may additionally aseume that

the ollentation of the particlee uill be random. This last fact uould not

be eo if hydrodynamic forces and torques uere not negligibla foe they

lntroduce eyetematic metions and hencE preferred orientatione.

2.2, The Simha lvlodel, of 0veEuhelmino Brounlan motion

te coneide! a homogeneoue dllute suspenslon of ldentical rlgld

ellipsoids randomly orianted in an incompr6s€1b1€ Neutonian fluid in

trhich they ace nautrally buoyant. The ambient florrr is taken to be a

slou aimple ehearl,ng flou, uhilet the suependad palticles are taken to

be novlng uith th6 velocity and the angular valocity of the ambi€nt flou

appropriate to the point at uhich each is suspended. NEal each particlB

thls arnblent flou 18 did*urbed but ie stll1 taken to ba a Elorrr (lou

RaynoJ.d te number) florrr Eo that !,,e may apply the claEElcal r€su1ts of

Jeffrey ( ' tszz1 .

This nodel, uhich is taken to be appropriate for the case of ovar-

rrrhelming Brounian motion dErives from Simha (1940) although in his orlginal

uork doubt iE laft about urhether on not the paeticlee are rotating u,ith th6

loca1 angular velocity of the fluid. An attempt to cl€ar this difficulty

ie mada belou (eection 2.5.). The kay eimplifying featuDe of the model

intloduc€d by Simha iE that lt elimlnates the complicated statistical

pRoblem plesented by the Brorrlnian motion by substituting an aseembly of
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particl€s all moving uith the averag6 motion. Thisr togather uith the

aEsumptions of diluteness and random orientationr al]ouls us to compute

the effect of tha auspended particles by simply summlng th6iE individual

effects. The ieotropy of the particle distributlon in the modEl meanE

that non-Nerrtonlan behaviou! nill not appealr and also aLlots us to uae

the en6!9y disslpatlon method of computing the vlecoelty (BatcheLorr 1970t

Brenner, 19?2b, p93).

The slmpllfications of the model are aehiavedr houevetr at a priee.

Non-Nerrltonlan and concentration dependent effectst trrhich to the theoletical.

rheologl,st are of the greatest intereet, hav€ been dellb€rat61y discarded;

and the model, can say nothlng about leeeer d€glBeE of Brounian motj.on.

In ef?eet rrle sha1l be calculating the first term of a Eerlee; neverthalees

thig is of great value to the molecular biologist trrho can deliberately

aDlang€ th€ conditions of a visco€ity 6xperim6nt so that th€ model iE

appllcable :

(i) cieeekue (tssz) has Ehourn that non-Neutonian nornal stress ef?Ects are

of 2nd orderr and can thue be neglected for very 1ou ehear ratEe as in, for

exanpla,  a capi l lary v iscometau (Yang, 1951 ) ;

(ii) VtEcosity coefficiBnte arB normally extrapol.ated to rinfinite dilutionr

i.E. zef,o eoncentratlon-dependent effectsr to glve the rintlinsic viscoeityr

(Van Holde, 19?1)r related to the viecosi ty inclement by equat lon (8).

2.3.  The Viscoeity Incr€msnt

!J€ Let n be ths viEcosity measured in an experiment on a dilute

suspen8ion of particlee ln a fluld of vlgcoeity no. If 0 is the vol,ume

eoncentration - th6 total volume of the perticlee in unit voLume of th6

suspeneion - then the viecosity inclement v is deflned, fDom



equation (z), oy

n --:- = I + V0
lo

(6s)

uhere, uhen v is independent of 0, the llnear dependence o? d no

upon 0 gives the €mpilical characteristic of a dilute suspension.

FEom th€ thEoeetical point of vi6u houever, a dil.ute 6uspen6lon is

one in rrrhich there are no hydrodynamic intelactiona batueen th6

particles and thue one ln uhich each particla indspendently contributeE

to the viscosity the same amount it Uould u€re it alone present. This

contribution for a general €llipsoldal particle uas flret calculated by

Seffrey (tSZZ) using the sirnple Bnesgy diEsipation analysie for averaging

ov6r the particle enEemble (Batchelor, 19?0) and it is a etralghtfortard

matter to extand hls results to coves the caa€ of ellipeoids rotating

uith the 1ocal anguLar velocity of the amblent flou as required by ou!

model..

2.4. The Florrr Velocitv and Pleseule

In older to calculate the addl,tional diseipation of energy caused

by introduclng tha particJ.B into a gJ,ven flotrlr ItE compare that given flotrr

uith the eonsequent di8tulbgd flou ulthin a suitable Epheler Sr of radlue

R, centred on the particle position. tle impose t!,o lsquirements upon S:

first, that it ie smal1 compared uith the scale of Epatlaf variations ln

the given flou, and thus uithin it that fl.ou lE effectively given ae

a lin€a! vari.ation of velocity ruith positlon; secondlyr that it iE large

compaaed ulth the size of tha particler and thus that the dlsturbed flou

!,i11 not appreciably diffes from the given flotrl by the tlme the eurface



of 5 !.s reached. Naturally, these requirements can only be net uh€n

the partlele ls, a9 {r€ have aesumed, very much small€! than the EcaJ.e

of spatial vaeiationE in the velocity field of the given florrl.

For our purposes then, the disturbEd flou may be taken to be the

flou of an incompreselble fluid in the region bstus€n the rotating

elllpeoidal sulface of the paeticle and the eoncentrlc spherlcal sulface

5. 0n the inn€r surface ure impoee thq ueual no-slip boundary eondition,

uhilat on 5 u€ Dequia€ the velocity field to be equal to its valua in

the origineL fIor,. lle give the veloclty components of the tuo florrrE rrlith

!6spect to rectangul.a! Carteaian axee fixed in the rotating particle so

that ite ellipeoidal surfaca u111 aluaye be glvsn by

-2 , .2  -2
- + - - + - = l
az bz c4,

The undlEturbed florrl ls glvBn, uithin S, by

( 56)

= 8 . , :  x .
L J  )

uhere g. . are the componente of the velocity qradiant taneor uhich ale

by our assumptione, indepondent of poeitlon ulthin S. In this equation

and in EubeequBnt equatlons, the lndicee lange ov€r the vaIuBE 1r2r3 and

th6 summation convention ie ueed uh€!€by uhEn an index is eepeated uithin

a term a sunnation is lndlcated over the three valuEs of that indei.

ueing elllpeoidal halnonlcs, Jeffr6y u,s6 able to give the florrl

veloclty and pleasur€ in the Degion of S for R large, but finite. H6 givea

the reEult und6! thg aesumption that the angular veloeity iB such that no

n€t .blgEggEgglg torque acta on it, 1.e. hydrodynamlc effecte alone affect

the motion of the DelticlB. In ord6r to consider the Brorlnian motlon ue

follotrr Simha in dropping this rEetrlction uhence the florrr near 5 i.s foundl

ou .



to laading ordBlr to b€

^  (  r  r ). r  = u ? - + o x ,  l { - + l  . * 9r  r  t  [ r"  Rr j  0* i
l r  r  I
l'_- - "_=l

l ^ r  ^ ) i- K

(ez)

In this eouat ion. Q = A.,x.x. .  uhiLet thB A..  thameelves are coeff lc ients] .J r  J '  r .J

independent of position but deP€ndant on the 8r- and the components, to,

of the angular veloclty of the particle; thelr expliclt vaLuBs ase giv6n

by Jeffley (eee Table 4 for the relationshlp betue€n hlE notatlon and ours).

ly'e consl.dal the valuee of the A.- belotr.

0n the aseumptlon that terms of sscond osdsD in the valoclty may b6

n6g1€cted and that the particle spine are of th€ sane order as the flul,d

valocltiee, the dynamical equation for the fluid t€duces to

n  v - g  =  v p

from uhich th€ pre€Euler pr can bE found.

the prE€eurg on S to b6

D  =  D  -  5 0 n o
'  ' o  

R s

uhe!6 po ia a constant.

(Es )

Fos th6 disturbed florrr ue find

(6e)

2 . s . @

Asaumlng a steady state, ule can compare the rates of dissipation

of energy u,ithin S in the t!,o florrls by comparlng the correepondlng rate6

for uorkinE of tha viecouE EtresseE on the surface S. This rate of

u,orking, du,/dt, is given by

oll I

d t J
u .  o . .  n .  d s

1  1 1  1
(?0)



rJh6!€

76 .

( ? 1 )

(?s)

o i j  P t i i * ' [ + . d ]

are th€ compqnsnts of the etreee teneorl and

o = * , n A i j s i j

If ue spllt 8r., into its symmetric and Ekerrl-symmetlic palts, ue have

o = ? r n ( A i j " i j  * A t i E l r )

n .  = J
J K

(?z)

aee the components of the unit normal to 5.

For the di8tulbed flou rue flnd

o�# = + ,rq a. .a.  .R3 * ? 'n Ai js i j  

(?s)

uheee the "i.; = *kr, + grr) .r" the componants of the local distoation

in th€ undlsturbed flou,. 0n the other hand, the rrlell,-knorrln formula of

Stokee givesp for the undisturbed flou

dIlI 8 _3
i i T  

=  
s  n n a " a " R '

(?4)

IrlE thuE obtain an expreesion for A , the Extra dieelpation. of energy ulhen

the partlele i€ present, namely

( ? 6 )
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r ,rrhere 8. .  = Xg..  -  g. . ) .  J6ff !By, aa a conaequence of the dynamical .

aeeunption mentioned abovar uae uorking uith synmetrical Ai-r and so

naturall,y obtained only the fLrst tarm in our expression fos A; and

it app6a!6 that Simha, although he removed the reetriction on At

failed to flnd tha Eecond term. The consequence of this for hiE

calculation uill nou be discuEeed.

2.6. ThE Partl,cle Rotation

Simha takeE the average angular velocity to be zero and on thie

baeis calcuLatee hls uetl knoun folmula for v (equation 9), a fornula

rrrhich hae be€n 6houn to give good agEe€ment ulth observatlone (ltbhlr onc1ey

& Slmhal 1940, Tanford r 1961). A ferrr years later, Saito (1951) ueing the

aesumptlon that the paltlcle€ should rotate on av€rage uith the locaL

undlEturbed rotatlon of the fluid obtained precisef,y the sama result; he

auggeated that Slmha |thas conmitted Eome errots in calculationn but doeE

not investigate the matte! further. Ueing Jeffreyrs notation (taUfe A)

ue have:

A i j t i j  =  (Aq  *  B !  t  c9 )  t  (F  +  F r ) f  +  (G  +  e )g  +  (H  +  H t ) !

(?? )

o i j t i j =  C F ' -  F ) E  +  ( G '  -  G ) n  +  ( H '  -  H ) 6

(za )

uhilst the values of, for example r F and Fr are

, _ g r ! - c 2 a l ( t - r r )
2c'  (bzBo * c2yo)

(?e)



2a

Yo !  t  b2ot  (E -  i r r r )

zoto bz ao * c2yo)
(8 0)

In Jeffleyts paper the o,o t etc. in the numeratocs of the above explessions

are ml,sprinted aE ao Btc.

lrle can thus deduce that

( t  + r  _rr  =
att l t  * (b2 + c2112 + (b2 - c2) (t  - ,^,r)f
o

2(bztso + czy o1
( 8 1 )

F l

( f  -  r  J 5  =

(r2 - n2t,+r t (u2 - ^2t t\ u  e . r ! e  ,  L u  . . . . 7 i E  -  o r ) E

2ft28 + c2v )- o o '

(82 )

uhere ue have utilieed the valioue lelatione betueen cor Bo €tc. that

are given by Jeffrey.

Nou Simha apparently did not find the Orj 6rj term and thus tlould

not have had termE ltke (Ft- F ) in his calculatlon. lJ€ can Ea€,

houever, that taking 01 = 0 ae he appacently did, in the (F + Fr)f term

giues thB same final rEEult as taking rrl,| = 6 in the eum of the (F + Fr)f

and the (fj - f )! terme. Since tha sane algument appliBs to th6 oth6r.

tEgns ue conclude that Simhats foDmula (equation 9) although incorrect for

r , : ,  = 0 on account of  the omisEion of the term A..  qi j ,  i " ,  by a lucky

coincidencer actual ly couect i f  r r r , ,  -  Er 12= n, t r t3 = 6.

It ls u,orth notlng that if one doee take 0r, = 0 and ineludEE the

4..  t .  .  term, one obtaine for epherieal  part ic les v = 4,  in cont last  to
. l J  L J

Einst6in6 ( ' t906, 1911) valuE of 2.5.  The resul t  v = 4 foro.  = 0 agrees



rrrith that previoual.y found by BDenner (tgZo). In all that folloue ue

take tha aseumption that trt,, = E etc. i.e. that the particles are on

av€rage rotating uith th€ Loeal angulaD velocity of the fluid.

2.7.  Ths Calculat ion of  v

To complets our calculation uB taker as befoter the givsn flotrt to be

loca}Iy a simpla Eheaslng flou uith sheaD rate G. Th€ pRincipal axEg of

any partlcular particle !ril1 not in genesal coincide uribh the sheal axee

but, uslng the Euler angles to d€scBibe Relative orientation of the

tno Eete of axee, ue can calcu.late the components glJ r€lative to the

partlcle axeg in terma of G and the Eular angles e r 0 and S. Hence ue

can obtain A foe that partlcle aE a function of these variableE i the

detai1e can be found at leaet fo! a speciaL ca66 in Jeffreyts papex ('lgzZ).

Since JeffreyrE calculat ionE shou that the Orj  . ""  l lneaD ln the gr-re,

it follous that A trilJ. involv€ G2 "" " factor and h€nc€ that the totaL

diseipation rdill be of the form nG2 as originelly aes€rted.

To find the total dlssipation in unit volume ue average the eff€cts

of tha N partielee on the aesumption that th€y are randomly orlented,

obtalnlng

(Bs )

Th6 intBgsations yield

u = + I '  I  +i l i ' , ' ,p) sineae aof arr,

A =  + :  nn  NG-  Z
J

(s4)



uheee

6 U .

(Bs)

' ' l
- 3 0  

1
I

yt  {a2oo t  b2Bo)

Y  + C' o  o

B (c" t  *  a tc  )
o -  o  o '

I  + Y
o o

e  f t ' g  + c . y )
o -  o  o '

, I
. r l

40 I
I

r r  t l
a  +  B  + y

o o o

Bt t  y t t  *  y t t  o t '  *  o t t  B t t
o o o o o o

a  + B
o o

Thue v is determined from

€9

nvv6?= nvl f  naUcr iP =? "rNez

(86 )

6 L
V = --:-

aDc
(s?)

Hence on substituting for Z ue obtain

1  f  + t " " * 0 " * v i )  1 [  B o ' r o
u =  '  {  "  "" -a6c 

t ;,8pru45' FL'3o+". "1,J .

Y o ' o o  
*  

" o * u o  
l l

o j ( c 2 v o  *  a 2 o o )  t t o G 2 e o * u 2 e o ) J l  ( B s )

lrhele arbrc are the eemi-axesr and the elliptic intBglalg ao etc. nou

dep€nd on arb and c (appendix I ) .
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Th6 folnul,e raduces to the Simha-Saito formula (equation 9) r,rhen

b=cr and giv€s Eineteinrs valuE of 2.5 rrlhen a=b=c. It may be of

int€lest to note that had ue folloued Simha in taking ur. = 0 then Z

uould have containad the follorrling term in addition to thoEe given above,

b 2 + c 2 c 2 r a 2 a 2 + b 2

b29o '  c21 
o 

"2 'Y 
o 

*  ^2oo azao + b2go

(  ag)

It is th6 pagsgncB of thie added term that gives the value of v = 4

fos soh€reo rathB! than the Einstein valu6 v = 2.5 rrlhich iE obtained

ulhen it ls abaent. The value of 2.5 has been confl,rmed experimental"ly

for polystyren€ latex spheree by Chong & Schachrnan (tSSS;.

2.8.  Diacusalon

An equation Eimilar to (88) uaa giv€n by Batchelor (19?0) on the

asaumptlon that the suspended particles, although randomly oeianted,

moved ao that zero hydlodvnamic toDqu€ acted upon them. His rasult u,as

4(oo + Bo +

'I

;T

)
o -

l
o '
-i-
o B

f

L

YI
aDc | | | | l l t l

1 5 ( B  v  +  Y  c  +- o o  o o e '  ( b 2
o -

+ c2)

Bj{c2 * a2) . ( ; (a2 + b2)

uhen uritten in thE same notation aa lre hav€ ueed b6fore. It doee not

eeem likely that (90) Uould be spplicable to the case of ovenrrhelming

Brounian motion sincB one uould neEd to include the Erorrlnian torque

T, ae uell as the purely hydrodynamic torque, T, in satisfying the

(e0)



82.

eondit ion of  zero net torque, i .€.

T ^ + 1 , , = 9D f r  
( s r )

Randon orientatlon alon6 is not a Eufflcient characterieation of

overuh€lmlng Brounian motion sinee one alEo needs to deecribe correctly

the dietlibution of thE anguLar velocity. Both (88) and (90) ace

obtalned by methods that avoid the ful.l Etatlstloal treatmEnt of the

angular motion but ae explained earllBr ue con€idoa the simpllfied modEl

underlylng (ee) to be the appropcl.ate one for overurhelming Brounian Botion.

In effect, foonul.a (88) generaliee6 the Simha-Saito equation for

allipsoide of revol.ution, uhilst (S0) generaliees ?ormulae of Jeffrey for

el]ipsoide of revolution. In geneDal. th6 tuo focnulae give quite dlfferent

rasulta aE can be seen from Figuee 25 and Table 5, both of uhich are ?or

convenience reetricted to the caee of ellipsolds of revolution. Sinee (g0)

do€E not lsduce to the claseical Sirnha-Saito formul.a the claEsic

experimental evidence on maclomol€eulee uhich favours the latter (nehl, gL

EI, 1940, Lauffenl 1942) etrengthens the vlerd that (SO) ie incorlect. ltoae

recent experimental evidence ie given by Tanford (fS6t) uho alLorrle for

particle suelling due to Eolvation and Table 6 extenda his tablee to

include a comparison rrlith the Jeffrey-Batchelor squation. The tabL6

conpalea the axiaL ratio inferred fBom tlanslational diffueion experimentE

trlith that inferred from viscometric experimente on thE basle flrst of the

Simha-Saito equatJ.on and secondly of the J€ff!€y-Batch€1o! equation.

Tanfocd (tSet) says trrlithin the accuracy of the meaEurements, the

de€cllption of gJ.obular plotBlns in aqueoue solution provided by the

(Simha-Saito) equation ig identical rrrith that provided by (transtational)



diffusionrt. 0n the olher hand ue see that the Jeffrey-Batch el.or equation

gives valuee of the axial ratio that are consistently too hiqh and

outside the expact€d experimental er!o! bounds. frle eoncfuAe that (90)

is not applicable to the cases of interesl to thE molacular biologist.

As pDeviously stated, ue hav6 avoided th€ full statistical treatment

of the angular motion but have mada the assumption ol particles baing on

average at Dest ln lhe }ocal refsrentia.L frame in uhich they aDe

suspend€d to be appnopriate for the caae of oveluhelmj,ng Brouni.an motion.

Although this has been rigorously proved only for axisymnetrie particles

(Brenner, 1972)1 ve havg made the assumption that it uill be a good

approximation fo! genelal tri-axial ellipsoids, at least for lou axial

!at ios.

Since the derivation of equation (88)

fulL statistical treatment of the anguLar

Ral l ison (1978).  His resul ts for the cass

shotd that to first-order in the shear rate

a general anal.y6is using the

nouion has been given by

of ov€luhelming Brounian notion

the non-Neutonian stDess effects

vanish, uhich is consist€nt uith ou! assumption of Ner'rtonian behaviour for

vefy lorr shear ratEg. Hs aJ.so gives an expression for v correct to first-

orde. in the shear rate, although not in the folm of a sinple formula like

squation (ea), Uut by ueing nunerical methods Ral,lison is ab.le to give a

plot  of  v for var ious axial  rat ios;  lhe resul ts are clear ly very close to

thosE obtained flom equation (88) - compare my Figure 26 rrrith Ralfisonrs

Figure ?. Hourev€r, an exact comparison (personal communicalion by

J.tl. Rallison) shor,rs a very slight discrepancy batueen values from

equat ion (88) and Ral l isonrs pFocedure, al though no di f ference at levels

l ikely to be experim€ntaUy signi f icant for globular part ic les ( i .e.

a/dz l .o -  3,o,  b/cz 1.0 -  3.0) is observed, and the discrepancy is not
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apparant Uithin four s igni f icant f igures for a/bz 1.o -- .Z.ot  b/cz

1.0 "-2.0.  The values given in Table 7 are therefore dBf ini t iv€.

I t  has been indicated to us (J. l l .  Ral l ieon, H. Brenner,  pr ivate

commurlications of unpublished uork) that our formul.a requires the

addition of a very small term Delated to the deviation Prom our a€sumed

condition of non-axisymmetric particles rotating on averagB uith tha

loca.L angular veLocity of the fluid:

(BBb )

The nunerical results shoru our approximation' to be extrernely accurate

for rglobularr partj.eles, as noted above, but for certain particles of

highar asymmetry calculations suggest that deviations of up to 1S in u

can atige. It is claar thouqh that our formula provides a good

approximation over the entire moleeulaa range. 0f particular intelest

j.s the fact that the discrepancy tends asymptotically to zero for

eLlipsolds nhose axes are all substantially different in length (i.8.

a > b > c  -  t t t a p e s t t ) .

I. EE;

r - ^ ^ ' l
I  z z  _ b z  b - _ €  c .  _ a .  I
laza  +  bzB bzB +  Cz" f  Cz . (  +  Aza I
L O O O O O

I  a 2  * b 2  b 2 ,  c 2  c 2 * a 2

Lr6;. F6zE.; '� ;T-.-Tfr"_



Tabla 4, The relation betueen the notation used rrl !fti!-!t!gy

and that us€d by Jef?xeY (1922)

\ ^ i i r

f i . . )  =, _  t )

[ ^  
"  o ' l

l H ' '  
r l

f  c  F r  c )  ,

( a ' . , )  =  [ a  i t  g l
l '  "  " l
l h  b  f  I
l "  "  " l
[ e  r  c )

\ ] t J / r r

:lr O
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I A O I B  J

v for an ellipsoid of rsvolution calculated from the Simha - Saito

equatlon and the Batchelor - Seffrey equation

Axia1 Ratio Prolate llodel 0blate IIodEl

: t - o 5 - 5

1 . 0

2 .0

3 .0

4 .0

5 .0

6 .9

8 .0

1 0 . 0

2.500

2.908

J r O O O

4.663

S r t t U O

7 .O99

8 .533

1 0 .  1 0 3

1 1 .804

13.634

2.500

2.583

2,786

3.434

3.844

4.30�2

4.8tt4

5.346

5.928

4 . J u u

2.854

3.43' l

4 .059

4 .708

6.032

6 .700

7 .371

8 .043

2.500

2,6'�1O

2,868

3 . 1 9 8

J r J O J

3.94?

4,342

4.?44

5.562
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Extension of Tanfordts Tabtes (trPhysical Chemistry of llacromolecul€st,

1961, Ui ley & Sons, p 359 and 395) to compare the axial  rat ios

predicted by the Simha-Saito equation and the Batchelo r-Seffrey

equation, using a 0.2 grams/gran solvation fo! four globula! proteins.

Prolate 0blate

u

2 A

4 , 0

^/,

a , l

a 1

4 , 9

2 . ' l

6 t
, b

? l

B-J

"/o

5 . 5

"/o

Z . z

4.0

2 . 2

/ b

3 , 4

3 . 4

8? .

"/,

E Z

Diffusion S-S Diffusion S-5

Ribonuclease

9-laetoglobulin

Serum albumin

Hanoglobin
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Simhc- Saito(Prolatc)

la tchcIor-Jef f rey
(Pro la tc)

4 5
A x i a l  .  R a t  i o

Fiqure 25. A comparison of the values of v as a function of axial ratio

predic ted by the Simha -  Sai to  and Batchelor  -  Jef f rev eouat ions

for  e l l ipsoids of  r€volut ion



to '

t o3

to2

tol

lo '

b/c = 194

0.001 r00t00.1 t

a / t

F lou re  26 .

from equat ion (88).  This

the numerical  procedure of

N.B. RaLl ison has c>a>b

plot  agrees very closely ui th that l rom

Ral l ison (Figure 7,  1978)



C H A P T E R  3

Nunsrical fnversion Procedules !

The Problem of the Line Sol,utlon



o t

3.1 Solut ion of  the ELl ipt ic Inteqrals

In order to determine the viscosily increment v that corrasponds

to a particular vaLue of th€ axial ratios a/b, b/c, the elliptic

integrals co etc.  (Appendix I )  must bs solvad. Analyt ic solut ions

are not possible but the integrals can be solved numerically rrrith the

aid of a high speed computer. The subroutine used for this rrlas the

United Kingdon NAG lvlk. 6 loutine Do1AGF uhich evaluates a definite

intBgra] of the foam

B
(

r = 
J 

f(t) dt

uhsre A=0r us5.ng an intBlval subdivision stlategy developBd by oliver

(1972) and based on Clenshau-Curt is quadrature (1960).  Sinee inf in i ty

cannot be used as the upper limit, a finite value of B must be specified.

Houever, a eatisfactocy value for B can be determined by using

succssgively higher values until thB valu€ of the integral converges to

a limiting value; in this case a vaLue for B of 106 uas suffj.cient. Hiqner

values are also suitable although evaluation of the integraL takas longer.

The number of interval subdivisions is also specifiable by the user; thB

maxLmum number of 50 uas used. The routine also estimates the €rror on

the integrals (otHara & Smith,  1968).  I f  th is er lor is greater than th€

maximum allouable srror specifiable by the user the routine uill stop and

print an emor messag6. The maximun alJ,oued absolute error specified uas

1.0 x 10 -  (=.001F).  The sublout ine for evaluat ing the el l ipt ic

integraLs can easily be incorporated into a program for evaLuating v for

a given ualue of  (a/b,  O/c).  This is given in Appendix V as program 1.



92 .

3.2.  Aool icat ion to lhe Crvstal looraohic Oimensions of  lv lvoq.Lobin:

Numarical Inversion

Ths result can be applied !o crystallographic data available for

myoglobin. Kandreu,g!3! (1958) gave the dimensions of eperm rrlhal a

myoglobin to be 43 x 35 x 23 R ( f .ufE s).  This corresponds to a genelal

o
tDi-axial  e.Ll ipsoid of  semi-axes a=21 .5,  b = t-7.S and c = 11.5 Ar and

axial ratj.os a/b = '1.23, b/c = 1.52. Using ProgDam I (Appendix V) this

corresponds to a vj .scosi ty increment o? 2.729. The predicted intr insic

viscosity can then be found from equation (8):

l n l  =  v v  =  v v

I 0 2  \

of reduced speciPic v!,scosity against cancentration (Table Ir Figure 2?)

I  havB determj.ned the intr lnsic v iscosi ty of  myoglobin to be (3.25 J .05)

ml/gm, using a ueighted least squares analysis (straight line fit).

The concentrati.ons uele determined using a high precision auto density

meter (Kratky g!3t, '1969, 19?3) together rrrith a i for myoglobin of .?41

mlr/gm (Theorell, 1934 ):

unere ( i "6) is the surElLing rat io (sect ion 1.?.1).  By f i t t ing data

o .  -  o
" r = #

-  
l  - v o

o

hrhere o is  the solvent  densi ty  and p.  the solute densi t ies.  Use of' o  '  L

auto density meter, uhlch is ba€ed on the time taken to perform a

pleset number of oscill,ations of a LJ-tub6 fil led urith thE sample has

(e3 )

the

the added advantage that, besides bBing very accurater only small amounts

of f lu id are required (  -1 ml) .  The axparimental  arrangement used for

the viscosity and densimetric uork i.s illustrated in Figure 28. The



platinum resistance thernometer shoun uas used to monitor the sample

tenperatures to accuracies of .005 degrees and l ras cal ibrated by myself .

ln ord6r that the crystallographic dimensions gives this same value for

[n], f"or equation (sz), a suelling ratio (i-rd) of 1.5 is requi.red;

alternatively myoglobln is nore asymmetric in solution.

In order to d€telmine the actual dimensions of lhe equivalent tri-

axial ellipsoid for myoglobin j.n solution (or any other maclomolecuLe)

from the experlmental value for [n], ttre situation is more complicated

houever. Although equation (ee) aefines a unique value of u fon a gi.ven

value of (a/A, d/c), an analytic invaraion of (88) to produce an €xplicit

expression for (a,/b, h/c) Ln terms of v is not availablE. Ths inversion

must thereforB b€ don6 numerically by tabulali.ng, or batter plotting v as

a funct lon of  (a/b,  d/c).  The same subrout ine ment ioned in sect ion 3.1.

pq3 sv>Lra.riaiJ be incoloorated. A

perusal of Table ? (produced from Program 2) reveals houeva. that a given

vaLue of v does not colrespond to a unique vaLue of (a/A, A/c) but to a

rline solutionr of poasible val.ues ot (a/d, A/c). This is cleally

illustrated in the contour plot (Figure 29) produced fDom PDogran 3 using

GHoST graphical facilities uhEre v ls incremsnted from 2.5 to ?.0 in steps

of 0'5. In order to determine e unique solution for (a/b, brlc ) and hence

the axia.I dimensionE of a macromolecuLe in solution other hydrodynamic

informatlon must be used; ue must therefore consider the translational and

rotat ional  f f ict ional  propsrt ies (sect ion 1.2).



3.3. othBp Tl i -axial  L ine Sol.ut ions

5.3.1.  The TranE1atLonal Fr ict ional  Rat ioi  the B and R Funct ions

It  L,as pleviouEfy statsd in sect ion 1.4.  that al though perrtn (1936)

had provided an Explicit forrnula foe the tlanslational frictionaL ratio

of a ganeral tci-axial ellipsoid in tsrms of th6 axlal ratilos (a/b, h/e),

the elliptic integral in equation (t2) couta only be solved analytically

for the epeeial caee of alllpeolds of revolutLon (1.e. tr,ro equal axes).

Ho!,6v€!r Bl.nce the elllptlcal lntegral is slmilar to those for the trl-

axial vl.ecosity incroment, lt too can nou be solved num€riealLy usl.ng fo!

examplB thB subrout ine diseuos€d in sect ion 5.1.  A higher value for the

uppes l imlt ,  B tag requlred: 5 x 107. A table of  values of  the P6uin

funetion t/eo Gc) for valueE of a/b and E/c uaa thue obtained (taore s).

Again, a perusal of the table reveals that a given value of P haE a line

soLution of poseible valuee of (a/A, d/c). Ho!,€ve!, in principle at

leaetr by combining the line solution for P of a given macromolecule uith

th6 Line solution for v, a unique solutlon for (q/b, Urlc) can ln princlple

b6 found from thElr lnt€lEection. ThlE can be illustrated by aoguming a

part lc le ot  (a/A, A/e) = (1.5,  1.5),  calculat ing the corDesponding valuee

fo! v and P using Program 1, and then plotting the line solutions using

Progran 4. Unfortunately Figure 30 revealE that the interEection for

accuracias in v and P to four Eignlficant figuleg is vary Eha ou, and

alloulng ?ot ! 1fi 6xp€rim6nta1 arror in each there ia no interaactlon at

aLl. in th6 | globular proteinr range of the Flgure. There iE alEo the

additional, problem that ln ord6r to dEtermine €xp€rimsntally both ! and

P, knouledge is requieed of the suollen volume in Eolutlon.
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Houeve!, nou that v and P are available for trl-axl.a1 ellipsoide,

thsn so should the B and R functions urhich do not rEquire a knolrledgs

of the suollen volume (equations 45 & 64). I have thus ploduced tabl€s

of theEe also (Tab1ee 10 & 11);  aIJ.  four t r i -axiaL funct ions Eo faE

m€ntioned viz v, P, B and R are plotted in Figure 31 aLloulng for 1 1F

experlmental error ln eEch. Th€rE lE Etil1 no reaeonable intersection;

the B functlon Le, ae expectedr s6en to be of little practical use as it

ie very eeneLtlve to expelinental earoe (tne g - tF ttne ia completely

off the map area). 0f the 4 functione houever, the R function is tha

most ueeful elncs it is relatively ineeneitive to . exp€DimentaJ, erloa and

the exFalimental determination does not requi!€ a knorrlledge of the

suol lsn vof,ume (Eect lon 1.?.1.) .  In order to f lnd a unj .que solut ion for

(a/n, ile) therefore, thle ehould ideally be eombined b,ith a rotationaL

frlctlonal or rElaxation tri-axial shape function rrlhich ehould oatisfy

the f ollorrling criteria:

(i) provldae a euitable lntersection b,lth R

(f:.) fs relatively inseneitivo to €xperimental error but seneitlve to

axial ratlo

(ii:) is experimentally meaaurable to a high precision rrllth currently

availabLe appalatus and data analytic techniques and

(tv) aoes not requi8e a knorrlledge of the suollen volume for lts experimental

d6tBDminat lon.

3.3.2.  The Rotat ional  Fr ict ionaL. Dif fusion and Relaxat ion Lin6 Solut lonE

For a trl-Exlal ellioeoid thel8 uill be three rotatlonal frictional

ratioe {rr/6o (i=arbrc) coDleEponding to lotation about each of the three

ax6s and henca thDee rotatlonaJ. diffueion Datio8 ei/eo. By analogy ulth

the tranelational case in the previoua section, although Perlin (1934) had



: to.

giv€n axpl ic i t  formula for the e1/eo in terms of (a/ t ,  a/c),  -  eqn. (zs),

the elllptic integrale could only be solved analytlcally for th6

caee of elllpsoids of revolution. The integsals can nou b€ Eolved

numerl,cally, agaln utlllsing the loutine descrlbed ln section 3.1 (Prograrne

1r2 A 4). TherB iE hou€ve! no experimental techniquB for determining the

rotatlonal frictlonal or dLffusion coefficients dlrectly; rotational

exp€rim€nts dBtermLne rather rel€xation time ratioe. For exampla, the

dielectric dleperElon relaxation time ratioE are relatad to the Dotatlonal

frictional and diffusion ratios by equations (2?). A plot of the

rotatl.onal lelaxetion time ratio 1in6 Eolutions correspondlng to (a/A, U/c)

= (1.5,  1.5) ts giv6n togother rrr i th the R funct lon in Figuro 32.

Unfoctunately, beeauee of the dlfficulties raieed in 1.5.1. reeoLution of

thE dielactric dlsperslon curve into the 3 relaxation timea fo! a

homogeneous solution of trl.-axial ellipeoid particles is lnposEible in

practice.

llhereas for elllpsoide of revolution ther6 are three fluorEscence

anlsotropy decay times (equatlon 42), ?ot geneeal tri-axlal elJ.ipeoids,

therE urlll ba flve (Cantor & Tao, 19?1e 5ma11 & Isenbecgl 't9??) relatad

to the thraE rotational dlffueion coefficientE by:

' r  
3 ( e  +  o t ) 3 ( e  +  e 2 )

;  rs =,c*-D

1
3 ( e  +  0 3 )

(ga)
2(3e -  a )

uherB o= (01 + 92* e)/z is the mean rotational dlffusion coeffl.cient,

and A ls defin€d by

o  =  ( t r t  -  e | "  e l -  o r o ,  -  o 2 o 3  -  o 3 e r ) l



The fluorescence anisotropy reJ.axation time ratios ,y' .o r n thus be

evatuated (equatlon 42, uhere j lE nou = 1.2.5t4;5)i theee have been

tabulated by Snall & Is€nberg (19??) and are plotted in Fiqure 33r for

(a/ t ,  A/c) = (1.5,  1.5).  Considerat ion of  these funct ions houever,  at

the moment at least, ls purely academic; beeidee the probleme citEd in

Eect ion 1.5.4. ,  the neeessary rEgolut lon of  the decay culve into i ts

foul  eomponent exponent lals (s ince t5 -r1) ie lmpoeslble (sma11 & Isenberg,

'197?). Furthernore, slnce neither the fluoreEcance anisotropy decay time

ratlos nor the dialectric dispersion relaxation time ratioa for tri-axial.

ellipsol,ds are of apparent use at th6 monent, the Eame must be true of

theh corse€ponding euelling independent functions, the axpllcit

expre€slona in terma of axial ratio being obtainable from:

6 ,  = - : v  :
- 1t3

u. = f5} rli)' 1  \ l  /  \ a  t- o

(  es,  e6)

3 ^
r f  , ' -  9 o  9 o

Y ;  =  t - c  J  -  i  e r  = v t -
o  1 1  ' 1

( o 2  o q \

(  ss, roo)

uhere i+rbrc and J=1r2r3r4t5. The relatione for these functione in terrns

of experimental parametare hava already been glven ln sectlon 1.7.

Evaluation of thE harnonic nean rotatlonal relaxatlon tine ratio in

tarme of axial. ratio for tri-axial allloeoids ue can eimilarlv obtain from



9tl r

n

( 1 0 1 )

(Programs 1, 2 &, 4,  Figure 34).  The corresponding suel l ing independent

functions v and ^ determined by combining uith lhe translatj.onaL frictionaL

ratio and the viscosity increment ra€pectively Lre can nou also obtain from

( 1 0 2 )

^ = f 3 "
(thJ

( 1os )

(Programs 1r? & 4, Figura 34).  Unfortunatalyp these funct ions are

generally very sensitive to experimental error, as Figure 35 illustratee;

also the problams in dEtermining the harnonic mean relaxation tirne raised

in 1.5.4.  st i lJ .  apply.

3.3.3 @6* and d_ Funct ions

In sect ion 1.5.2,  we stated that Ridgerrray (1966, 1968) has shoun that

the decay of electric birefringence for a homogeneous suspension of

aeymmetric naclomolecules (e,g. tri-axial ellipsoids) uould consist of

tuo exponentiaL terms:

* ,  - 5 e . t  - 6 e  t
o n  = * -  { r , "  

' * A e  -  
}"LL 

(s2 )

l t o o o \
o  l - o  - o  - o l

l o  ' i l ' ; l
. c ,

V3
*=f3 r_ i l' 

I'nJ tfoJ



!,her€ An is the birefringencer N th€ number d6n8lty of particLes in

euepenal,on and no the refractive index of the Eudpending nedium. A*

and A_ ar€ complicatBd functlons dependlng on the lnLtlal orientation of

the particJ.es and their dleLectDic and diffusion propelties. lt€ may

reu,llte NA+ / zn' ae Afr the I pre-exponential. factorsr. Ecuatton (32)

than becomee:

a r ,  =  A l " -60* t  +  4 ' " -60 - t

(  104 )

0* and 0- are related to the rotatlon€l diffuslon conetants 0. (and hence

the rotational frictional coefficiants since 6. = W/ei) by

( t osa;
g , = + l o i  .  { f i I , r ) ' - * l  l  u r r , } l

r, t - ", i , ,-r,1, +]' l ( toso)

The dimeneiona of €quat ion ( tOS) are of  enerqyr/(volume x viscosi ty) j  , "

therefore lreducel it to a function of Ehaoe alone:

ul"u = 1n!; v"e. = g l Li, *. #
. l [ * . * " i ]  - [ # . * . # ]  j ' l  ( , o e ;

uhere

,; ="#+, { = r+e ;,: =4+ (roz)



The Buiptic integraLs ao atc. are thos€ defined by Seffrey (1922) and

are given in ApFendix I.

A plot  of  tha 0:- '  and 0---  funct ionB, toq€ther ui th the R funct lon

correspondlng to the polnt  (a/a,  A/c) = (1.5,  1.5) al lorrr ing fot  !  t f i

sxperimental erlor ia given in Figure 36. It is eeen that the

intersectlons are v€ry reasonable (the ti"o - R lntatEection le nearly

orthogonal) and the functions are relatively Eensitive to axial ratio.

Houev€rr expeaimental determination of O!,ed requlree of couDa€ knouladge

of the auollan molscular volume in eofutiln (equatlon 106). This ean b6

conveniently 6limin€ted hou€uer in tha standard uray by combining (10e)

either uith the vlscoelty lncrement (8) or the translational frictional

Eatto (20b). If for example (tOe) iB comblnsd ulth the viscosity increnent

(8), srrrelling independent 6* functions are produced (Tablee 12, 13, Figure

5 ? ) :

6 t=6e l "d ,= t r [ * ] t . , " "

( toe1

uhere [n] ie €xpr€esed in m/gm. Alternatively, ei"o can be combined

ulth the tranElational frictlonal mtio (20b) to glve errrelling indBp€ndent

y+ funct ion€ (Programe 1r2r4, Figure 38):

,  ^ 3  M 3 r t - i o ) 3 0 .
v = <a_ --  l - : - t- - l  \ f  , /  -  

2 7  N  -  k T  r z n  z s 3
o A o

( rog )

The 6.r- and ya functions ale nerrr. Th6 6- functiong are peeferred oves the
:

Y+ functions since they Dequire feuer experimentaL measurenonts .and do not

involve Equared os cubed terrns; hence in principle can be meaauled more



1 0 1  .

accurately. It is seen thecefore that combination of ths R-function

rrlith the 6.. functions ae a method for determining a unique solution for

the axial ratios (and henca the axial dimensions, if V. iB knoun from

krr/k. - section 1.?.1) o? a macromolecule in solution eatisfies the

cr l ter ia ( i ) ,  ( i i )  and ( iv)  of  sect ion 3.3.1.  In osd€D for the method to

satisfy critelion (lli) horueverl there etill ramainE the problem of

resolving the gxponential decay term lnto its 2 component reLaxation times

or decay eonetante (the sane is true of couree for thE elgd ana .1*

functionE). To date thls hae not b66n po€sib1e. Ue norrl Ehorrr that rrrith

a neu I conEtrained I leaEt squales algorithm uaing intersection tith thB

R-curve ae the constraint, this is nou poeslblg rrrlth currsntly available

experimental peecision.
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182.

Ualu€s of reduc€d apecific viscosity for vapious conc8ntrations

of sperm uhale myoglobin (O.t t ' t  HaCl buffer,  pH = ?.1)

Concentration, c

(mg,/nr )

90.2

66.1

E ? A

59.2

40,?

34.4

z n a

Z i  .O

Z J . Z

' t  s.3

9 . 7

8 . 1

1 .450

1 .298

1 , 2 2 4

1 .215

1  . 1 6 3

1 . 1 3 8

1 . 1 1 6

1  .1 ' t  5

1 .084

1 .055

1 . 0 3 4

'1.028

n / csp'
(mlrlgm)

4.99

4 .20

4.29

? t la

3 .89

3.4?

? E N
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Fioure 27. Plot  of  reduced speci f ic v iscosi ty versus concentrat ion for

straight line is that due to a u€ight€d least squares fit
n'sD

f  
=  tnJ  ( l  +  knc )  uhe re  [1 ]  =3 .25  n I /gn  and  kn=5 .9  m l /gm.

treisht used ,'" ;;;;;;G+;;frffii; (conc. <40 melmr)

+ (conc. ;40 rnglml)

t n g
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Fiqure 28. Photograph of the apparatus u€ed for determining solution

densities and viscosities. Temperatures ueee kept constant

to !,ithin t 0.010 using a high precision Tounson - fllercer

eonstant temperature tank, r,rith a pump attachment to supply

the uater bath in the precis ion dansi ty mete!.  .These

temperatures couLd be monitored to rdthin I O.0O5o using

the platinum resistance tfierrnometer situated directly above

the density metas.
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Fiqure 29. Contour diaaram shouino curves of  constant v as a funct ion of

lhe semi-axial ratios a/b. b/c on lhe basis ol equation (88)
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@fC-99.. Plots of constant u and P in the (a/b. b/c) olane correspondina

to  a /b  =  1 .5 .  h / c  =  1 . s
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Fiouie 31 .  Plots of  constant v.  P. B and R. alLouj ina por t  1% ef,rop in

their  measured values. in the a/b.  b, /e plane correspondlno

lo  a /b  =  1 .5 .  b /e  =  1 .5
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Fioure 32. plots of  constant R and the rotat ional  relaxat ion t ims rat ios

ia the a/b. b/c olane ccrresoondine to a/b = 1.5. b/c = 1.5
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Fioure 34. Plots of constant R. Y and A in the a/b. b/c plane correspondino

Eo a/b = '1 .5.  6/6 = 1.5
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Fioure 35. pLots of  constan! R. V and A ,  al louino for I  1% error in

their  measured values'  in the a/b.  b/c plane correspondino

to a/b = '1 .5.  h/c = 1.5
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C H A P T E R  4

o8telnination of a Stable. Unique Solution bv combinina Results

from Viscositv. Sedimentation and Electric BirEfrinoence



120,

4.1 lv lethods for Analvzinq the Decav Curve

Resolution of a 2-tarm exponentiaf birefringence decay curve into

its tuo component relaxation tim€s or decay constanls is notoriously

difficult, sven lot components that diffe. by several orders of magnitudB.

The situation is especially difficuft for globular macromolecules for

uhich the decay constants uiL] generally not diff€r by more than +' 2OlA

(see belotu).  A recent tevieu of  the sal ient methods current ly used for

attenpting to analyse multi-component exponential dacay curvesr emphasing

these di f f j .cul t ies,  has been given by Jost and 0tKonski  (1978).  The three

mBthods that are apparently the most useful aDe

(1) Graphical  Peel ing Analysis (0rKonski  and Haltner,  1956)

(2) Non-Linear Least Squares Analysis (lrlilder 1954r Pouell and ltlacdona].dt

1972, GLL! and f'lurray, 1976 )

(3) Fouriee Transform solut ion of  the Laplaee Integsal  Equat ion (Gardner,

Gardner,  Laush & Meinke, 1958)

4.1,1 .  Graphicaf Peel inq AnaLvsis

In this method, the logar i thm of the birefr ingence is pLotted as a

funct ion of  t ime. For a single tetm decay this should of  course give a

straight J.l.ne. If the plot for a tuo-term dBcay can be extended to

relaiively long times rrrith sufficient signal-to-noise tatiot and if the

tuo tsrms are not too close, then the limiting slopa uilL give an estimate

foE the longest relaxat ion t ime (or shortest decay constant) .  This

liniting slope can be extrapolated back to zero time and then rrsubtractedrr

from the origlnal EignaJ.; the slope of the BBsultant can then bE

detsrmined and hence th€ shortest rel ,axat ion t ime found (Figure 39).  As

might be expected, this method, although Dapidr is very approximate and



is  of  1i t t1e use for resolvine relaxat ion t imes of the same order of

magnitude. Houever it is stil.l ussful for indicating the ordBrs of

magnitude of the decay constants uhich may be used as initial estimates

in non-linear leasl squares iterative procedures.

4 .  1  . 2 .

In this method, the ueighted sum of the squales of  the residuals
a

Xi is caJ.euLated betueEn a set of exDerirnental data points and the

funct ion to be f i t ted. I f  x.  rapresents the value of  the j r th

experimental  point  and g,(X- j  tn" corresponding computer point  foD a
J  -  m '

giu€n Bstimate for the X, the number of independent variables, thsn ue

def ine our tgoodness of f i t r  parameter,  X- r  by

z
t
L

. i - r

uhele o. is the standard error in the jrth experimental

best values of  the X are such that axhX =& for alLm m '

For the particular case of €Iectlic bilefringencer o. is

constant ior aJ..L the x, (although this i" not g"ner.ily

count ing -  e.9 '  f luorescence depolar izat ion anisotropy -

and th€ rninimization condition becomes

-::- = o
n

( 1 1 0 )

point .  The

t h e X .m

approximateLy

true lor photon

experiments )

( 1 1 1 )

lrn ar e

n

r  =  I  t x i  -  E i J
: - r

( 1 1 1 b )
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In the ease of a tuo-telm birefringence decay, th€ minimization

is said to be rnon-lin€alr in that the data are to bE fitted to a

function uhi-ch is ths sum of a product of terms consistlng ol an

adjustable parameter (i.e. a pre-exponential factor) rrrith another

funct ion of  another adjustable parametea ( i .e.  a decay constan! or

relaxat ion t j -me).  In order to evaluate aFpXm for a current est imate

foD the parameters Xrr the solution either has to be Linealized using

a TayLot Bxpansion as out l ined by Jost & OrKonski ,  or al ternat ively,  a

quadratic or quasi-Neuitonian procedure can be employed (Gi1l & [tlut:ray,

19?6). In this latter case, th€ parametBrs Xm ala iterated until the

minimum in F ls found. 6i11 & fqurrayts algorithm is particularly

attractive in that uppe! and lorrer limits for the variable can be

spacified and included as ext6!na1 constraints. A problem rrlith the

Least squares technique hou,ev€r is that the method is very sensiiive to

subsidiary minina in X2 (or f )  laading to false tbest parameterst ,

BVen fo.  data of  very high precis ion. Tha presence of lhese subsidiary

minima can often be detected by rapeating the analysis for a series of

di f ferent in i t ia l  guesses of the adjuetable pa.anete.s.

4.1.3.  Fourier Transform Solut ion of  the Laplace Inteoral  Equat ion

The birefr ingence 4n(t)  = S(t)  is u,r i t ten as a St iel jes intsgral :

n  ,  - 6 0 . t  n  
-

s ( t )  =  i  . d . "  
" " i ' =  

i  n l " - l ' =  Jexp( - r t )a r r ( r )i - t o

u rhe re ' rh (  l  )  i s  a  s tep  func t i on ;  i  =  + r -  and  I  =  69 . .

( ' t12)
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The right hand eide of equation (ttZ) can b€ reuritten in the form

of a Laplace Integral:

t
s(t) = |  exp (-rtJ g (r,)  d),

)

( r r s )
r,lhere g(f) represents a EUm of Dirq. delta functions. A plot of

9(l) vereue I rcil:. give a fr€quBncy spactrum uith paaks; the centre

of each peak corlespondg to a specific decay conetant, and the hoight

of the peek le proportional to the value of th€ pre-exponential factor

A..  lde tranafolm L= e-Y and t  = ex. Then

- .  x .  t  f x - y ) .  -  - y -  - r , -
S ( e " )  =  |  e x p [ - e . ^  " ) g ( e ' ) e  ) d y

J
-&)

Utq)
Multiplying by .ex:

u* s1u* ;  =  [  " *p i - " ( * - r )1u(x-Y)r ie- r ;ay
J

- 4

(  1 1 s )

Taking the Fouris! Traneform of the laft hand eide of (ll5)

r (u)  =*  |  " *  s6u*1" tu*6*
f z1l

( t t e ;

Thus

r ( r )  =+  |  I  i  " *p1- " ( * - " ) , " (x - r ) . r1 " -Y1ay |  .exp i ip6s  +  y ) lds
/ 2 r '  J  |  )  - ' !

('ttz1



rrlith s = x - y. Rearranging

' t24.

fi1 l ,, lFr" )  =  / - l  1  ̂ r ^ - r l sxp( iuy)ay .  I  exp6-es lesexp( ius)ds{  2 r  J  r . -  
)

( t t a l

Norrr ,  i f  ure compare equat ion (113) ui th Equat ion (114):

s(e-Y)dY = f- o^

( t t s 1

ThuE lf rrre obtaln 916-Y) as a function of y, using equatton (ttS)

thie uill be equlvalant to a plot of g(f)/f as a function of L .

The rtght hand eide of €quation (tte) fe the product of the Fourier

Transform, G(p) of  g(e-y) and th€ Fousier Transfoun, K(u) of  exp(-es).

Therefore

r(u) = ,/2? c(u) K(u)
(tzo)

i .  e .

1 1 1 , , 1  -  / r  r t l . t j
. /  a *  v  r / . .  \

^  lF_ /

1.rzt)

Taking the lnveree Fourier Transform of C(t) :

g(e-Yl  =* l  i { ; i " - i rudu

(122)

K(u) can be evaluatEd analytically in telm8 of the complex f function:

K ( u ) =  f f r g ' r r 1
( i % )



The method thesefor8 has four basic steps:

( i )  Evafuata the Fourier Transform of the data (equat ion 116)

( i i )  Div ida by lhe complex I  funct ion (equat ion 123)

( i i i )  q(e-y) as a funct ion of  y is found by uslng the inv€rse Fourie.

Transform

(iv) A plot ol g(f )r4, is thus obtain€d as a function of L

Tha advantage of this method is that an initial choic€ a€ to the

number of exponentj.al t€rms to be fitted is no! required.

4.1.4.  0ther methods of analysis.  oTeviously used for deconvolut inc

Fluorescence decav curves

otconnor,  l rara and Andre (1979) havB recentJ.y compared methods for

deconvoluting both one and tuo term exponential fl"uorescence decay curves

(sect ions 1.5.4,  3.3.2,  -  methods r , ih ich couJ.d be equal ly appl icabla to

corresponding birefringence decays. The methods chosen uere

(i) Non-Linear LBa€t Squares

(ii) fvlethod oF tloments

( i i i  )  Laplaee Transforms

(iv) wlethod of lvlodulating Functions,

(v) Exponent ial  ser ies melhod

(vi ) Fourier TDansforms

They discovered lhat all six methods urere satisfactory for anatysing

undistorted one - component data, but that the lEast squarss method uas

most sui table uhen distort ions are present.  Fot rBsolvinq trrro c losely

spacsd terrns (9.5ns & 11.5ns) in a 2-tErm undistorted decay only the leasr

squarBs method and lhe m€thod oF modu.l-ating functions proved satisfactory.

They thus conclud€d tha! thE non-linear least squares iteratiue method
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uras the technique of preference for tha analysis of  s imple dacay laus.

4.2,  Choosino the best aloor i thm: computer s imulat ion

Fol louing the u,oDk oP Jost & 0rKonski  (19?8) and [J?Connor,  t /are &

Andre (19?9),  the non-l inear least squares i terat ive and possibly the

Fsurier Transform Solution of the Laplace Integral Equation methods

seemed to be the best available nethods for resolving a z-teDrn

exponentj.al birafringence decay. I attsmptad to test for myself these

methods by assuming three proteins of knoun (fri-axial) dimensions and

hence axiaL ratios (a,/b, b/c), assuming a suelling ratio (i.fi) = 1.3,

and i  = .?3 ( typical  for globuJ.ar piotains).  Fron these values the

moleculae uaight,  v iscosi ty inclement,  R-funct ion, 6* funct ionsr intr insic

viseosi ty and hence decay constants e. ,  could Ue praaicteO (Table 14).  Ue

then assume pre-€xponent lal  factors n] ,  n] ,  of ,  respocl j .vely,  0.0? and 0.05.

radians taken from a typical  in i t ia l  b irBfr ingence eAl + A:)  of  0.12

radians (Krrause & otKonski ,  1959) and hence th€ unp€lturbed decay eurve

for each simulated protein can be given. The actual indivi-dual values for

Af are not signj.ficant in the analyses, except uhBn they differ by severaL

orders of  magnitude (see seot ion 4.5).  one then places simulated

experj.nental- Brlor on each of 100 data points for the eurves, using a

computsD norma.l. peeudo-random number generator, and, filst of all assuming

no errors in lhe molecular rrreighl or intrinsic viscosity, investigate houi

much srror in the data points is tolerable, befole each algorithm fails to

give back the correct decay constants and hence axial ratios, r,rithin

reasonable l imits.  The algor i thms uould then be tBsted for elrors in the

intrinsic viscosity and moleculal r,reight. Flgure 40 illustrates euch a

nock experimental  decay curve ui th 0.1 degree standard error (about the
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current availabl-e experi.mental precision - B. Jennings & V. lYlorris,

pr ivate communicat ion) on each of 1000 data points,  for Protsin '1

[ t rue (a/u,  b, /c )  = (1.5,  1.5)] .  In the analyses the ple-exponent ial
I

factors A* are of coulse Deqarded as unknoun variabLes.

4 . 3

Ths quasi-Nerrltonian quadDatic method for minimizj-ng any function

( i .e.  in this case, the sum of the squaras of  the residuals F) given

by Gi]l & lYluDlay (19?5) and incolporated in the uK NAG ttlk.Vl subroutina

E0AJAF uas used. In this aLgolithm the us6r, besides supplying the

subroutine for calcuLating the value of F at any polnt X, has to supply

fixed uppee and lou€r bounds on the indep€ndent valiables X1, XZ,

. . . . . . . . r  X r .  Th i s  rou t i nE  uas  i nco rpo ra ted  i n  t he  F0RTRAN IU  p rog lam

givgn in Appendix IV, as Program 5. This program generated i ts oun

hypothetical decay curve rrlith normal (Gaussian) pseudo-random error

genelated on each data point (using NAG loutine GosADF), the amount

specifiable by the user. The program attempted to retrieve the decay

constants,  hence the 6* funct ions ( f rom the useD-speci f j -ed molecula!

ueight and intrinsic viscosity) and hence the axial ratios (a/b, b,/c )

of the general tri-axiaJ. elli.psoJ.d. 0u,ing to the problem of the presence

of th€ dangen of the routine Palling into subsidiary minima as mentioned

by Jost & orKonski  (1978) -  see sect ion 4.1.2.  -  i t  ! ,as necessary to

repeat tha method for a large number (30) of  in i t ia l  guesses. In fact

th€ proglam u,as &rritten to generate its oun thirty different initial

guesees by using aD0rr loop betureen user specifiabLe j.nitial guess lirnits.

Unfortunately, even data as accurats as .001 degsee standard error on

each data point (about 2 orders of magnilude greater than the current
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experimental precislon) failed to give back the eorrect (a/d, A/c)

r,Jithin rEasonable limits, and even data of machine accuracy (14

sj .gn i f icant  f igures)  dLd not  gensrate the exact  va lue of  (1.S,  j .S) ,

as Figure 41 illustrates,

4 .4 .

Equation flethod

4.4.1. .9.uhe,!Ils,ere,
In older to use this method out l ined in sect ion 4.1.9. ,  the

integeals invoLved in taking the Fourier Transform of the data

(equat ion 115) and in taking the inverse Fourie!  Tlansform (equat ion 122)

have to bE solved nunerically. Unfortunately, the int69ra1s extended

fron -- to +- ; r,rith real data there exists a finite cut-off time, to

or equivalent ly xo. Cut-of f  errors tend to increase the height of  lhs

e!!or r ipples in the f inal  resul ts.  For equat ion (116),  i i  ure choose a

cut-off too short for po lhers is a loss of resolution of the component

peaks. 0n the other hand, if lre choose a cut-off in po too long lhen

the cut-off at x- causes the amplitude of the sraor lipples to increase;o

uo has to be varied therefole to obtain the optimum reeolution for a

given data set.

4.4.2,  NumericaL IntEarat ion

Fol louing Gardner et  al  (1958),  each value of  S(t)  Uas mult ip l ied

by lh6 current value of  t  to give ex5(ex) (equat ion 11S).  ulhereas t

rangas from 8. '6,  x ranges from -6to+o, thus rr la can spl i t  the integral

in Bquation (116) into syrnrnetric and anti-symmetric parts:



TherBfore

,r7- |
r@ =/*  |  t f  C. l  *  s* ( -x) le iuxdx

o

t 1  |  s
r ( ; ' � )  = /*  |  t  ts - t * l  +  s*( -x) lcos u x

)
o

129 .

('t24)

(tzs1

' :o

+ i ls*1x)  -  s*1-x ;1s in  u x  ]  dx

g iv ing  rea l  and  imag ina ry  pa r t s  f o r  F (p ) ,  i . e . ,  Fc  &  Fs .  K (p )  can  be

simi lar ly spl i t  lnto real  & i rnaginary parts K" & K".  Equat ion (121) thus

becomes:

" , ,  -  / T  
F c  +  i F s  [ F '  +  i F s ) ( K c  -  i K s )

,/ Zr K + iK 
--------F-;- 

r-z-' c  - - - s  " c  " s  

\ 126 )

and the inverse transform (122) becornes

. _v.  1 fuo (F" + iFr)  (K" + iKr)  
.g ( e , ) = * l  - - - - - - T " #  ( c o s y u  _  i s i n y u ) d u' "  )  c  s

' o

( 1 2 ? )

tih€se uo and -U5 are the eut-off values for !, Since all odd values

vanish,

l )  - , .

pre-rr = I [-" J 
F"K" 

] I 'K. cosyr + 
FtI" 

] l"K. ,inyu fao' 2, I i K" * K, Yvet* 
T;--q ,o - 

g2B)
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The numerical  intsglat ions (125) and ( lZa) are solved using the

NAC rout ine D01GAF. The value of  the complex f  funct ion needed for

cal-culating K_ and K- uas deduced using a toutine given by Lucas & Terril- c s

(19?0).  As rrr i th the non-l inear least squares i terat ive method, lhe

proglam (Appendix IV Program 6) generated its orrrn synthetie data using

NAG normaL pseudo-random number routines G05A0F & GosBBF.

4.4.3.  ResuLts

The program uas firstly checkBd by applying it to th6 case first

consideled by Gardner et al lor a single exponenti.al decay, viz.

S ( t )  =  19g  e -0  '  02 t

assuming data of  machine acculacy ( i .e.  no perturbat ion rout j .ne

included).  The retr ieved I  f rom Fl.gule 42 ls ,O21, in c lose agreement

u,ith Gaadnes et a1s value. The data uas taken at logarithmic intervaLs

(corresponding to equal linear intervals in x). The algorithm u,as then

applied to th€ tr,ro term exponential decay curve for Protein 2. Houever,

Bven u,ith data of nachine accuracy and tak€n at logarithrnic intervals

in t (impossible to obtain in practice for our particular case) the

rBtrieved values for 1,. and hence the decay constants uas poor and varied

lrith the cut-off values for 1lo as Figura 43 and TabLe 15 shorrrs. lrhen

normal peeudo-Dandon error of .001 deg uas applj.ed to the data points,

no rBsolution u,as possible for all values of Uo, as Figure 44 clBarly

d€nonstrat€s. lrle thus concl-ude this method to be of little use for our

case of interest.
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4 . 5 . .

0uing to the inadequacy of the other t reatments for resolving a

tuo-term axponential bj-refringence decay into its component relaxation

t imes (or decay constants),  part icular ly for globular proteins (c lose

decay constants),  I  have nou developed a neu R-const lained least squares

algor i thm. I f  the R-funct ion l ine solut i .on (3.3.1),  r , rhieh can be Pound

from the lat io of  the sedinBntat ion regression coeff ic ient ks lo the

intr insie v iscosi ty [n] ,  is included in lhe least squaDes algor i thrn (4.3)

as a constraj.nl, lhen the probJ.em is effectively reduced from one of four

independent vaeiables (e*,  o_, Ai ,  A:)  to one of three (a, /b,  Ai ,  A:) .

The solut ion is constrained to l ie on ths R-cuave, thus a given est imate

fot a/h uiLl necessarily give a r'constrained t value fot b/ci tha computer

proglam can then calculatB ths values for d4 and 6- conresponding to this

estimate, h6nce the decay constants (using also th€ values for [ni , ttt" -

equat ion 10?),  the decay curve and f inal ly the sum ol  the squales of  the

residuaLs (SSn) betr , reen lhe computer points and the experimental  curve.

By itefating along this R-curve fot a/b and the tuo pre-exponential factors

Alr  the best est imats for (a/b,  b/c) can be found fDom the minimum value

oT Ene 55 f t .

The constraj.nt of the R-curve uas included in the algorithm (Program 7

of Appendix IV) for the thrEe simulated proteins csnsidered previously

by usB of lhe Leicester UnivErsi ty Computer Library rout ine E01LF1, a

l ist ing of  uhich is given touards the end of Program 7. The usep epeci f ies

the coordinatss of  knots in the curva (see Figures 45,46 & 47),  ot

al t8 lnat ively,  the uhole curva digi t ised, and the rout ine interpolates

betueen these points using a cubic polynomial  (  tspl iner)  f i t  (K. Brodl ie,



private communicat ion).  In lhe main programr normal (Gaussian) random

error of  0.1 degr€es on each of tha 100 l inear ly separated data Points

u/as aupplied using the pseudo Dandotn nunber routines mentioned

previously.  The magnitude of th is error corresponds to that expected

from current experimental  precis ion (8.R. Jenningst V. l lor l isr  pr j -vats

communication). It rras found in piJ.ot runs that the danger of lhe

aLgorithm fa11in9 into subsidiary minima, as present lor tha unconstrained

case (sect ion 4.3.)  uas no longer s igni f l icant.  The number of  in i t ia l

guesses uas thus reduced flom thirty to three !o save on Computer time;

the best estimatBs uere generally the same for al.l threE initial guesses

(except those marked ui th an aster isk in Tables 16t 17 e,  1B).  The values

for (a,/b, b,/c ) retrieved did hol,€ver depend on the cut-off tirne specified

for the decay curve. I f  there ur€re no error in the data points then very

long cut-off times uould be deEirablB, since this region is doninated by

the longest rBlaxat ion t ime (or shortest decay constantr  O_).  Hourever,

th6 €ffect of a qiven absoluts error is more pronounced the loujEr the

birefr ingence signal .

The optirnurn cut-off time, and hence the bes! value for (a/U, A/c)

nas found by repeating for aight diffarent slreams of nornal random data,

speci f ied by the UK NAG f l lk uI  rout ine G05BAF(0.N)r t rh€r€ N r€prssents th€

str€am number of the random data; the optimun cut-off tine for each decay

curve uras then detBrnined by finding ths best standard deviation of lhe

a/bts f rom the eight streams for increments of  Sns in the cut-of f  t imes.

The values for the cosresponding best mean value for a/b (and hence b/c )

togethe! uith the correeponding standard error for the Eight strBams of

data could then bs found (Tables ' t6a, 17a & 18a).

This procedure lras then repBated sl.Louring fot llfi experimental error
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j . n  t he  R-cu rves  (Tab les  16b rc ,  17b rc ,  18b rc ) .  I f  t he  po in t s  co r respond ing

to <(a/O, b/c)> +o, are jo ined together fox sach of the R-curves, and

then those of the <(a/A, d/e) > -dE, legions of  al loured values for

(a/o,  d/c) could then be found (Figures 48, 49 & 50).  The mean ualues

agree very closely ui th the true values (Table 19).  The algor i thm r, ias

then tested for the effect of sxpelimental errors in lhe intrinsic

viscosi ty ( i  1%) and moLecular ueight (  !1 .4%), These uere found to be

no! significant (Tau]e 20); indeed, the molecular ueight can norrr be found

precisely f rom thi  resul ls of  sequence analyses. Final ly,  the algor i thm

Lras tested lor diffelent initialty assumBd values for the pre-exponential

factore Af and At ( faofe Zl) .  Again,  these ulere found to have no

significant Effect on the r€sults; even for pre-exponentia.L factors

differing by tuo orders ol magnitude, though the retriEved Ar uas poor,

the retrieved a/b vas in cLose agreenent urith the other values.

oncs the val.ue for lhe axial ratios (a,/b, b/c ) tras been found for a

particular protein, it can be combined uith the suo116n volume of the

protein, if knoun, to delermine the axial dimensions. In Table 22 a rtmodel

dependent i '  (sect ion 1.7. ' l )  est imate for V. has baen found for each of the

thx6e sinulated proteins ue have considered by back substitution of the

nean values of (a/o, b/c) determined from the analysis above into equation

(8) for the viscosity increment, and again th€ agleement rrrith the initially

assumed values (Table 19) is axcel lent.  I f  the nodel dependent values of

Ue are then combin€d rrrith the values for (a/b, O/c), the semi-axial

dimensi.ons arbrc For the three proteins consj .dered are found to Ue ( i ) :

P ro te in  1 :  45 .OO,  29 .98 ,  20 .O1  (45 .0 ,  30 .0 ,  20 .0 )

Protein 2:  42.28, 25.59, 19.61 (42.5,  25.A, 2O.O)

p lo te in  3 :  43 .11 ,  33 .58 ,  19 .81  (42 .5 ,  34 .0 ,  20 .0 )

again, in excellent agreement urith the ini.tially a€Eumed (bracketeo) val-ues.
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In applying these equations and algorithms to real protein and other

nacromolaeular solutlons several important factoDs must bB taken into

considerations

(1) Tulo o! mor€ decey constants can also arise if the syst€m is

polydispelse. It is therEfore essential that the eolution bE rendered

nonodieperse by, for axanpler ge1 filtration techniques.

(2) It has nou b6en uell eetablishsd that the single ExponentiaJ. decay

conatant previously resovablE from the birefringenee decay of monodisperse

protein aolutions shor,,s a concentrabl,on d€p€ndencs (Riddiford & J6nnings,

195?), and it r!,as thErefore n€cessafy to determine its value at several

concentrations and then extrapolate to inflnite dilution. 0n€ nust

naturally aesune therefore that the tuo decay constants for the decay 01"

a monodlsparse aolution of asyRmetlic elfiPsolds aJ,so shot a concantration

depsndence, and hence muet bE axtrapolated to infinite dil,ution. 0n the

other hand, bEcause of the constralnt in our algor!,thn that they must

corsespond ts 6* and 6 line solutions that intersaet r,lith the R-eurver the

values lor the decay constants are such that they are not the rtruel decay

conEtants for each particular concentrati.on but are closer to the infinite

dilution values. Sinca the extrapolation procedure must therefore be

Empilical tha best estinates ?oc a/b at particular solute concentrations

rather than thesa rdanpedr decay constants may be sxtrapolatad to infinite

dilution; once the extrapoLated value for a/b has been found the correspond-

ing value for brlc can thus also be found from the R-curvs.

(3) The requirement on the precision of the efcctric birefringence aPparatus

is not only in producing transiBnf decays to a precision of 0.1 degree on

each data point but also the availability of respons€ times (i.6. the finite

time it takes for lhe orienting electric pulse to be srditched off) of about
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an orde! of rnagnitude J,6ss than that of the fastex relaxation tlme

Ad6quatB rEsponse times arB nou available (tdilliams, Ham & ,/right, 19?6)

houaver uith apparatus that us€E a Laser light sourca, cable dischar:ge

generator and a oemory osci l loscopa, giv ing a responss t ime of-  Sns.

(C) fn tne abov€ anaJ.yeis it has bsan shotn that greater accuraciEs in

obtaining the axial ratios can be obtained il the optimum eut-off time

for the dBcay is found. In ou! simuLations thj,s ulas achieved by

aveDaging ove! s€vera1 stleams of random data; this corresponds in practice

lo taking saveraJ. decays of the sarne preparation. DiffBrent samples of

the same preparation should ba used because of the danger of denatuling

the protain by continual.ly pulsing through high alectric fielde (temp-

arature effects ) .

(5) It has also been assum€d that thE R function can be n€asured to a

precisl,on of - t1F. Sinee s" vaLues j.n an 9c velsus concentration pLot can

be det€Enined to ruithin - i.Zfi(Squire, 19?8), the ks value can presumably be

measurBd to rdithl,n !1$ (as, froe equation 58, it is approximately a

function of (s"/s) x concentration-' ). The intrinslc viscosity [n] can

also be measured to rrithin -319, ttre llmiting factor here being the accuracy

to uhich the fIor,r timEs can b€ mgasured. The error in R ui1l thus be of

the order of 1S after taking into consideration that any systematic eetors

in measuring absolute solute concentrations Uill cancel in the latio

k=./  [nJ (nor,rer 1s??).

(6) Finauy, it should be point8d out that because of polarisation effects

on the €lectrodes and also the danger of denaturation due to heating effects

mentioned in (4), solutj.ons of lorrr ionic strength (<0.011,1) generally have

to be usBd. This apparently prevents the invastigation of less soluble

mateDiala. 0n the other hand, an interesting neu method is being deveLoped
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at Brunel University by Professor B. Jennings and his co-h,orkers in

uhich an uJ.trasonic field rather than an electric fieLd is used to

initia[y oDient the mactomoleculee before the decay iE observed. Thl,s

racoust ic birefr ingancetr  (Bal} ingeD & Jennings, 1979) method does not

Euffer feom the problens of electrode polarisation and denaturation

associated rrlith ionic strengths >.01!l for the electric birefrlngance case,

allouing the possibility for the investigation of less soluble materiaLs.
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Tabla 14. Assumed and derived characteristics of three hypotheticaL

gJ,obular proteins

Protein

A S S U t V I  E D V A L U E S
characteristic

a r b r c

v

Character is t ic

a/brb/c

u
I

snollBn moLecuLar
vofume
U = 4nabce E

AnhydDous molecular
volume
u t=\v/  v3, ve,,

llolecular uleight
-  t  t . ,  F \ . ,  \r ' r r  \= [  NA' /  v  J  v , l

In] (=NA v evlr'tD )

^red ^rad

' E/ -

Decay conetants*
N^ kT

e . = - - - 6r  6 n  r n l l l  !' o  L ' r  r

RELaxatton times
r .  =1 /6e .

asff, roRrzofi
0,730 mllgm

a 2

D E R I V E D

az.s8, zsR, zo8
0.?38 m},/gm

t l z

V A L U E S

42.sR.3,4R,20R
0.?30 rn1/9m

1 ' a

1.25,1 .7O

O.949aI/sn

I .2105602x10-19cm3

' t  .50,1 .50

0.949 rn1,/9m

1 . 13og?g2x'l o-19cmS

1 . ? O 1 1 . 2 5

0.949m1r/9m

0.89011?84x10-19cm3

o.86gg?g3x10-19cm3

71r?44

2.892

2.75 nL/gn

1 .4?e

0 . 1 6 3 , 0 . 1 1 6

2.821 , 2'.016

5.81 53835x106sec]1

4.1564612x1OG eee-1

28 .5596ns ,

40.0982ns

0,6g4?o6x1o-1 9cmS

q a  q a n
s e t  e  r s

2 .8?O

2.12 n7/gn

1.442

0 . 1 7 1  ,  0 . 1 1 5

2.943, 1.9A2

?. ?560465x'10 
6secf1

5.2290'121x1g6 sac-1

21 .4699ns,

31.8?34ns

0.9512u01x10-19cm3

7 6  R q ?

2.840

2.695 n|/ gn

1 .496

0 . 1 5 5 , 0 . 1 2 5

2.6451 2.125

5.18?2430x106s ec-1

4.1 6?4868x1 86sec-1

32 .1301ne ,

39.9921ns

x 1 = 2 9 3 K r n o = 0 . 0 1En cn gec



Table 15. Retri6v€d decay eonstants for varying values of u0

a  ? o

x10-6sec-1

4 .?8?

5 .035

5.291

4.039

v2v1
-  

-y1
n1="

o,043?2

o.04979

n  nE ta t

0.04328

o.02872

0.0502u

d  n , | a . r<

o.02423

^r="
-Y2 

llo*xr o-6sec-1

1 1  . 5

11 .6

11  . '

" a  n

3. ' �13

3 .00

2 .94

3 . 1 4

? E N

3 .45

J .  T Z

8 .292

8 . 8 1 1

?.214

True valu€ for

Tlue vaLue for

7 ,7658465 x 106 sec

5.?2gO121 x 106 sec

O , =

o = -1



Table 16. Determinat ion of  the opt i rnum cut-of f  t ime for protein 1.

True (a. /b .  b , /c  )  = (1.S.  1.S)

(a) No aEsumed error in R

Cut-off
tlrne

80ns

a/b

100nE

a/h

1  1Ons

a/b

1 1 S n s 120ns 140ns

1  39 .

Stleam 1

Stream 2

StDe€m 3

Stleam 4

Stream 5

Slream 6

stleam ?

Stream I

1 .580
-)F

1 .946

1  . 5 9 1

'l .644

, l  at1

1 . 1 8 6

1 .5?3

1 . 7 1 6

1 .534

1  .7S5

1 .512

1 .487

1 .480

' t .275

1 .645

1.623

1  , 5 1 3

1 .692

1 .425

1 .426

I  ? n ?

1 .6?8

I . C Y U

1 . 5 0 3

1 .654

1 .468

r . J > o

1 .401

a .aa <

1 .694

a taE

1 .493

1  . 6 1 9

1 .452

1 .3??

r . J z o

1 . ? 1 0

1.562

1 .454

1 .497

1 .392

'l .249

't.287

1 .364

1  F 4 A

14ean

o (s0)

o (  sr)

1 ,6A74  1 .5426  1 .5138  1 .5008

o.209696 0t4A967 0.133899 0.1324?5

o.o7414 0.05267 A.04?34 0.04684

1 .488 3

o.'t34402
o

o.44752

'1.44' t1

o.163491

0 .05780

o(SDJ = Standard Deviat ion ;  o(SE) = Standard ErDor

diffsrent anslrels for diffarent initial quesses

0ptimum eut-off time = 115ne

Best eet imate ?ot a/b = 1.S01 ( : .04?)

Corresponding estimate for b/c = 1.499
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(b) +1 t assumed mEasured error in R

Cut-off
tlmB

1 1 o n s

a/b

11sns

a/b

120ns 125ns 130ns 135ns

a/b

140ns

Staeam 1

Stream 2

StrEam 3

Strean 4

Stream 5

Slream 6

Streaar ?

Stleam I

1 .546

a 41.,

1 . 5 1 0

1 .439

1 .442

1 .312

1 . 8 1 6

1 .643

1 .534

I  .?at

1 .492

1 .406

1 . 4 1 4

1.325

1 .8?1

't.624

1 .523

1 .679

1 .4?4

1 . 3 7 4

,l 1a"

1 .340

1 .847

1  .606

1 . 5 1 1

1 .457

1 .342

1 . 3 6 1

1 .349

1 , 8 4 0

1 .590

1  .500

1 .594

1 .440

1 . 3 1 0

'1 
.360

1 A . r a

1 < r q

1 .489

1 .557

t . 1 ( A

1 .312

I . J / U

1 .561

'l .522

1 .406

1 .244

|  .1c,)

1  . 9 0 9

1 , 5 4 8

flean

o (sD)

o (se)

1 . 5 5 8 1

0 .  18s700

t  E q n a

0 .  1  83?08

8 .06495

1.52S8

o.17424s

U .  U O  I O U

4 E, lA  A

0 .1?3033

0 .05 '118

1.4992

0 . 1 8 6 3 9 S

0 . 0 6 5 9 0

1.4854

0. 195406

0 .06909

1 .4720

0 . 2 0 6 1 8 1

0 .0?290

0ptinum cut-off tine = 125ns

East est inate tot a/b = 1.s10 (1.oet)

Corresponding estimate ?ot b/c = 1.4OO
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(")  - l*  assumed measured error in R

Cut-off
tirne

1  1Ons 1  1Sns

a/b

12Ons

Stream 1

Strean 2

Straam 3

Stream 4

Stream 5

Stream 5

Stream ?

Stream I

1 ,494

1 .644

1 . 4 6 A

1 .419

a  A 4 0

l . f c '  I

l  AaE

t . o t D

1 .454

l . J > a

1 . 3 9 5

1  . 3 1 1

1 . 6 3 8

1 .549

1 . 4 ? 6

1 .440

a aa'a

t . J z l

't.64e

4 q1.'

ltlean

o  (so )

o (sE)

1 .4913

E .115922

0.04098

1.4800

o.114924

0.04063

1 .4688

0 .11  5?61

0 .04093

Uotimurn cut-ofP t lme =115ne

Eest est imate ?ot a/b = 1.480 (1.oat)

Corresponding estimate fot b/c = 1.61'l
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Table 17. Detarminat ion of  the oot inum cut-of f  t ime for proteln 2.

t tue  (a /d .  a /c )  =  ( ' t .2 , ' t . zs \

(a) llo assumed Brror in R

Cut-off
timE

65nS

a/b

9UnS

a/b

9JnS

a/b

100nE

a/b

1 0sns

a/b

11ons

a/b

120ns

a/b

Stream 1

Strsan 2

StrEam 3

Stream 4

5tr6am 5

Stream 6

Strean ?

StrBam I

1 .709

l . > o J

1 .670

1.642

1 . 6 0 9

1 .482

1 .924

1 .54?

1 .691

1 .926

1 .645

1 . 5 6 1

1 .566

1 .496

1 .924

t . o u J

1 .5?5

1 .8?2

1 .622

4  q t a

r . 9 J 4

1 . 5 0 9

1 .923

. l  J1a

1 . 5 5 9

1 .7?7

1 .600

1 .486

1 .505

l . a Z l

1.923

1 .745

1 .644

1 . 7 1 6

1 . s ? 8

1 .452

1 .4?8

.t <?"1

I . U Z J

1 . ? 2 3

1 .630

1 .666

I  .  JJt '

1 .418

1 .433

1 .544

1.923

1  .603

1 .5?9

1.520

1 a a i

1 .408

t . f o o

1 .922

l . O O : ,

lrlean

o (sD)

s (se)

1.7246

0 .1  70801

0.06039

1  .7015

0. 166408

0.05883

1  .6?86

0 .1  61  588

0 .05713

t . o f z u

U .  I  C . I J O Z

u.ucr+Jtt

1 .6309

0 .155373

0.05493

l . O  I  l Y

o.1s9??6

u.  u5b49

0 .1  ?3689

9 .0614 ' l

Optimum cut<ff time = 100ns

Best €stimatB ?ox a/b = 1.652

Co.lrespondlng estinata ?ot b/c

(  J ,Bss)
=  1 .305



Cut-off
time

75ns

a/h

UUNS

a/b

85ns

a/b

vuns

a/b

95nB

a/b

1 00ns

a/b

143.

1 05ns

a/b

( b ) +1 * assumed measuaed emor in R

Stroam 1

Stream 2

Straan 3

StrEam 4

Steeam 5

Stream 6

Strean ?

Strean I

1  A q A

1 . 8 5 6

1 .843

'l .834

1 . 4 7 1

1 . 8 5 6

r . o J o

1 .821

1 ,728

1 . ? 1 6

1 .492

1 . 8 5 6

1 .855

1 .856

t . t t 3 0

1 .791

, t  <qq

1 . 5 5 5

1 . 5 1 1

1 . 8 5 6

1 .856

1 .732

1 . 5 9 9

1 . 5 0 8

1 .5?A

1 .856

1 . 8 5 6

1.82'�1

1  .855

1 .691

I  rOOtt

1.544

1.856

1.855

1 . 8 5 6

1  . 6 5 8

4  < n a

I r J.lZ

I  e  o f o

1 . 8 5 6

1 . 8 3 4

1 .628

1 .467

a tn/ l

1  .5?5

I  A t <

1  .856

llaan

o (so)

o (sE)

1 .8035

0.134604

0.04759

1.7?26

o.12?66A

0.04514

1 .7545

0 . 1 3 1 8 1 9

0.04661

1.7319

0.135s6' l

o.o4791

1.?179

o,145962

0.051 61

1.6991

0.1  s303?

0.05411

1 ,5841

0 .1533?8

0.05776

Optinum cut-off time = 80ns

Best sst inate ?ot a/b ='1.7?3

Corlesponding Estimate ?ot b/c

(  l ,oas)
'= 1.08?5
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(c) -l i assuned measurEd error in R

Cut-off
tine

80ns

a/b

85ns

a/b

vuns

a/b

95ns

a/b

100ns

a/b

1 05ns

a/b

Str€am 'l

Stream 2

Strean 3

Straam 4

StDeam 5

St!€am 6

Stream 7

Stre€n 8

l . g / U

I.
1 .936 t

1 .648

1 .614

1 .606

't.452

1 . 8 1 5

1 .?59

I  r D J D

1 . 8 6 1

1 .628

1  .575

1 .573

1 .466

1 .842

1 .737

1 .643

1 .799

1 . 6 0 8

1 .541

1 .543

1 .4?8

1 . 8 ? 0

1 . 7 1 6

1 .630

1 .749

1 .589

1 .507

1 . 5 1 6

1 .489

't.902

1 . 5 9 8

1 .617

, i  t?n

1 .4?S

1 .490

1 .499

I
1 . 9 3 6 r

1 . 5 8 1

1 .605

1 . 6 6 5

1 .552

1 .444

r .4c ) t )

1  .509

I
1 .936 '

1 .666

llean

o (sD)

o (se)

1.6e75

o.14?596

0.05218

1.66?4

0 .13?488

0.0485'�1

1 .6498

E.O4A12

I  .  O J J U

o.142556

0.{r5040

1.6216

0 .153928

o.45442

1.6054

o.157?25

0.055??

I upp"" linit (= b/c = 't.o)

Optinun cut-off time = 90ns

Bbst estimate for a,/b = 1,550

Corresponding estl$ate ?ot b/c

(  + . 0 4 e )

=  1 .3905



Table 18. Oatermination of the ootimum cut-off time for Protein 3.

t rue (a /0.  o /c)  =  ( r .zs .  r .z )

(a) No assumed arror in R

Cut-off
ti.me

80ns

a/b

100ns

a/b

105ns

a/h

11Ons

a/b

11Sns

a/b

12Ons

a/b

140n€

a/b

StraEn 1

Stresm 2

Stream 3

Stleem 4

Stream 5

Strearn 5

Stread ?

Strearn B

't.367

1 . 8 8 1

1 .388

1 .464

1 .444

1 .000

1  .314

1 . 5 1 4

1 . 3 1 5

1 . 5 8 ?

1 .301

1 . ? 8 5

1 .2?A

1 .000

1 ,393

't.421

1 . 3 0 3

1.547

1 .281

1 .244

1.239

1 .000

1 .409

1 .492

1 . 5 1 0

't.200

1.200

1 .000

1 .424

'1 .385

l - z t a

1 .476

1 .248

a  1 t 1

1 .157

1 .439

1 .266

1 .442

1 .219

1 . 0 8 9

1 . 1 0 8

1 . 0 0 0

1.453

1 .354

'1 .215

' t . 313

1 . 1 1 9

1 . 0 0 1

I  . J U C

1 .297

llean

o (so)

o (sE)

1.4220

o.243637

0 .08614

1.3225

0.165850

0.05864

1 .3031

0.160554

0 .05676

1.2841

s.158626

0.05608

1.2639

0 . 1 6 1 0 1  9

0.05693

1.2414

o.168224

0.05948

1  .  1 8 1 3

o.184692

0.06530

Optloum cut-off time = 110ns

EEst eet imate ?ot a/b = 1.284 (J.oSs)

Colresponding Bstinate fot b/c = 1.695
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(U) +t F assumed measured error in R

Cut-off
time

105ne

a/b

11one

a/b

1 1Sns

a/b

stlean 1

Str€an 2

StDeam 3

Stream 4

Stream 5

Stlearn 6

Stream ?

Stream I

1 .319

1 . 6 1 8

1 .294

1 .24?

1.245

1 . 0 0 0

1 .4M

1.431

1 . 3 0 6

1.562

1 .2?2

1 .199

1.2A2

1 . 0 0 0

1 .462

1 .412

1 .293

1  q a a

1.249

1 . 1 4 5

1 . 1 5 5

1 . 0 0 0

1 .481

1 .394

Flean

o (so)

o (  se)

1.3248

0 .181404

0 .06414

1 . 3 0 1 9

0 .175485

0 .06240

1 .2791

o.1782?2

optl,num cut-off time = 110nE.

Best est i .nate ?ot a/h = 1.3e2 (  j ,OSZ)

Corresponding astimate fox b/c = 1.5395
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Cut-off 105ns 'l 1 ons

a/b

11Sns

Strean 1

Sts€am 2

Stream 3

Stream 4

Stream 5

Stleam 6

Stream ?

Stream I

|  .4,>4

1 , 5 1 1

I  nna

1.246

1 .000

a 'aon

'1 .283

1 .44'l

1 .25?

1 .206

1 .204

1 . 0 0 0

1 .400

1 ann

1.452

1.238

a ,la'1,

a  a a =

a ,/t 4't

t . J 3 C

!lean

o(so )

o (se)

1 .2923

o.149290

0.052?8

1 .2751

o.147?94

U . U 3 Z I J

a  a E n l

o.149222

0.052?6

0ptinutn cut<ff time = 110ns

Best est imate fot  a/b = 1.2?5 ( : ,052)

CouBEponding estj.mate fot b/c = 1.?54

assumed neaeured error in R
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TablE 19. flean valu€s foa th€ retrleved axial ratios compared

uith thE ssal values

Protein

P!otein

Protein

Ratrieved
t a  b r

( 1 . 5 0 1 ,  1 . 4 9 8 )

(1 .6s2,  1 .sos)

(1 .284 ,  1 .Ees )

REal.
t a .  b r

( 1 . s0 ,  1 . s0 )

(1 .?0 ,  1 . 2s )

( ' t .25,  1 .?o)

1

2

a.



TablE 20. Effect of BxpepimBntal errors in the intrineic vigcosity

and moJ"eeular ureight

149.

used in calculating the decay constants(and hence the

- cf Table 14

product [n] .

and equation

Itl

108  )

Asaumed erro!
| l l l

Reeults are for Proteln

on Each of the 100 data

Stre8n no.
of random

data

total error - t1.?
from formula given
( 1 e 6 0 ) )

fi (calculated
in Paradine & Rivett

ln [n] =
n m -

l l f i  I
!1 .4t  t

1, cut-of f  t r ihg = 115ns2 t  o.1o'standard error

Dolnt€

-  1 .?% No earor
a/b + 1.7/ ,

,|

2

?

4

J

o

7

1 .493

1 . 6 3 8

1 .455

1 .314

1 .383

1 .305

r . o y c

r . J o o

1.503

1.6s4

l . . t O O

1 .396

1 .481

1  . 3 1 5

1 .694

1 .575

1 .520

1 .6?9

'1.48?

1 .424

1 .42s

1 . 3 3 3

1 .704

1  .593

mean a,/b

o^-

1 .48A6

n  i  ? A a n c

0 .04819

1.5008

o.132475

0.04684

standa!d deviation

standard error

' t  .5206

0 .130253

0.04668

) L
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TablE 21. Effsct of using different initia[y assumed values for

th" pt*"*pon"nti. t+

Protein '1,  Cut of f  l lms = 100 ns, 0.1 s.e.  on each of the 100 data points

AaEun€d Retrieved

lf

I

. T

I
a/b A

0 .06  0 .06  1 .683  0 .057  0 .064

0 .07  0 .05  1 .674  0 .065  0 .055

0 .09  0 .03  1 .660  0 .083  0 .038

0 .11  0 .01  1 .664  0 .099  0 .021

0 . 1 1 9  0 . 0 0 1  1 . 6 4 4  0 . 1 0 9  9 . 0 1 2

*The data for this tabls rrBBB obtained after the UK NAG fvlk VI routinee

had been updated to llk UII; the narrr randon number routl.nes correspondlng

to G0SADF & GosBAF in tqk UI are 605CAF & Go5CBF
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TebLe 22.

ProtEin

P!otein

Peotel.n

Itlod€l-dependent

u" (crn3 )

1  .131  x  10 -19

0.889 x 1o-19

- 1C l
1 .202  x  10  

' -

Real v" (cm3)

(cf  Table 14)

1 . 1 3 1  x  1 0  -

0 .890  x  10  -

t . 2 1 1  x  1 0 - ' '

Conparison of model dependent estimates foc U. uith

th6 rgal values

*calculated by

and then back

uhere [n] is

REtrieu6d
t a  b \

D C

( 1 . s01 ,  1 . 498 )

(1 .6s2 ,  1 . 30s )

(1.284,  1 .6es)

determinlng the value

substituting into the

in m1,/9m

of v corresponding to G, :)

equation u = [n] ll",/NOV"r

2

J
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hemocvanin solut ions.

betueBn the tangent ial

experimental poin!s.

T I M E ,  s  s e c

The taiangles represent the

curve ( long relaxat ion t ime )

(  Feom Pytkorrr ickz & 0tKonski ,

di fPerence

and the

4 o q q )
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Fioure 41 . Plot of the Rr 6.r and d- valuBs oblained from the non-linear least
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Fioure 42.

0 . 50 . 0 2 . O 2 . 5 3 . 0  3 .  5

Y- -  lnA

4 . 0 5 . 0 5 . 5 6 . 0 6 . 5

exponent ia l  deeay and [^  = 6.0r  assuming decay data of  machj .ne

accurecv (14 f ioures) .  The posi t ion of  the h ighest  psak

col responds to a va lue of  I  o f .021 r  in  agaeem€nt  u l i th  lhe

initially assumed vaLue of 0.02



F iou re  43  ( I  -  V i )

Effect of increasing uo to determine best resolution of the fsequency

spectrun colresponding to th€ decay for Protein 2. ?ot 14O logarithmically

increasing data points of machj.ne acculacy (tC fiquree)
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Fiqure 44 ( I  -  W)

As for Figure 43 but for data of .0010 standard slror on each of the

140 logarithnical,l,y increasing data points
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Fioure 45. Knots in tho R curves for speciPlcat lon in lhe R -  constrained

least squarEs analvsis (Prooram 7) lor Protein 1
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Fioure 46. As for Fioure 45 but for Protain 2
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z ,  z

1 Q

b,

1 A

1 . 1 +

' ' u  , ,  1 ' 3

Fioure 4?. As for Fioure 45 but For Prolein 3

2 . 0

1 . 0
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2 . 2

2 . 0

1 . 8

b4

1 A

t . z

1 . 0 1 ) l . l + 1 a1 A 2 . 0 2 " 2qb

squapes aloorilhm for Protein 1. Simul.ated experimental. arror

of j o.to standald erpor on Bach data point for the el.ectric

birefringence decay curvB kas assumed.

Fioure 48.
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FLoure 49. As for Fioure 48 but for protein 2
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Fioure 50. As for Fioure 48 but for Protain 3
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goncludina Remarkg



In this study an Bxtsnsive revierrr of a]1 the possible shape

functione avaj-labla for modelling a biological nacromolacule in

solution ln terms of an allipsoid model uith the restriction of tuo

equal axes has been givent thus updating the classicaL revieus of

Edsal l  (1953) and Tanford (1961 ) .  I t  r ras concludBd that the most

sui tablE shape parameter (part ieulanly for axial  rat ios Iess than 20:1)

uas the R paraneter rrlhl.ch can be determined fron the ratLo of the

sedimentation regreesion coefficient, k" to the intrinsic viscosity, [ni .

A uord of r,rarning shoul,d peDhape be given out herg in that tha k" value

found from fitting sedimentation cosffieient versus conceartlation data

either to the ggnsraL equation (e0) or to the approximate linear aquation

(58), is the valuE based on particla rnigration raLatLve to the solvent,

!,hereas the [n] valuEs are normally measuaad to golution denslty (Tanford,

1955).  The vaLue of k" must therefore be corrected to solut ion densi ty,

and this can be achieved simply by subtraeting the value of the partial

specl,fic volume, E (Ro,,re, 19??) eince thig latter can be equatad to lhe

raeiprocal denoity of the solutE, an assumption reasonably accurate for

ploteins and poseibly for nucleic acids (Pearca et al, 19?5). It is also

nou possible to estimatE a value fo! ks direct from a kno!,l8dge of the

sedinentation coefficient, the molecuLar r,reight and i (nppendix VI).

Desplte the availability of the R function for determining the t equiv-

alent hydrodynamic allLpsoid of revoLutionI for a structure in solution to

a raaaonable precislon (and also the I function for prolate e]lipeoids -

Appendlx III), tt trlaE clear fron a perusal of the crystallogeaphic

dinensione given in Table 3 and a comparison of modeL dep€ndBnt ulth model

independent Estimates tot i.ft in Table 2, that for nany nacromoLecuLes

the assunption of trrro equal axes on the ellLpsoid modeL is a poor
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approximation to the real structure in sol,ution. Thls stinulated my

attenpts to develop the necessary theoretical and data analysis tachniques

so that the rastrictlon of ttro equal axes could be dlsp€nssd tlith and the

subeequent research has shoun that the male genBral trl-axial ellipsold

can nou, in principle at ]East, be succegsfuJ,l,y eoPLoyed for nodelling

biological macronolecuLee in solution.

The first step uas to derive an explicit expression for the viscosity

increment v for a dj.lute suBpen€ion of general tri-axial elLiPsoids in

overuhelming Brounian motLon, based on a model flrst given by Sinha (1940)

and larprovad by saito (fssf) for Bltipsoids of !6volution. Although the

aseumption of the partlcles rotating on avelage uith the Eame loca1 angular

velocity of the fluid has only been rigorously proved so far fot ellipsoids

of lsvolution (Brennar, 19?2a\, it uas assumed that thls uould be a very

close approximation for tri-axial ellipsoidst partieularly fos 1o!, axiaL

ratios (<3.0, i'e. the gl.obufar partl.cla range). After the derivation of

equation (88) a numerical procedura (lnvolving complicated nunerical matrLx

inversions), but bssed on a full gtatistical analysis of the anguJ,ar motion

uas nade available by Rallison (19?8). It ua6 explainad Ln section 2.8. hou

tha difference in the results pledicted by €quation (ee) ana Ralllsons

approach uas negligible (o,011) for the globular palticle tange mentlon€d

above, and for sone particles of higher asynmetry dtscrEpancies of not more

than 1$ arose. Rallison has also given a numerlcal procedura for

calculatlng the normal stress eoefflcients ln terrrc of axial ratioi nolmal

stress effects are houever Eecond order in the shear rats, thus in order

to neaeure thesa coefficients it is necessary to use high shear rates.

Houevel, the assumption of ovaruheLming Brounian motion uith respect to

tha shear latE ceases to be valid, and hence, unfortunately, the norrnal

Etrass coefficientE cannot be applied.
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It uas desclibed hou the problem of the line solution (i.e. hor,r a

given ualue for v does not uniquefy fix a ualua for tha axial ratios

(a/A, A/c)) could be d€alt uith by combining it glaphice[y uith

translational frictional or rotational Dalaxation line solutions. I

u,as able to Ei.ve the R function for '"ri-axial ellipsoids and also many

other tei-axiaL funetions uhose experimental detelmi.nation did not require

a knouledge of the elrollen moLecul,ar volume in solution. After a caleful

coneideratlon of al1 these Line solutions uith regard to giving euitable

intersections, experimental measurability, insensitivity to experimental

erro! and sensitivity to axlal ratio, it uas declded that the best approach

for detErmining a unique solution urould be to conbine the R line solution

graphically rrrith the 6* and 6_ llne solutions, the latter to be determined

fcon thE ttrro aLectric birefr5.ngence daeay constants and the intrinsic

uiscosi ty.

lJnfortunately, thls sti1l requires having to resolve lhe tu,o decay

constante or relaxation times from a tu,o-t€!m exponential birefringence

decay for a homogeneous solution of asynmetrie particles. Thls problem

is notor iousl ,y di f f icul t ,  as reported by Jost & 0tKonski  (19?8) and

0rConnor, lrale & Andre (1g7g), particularly for close reLaxation times (as

appLios to globular proteins). Tha currently best avaiLabLe nethods evident

from these studies, viz. the non-linear least squares iterati.ve nethod and

possibly the Fourier Trangfosn solution of the Laplace Intsglal aquation

method of Gardne! g!3L (1959) uere tssted by exhaustive computer

simulation to see hou much error on f,he data points 6aeh could tolerate

bafore failing to resolve the decay constants rrlj-thin reasonable limits. The

Fourier method fai led, even lor data of  nachina accuracy (14 f iqures).  The

non -linear least squares m8thod b,as found to be unstable due to the oroblem



of sub€idiary minina located in the iteration procedurer even for data

of t ruo orders of  maqnitude more precise than that current ly avai lable

from the begt instrumentation.

The idea of applying the R ?unction line solution as a constraint in

tha leaEt aquares analysis t aa then applied to th€ thDEe simulated decays

thug effectively reducing the problem from one of four indePendent varlables

(the tuo pre-exponentiaL factors and the tuo decay constants) to ons of

three (truo pre-exponentiaL factorg and on€ axial ratlo, arlb). The algorithm

uas thEn shoun to b€ very succEssful for synthetlc data correspondlng to

that available from cullent expetlmental PDeclsion. Tha ptoblem of tha

concentration dependBnc€ of the deeay constants (or equivalently the

relaxation times) uae then mentionadr and the necassity fo! extrapolating

the valuee lor the axlal ratios determined at various concentDations to

infinlte dilution. The naed for extraPolating axial ratios is somsuhat

concaptually difflcult to envisage at first sightr since one !,oul.d more

naturally Extrapolate the decay constants and then calculate the axial

ratios from them. In the algorithm houaverr I have included the R value

as the constraint - the R function line solution of possible values of

(a/O, a/c) ls the value applicabl.B at !g@!@Ig!!gr thus tha decay

constants in the algorithm are constrained to lla on the rinfinite dilution I

curv€; hence none of th6sE values are the true values for the decay conBtanta

at aach particular solute concentration. Any €xlraPolation Plocedure is

thersfore €mpirical, trrheth er it be for the decay constants or for the vaLues

of the axial ratio arlb.

Investigation of the theoretical reasons for the concentration

dependence of the decay constants provi,des houevet both an interesting and

important field for further rrlork. It has been descrlbed (sectlon 1.?.1 . A,
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Appsndix IV) horrr gBvBaal important rasults have arissn from con3ideration

ol the concantration daFendence of the I translationa.Lt (i.e. viscosity,

sedimentation and diffugion ) transport coefficiente: for example, in

produclng the R function and making available an Bstimats of the stollen

volume of a macrosrolecuLe in Eolution indapendent of any model assuned for

the maeromolecul.e. The analysis of the concentration dependence of the

decay constants is houever much more complicatad: Roh,Brs (19??) theory for

the translational coeffieienta u,as dgrived assuning only hydrodynamic

(i.e. volurne flux) coneentration effects, viz. solutions of hlgh lonie

strength (t0'1!|) and such that electrl.c charge effects (solute-eolute

intecactions) rrrere not present. The situation is apparBntly the revers€

rghen ue come to congider the decay constants: sj.nce ue are dealing uith a

rotary macromolecular property, there should ba no soluta volume FIux

effects on aveaagE giving riss to th6 hydlodynamic concsntration effects

consLdeled by Roua. 0n thE othBr hand, the cuDrent practieal, rEstriction

of 1or,r ionic strengthe fo! the electric birefrinqence probably results in

some sofute-solute elEctri,c charge effects; th€ double layer thl.ckness

of charge around a nactomolecula in solution is invarsely proportional to

the square root of  the ionic strength (Guoy, 1910, Chapman, 1913).  For

example, Por a macronolecule suspendBd in a 0,1ttl NaCI buffer the thickness

of the doubl,e layer is - 1nn, uhereas in a 0.0011t1 NaCl buffer, the thickns€o

is as h19h as 10nn (Shat,, 19?O). There Ls therefore a greater likallhood

of interferenc€ b€tueBn th€ relaxations of indivldual macromol.eculss, the

degree of uhich one urould €xpect to increase rrrith concentratj.on.

In sectlon 1.5. the techniques of light and lorFangle x-ray ecattering

b,€sg discussed as an alternativa to the hydrodynamic techniques, and stated

hou flartin (1964) had giu6n formulae relating the ladius of gyration to
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axial ratio for ellipsoids of revolution. Iq€ndal.son and Hartt (198u)

have applied results from lou angle x-ray scattering Ln tarma of a

general triaxial ellipsoid nodel to the regulatory light chains of

seallop myosin, and detelmined axial dl.mensions of 16nm x 4.16nm x 1.25nm.

ly'e also nention€d houever that the malor disadvantage of the scatt8ring

approach uas that it ls necessaay to assume tha macromolecul.e to be of

unifoam eJ.ectron density; this can lead to errors of the order of 3f,

n€tulthstsadlng other errors j.n meaEurement as the simpla calculation

given Ln Appendlx VIl fo! a hypoth€tical spherical maclomolecuLB nith a

cavity (based on the €lectlon microscopy and x-ray diffraetion resul,ts

for apoferr i t in -  Hauison, 1959) shor,re.

It is hooed houevEr that th€ lBsults of the research described here

have nou nade it possi.ble to determine the gross confolhatlon of biological

macromol,ecules in solution ln terme of a ganeral ellipsoid - independent of

any assumptions coneerning tha internaJ. homogeneity of the macromolecules -

by combi,ning the results of viscosity, ssdinentation and electric (or

acoustic) birefringence. ThEre ale some macromoleculEs houever that

apparently !,i11 nevar be modell,ed by an elJ,ipsoidl even tri-axial.

Bovlns s€lum albumin (ese) is a typical examplei [tlccammon gE! (19?5)

have attanpted to account for a val,ue for B bElos the theor€ticaI ml,nimum

oi 2.112 x 10- (and above the theoretlcal aar.iBum for R of 1.5 - Eee Table

2) by assuning its structur€ to be porous uith respect to the solv6nt, but

found the discrepancy rrras stiLl far too large, lrlith the availabilty of

estimatEs for the shroLL€n molecular voluoer. a oJ.aseiflcation of prot€ins

into thoEe lrhich do and those !,hleh do not behave as hydrodynamic tri-

axial ellipsoids in solution can nollr be rnade.
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Appendlx I €lliptic Integrals used in thiE study

uher6 I is the oositj.vE root of

f a r l a r ( a ^0 o = J G z - - m  i  E o = . J O - n ] A  i  Y o = l f = r m
o o

x2 v2 22L - ! - f - - - r

a z + x  b z + ) .  c z + l

a n d  a =  { ( a 2 * r ) ( b 2 + r ) 1 s z + r 1  } 1 .
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Appandix II ll.f,ustration of use of the tr function (equation 50) by

applicatlon to data available for the tryptic subfragments of fibrlnogen

It is apparent from FLgure 1? that, untlL the harmonic mean

relaxation time tn can be mEasured to a precision greater than that

currently available (- JsF at b6str assumlng no slgnificant internal

lotations of the chromophole o! segnental rotations of parts of a

macrooolEcule ralative to othe! pacts), uEe of I u111 generally be

reEtricted to prolata elllpsoLdal particles above an axiel Eatio of

about thrEe.

Unfortunately, thera ls et presbnt a lack of celiable steady state

fluor€scence depolarization data for macronolscufes in this axial range.

Use of the function may houever be illustrated by application to data

available foe the tlyptic fragnent of bovine fibrinogen. By using e

steady-Etate fluorescence - dapolarization tBchnique, Johnson & lllhalyi

(1965) reported a harnonLc mean relaxation tirne for flbrinogen of 195t5 ns,

a value louer than the correeponding ualue for a sphere of the same voLume

(299 ns);  the value f6a rn of  the t lypt ic subfragment uas 1?8 ns, strongly

suggesting that the tryptic subfragments had Rotational freedom uithin the

fiblinogen moLecule. Assumi.ng there is stil1 no further intBrnal rotation

uithin the subflagment itself, one can combine this result ttith viscosity

and molacular{,eight data obtained previously by llihalyi & Godfrey (1963).

Taking tt! as 95r000f,2r000, [n] as (7.1810.0?) m].9-1 and assumi.ng a

I 5 ns standard error in rnr .A is ca.Iculated to be 4.74i0.17 uhere the

method for ealculatlng the standard error in A is given by Paradin6 &

Rivett  (1950).  Thie coFresponds from Figure 17 lo a prolata el l ipsoid of

axiaJ. latio 5.S,5.3 consistsnt uith the astimates of the axial natio
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derived from four other hydrodynamic paranetersr three of uhich assum€

no particle s!,elLing due to solvent association (Table 23). The

resuLts feom electron microscopy studies suggest houevet that the

subfragments are nearly spherical (Haff a Slayter, 1959); as lrtlhalyi &

Godfr€y (tgO3) have previously stated, thls differenca is probably too

Ialg€ to be explained by drying effects aLone. At least part of this

diffgrence can, hord€var, be possibl-y ascribed to an apparent discrepancy

betueen the viscosity data oi their Figure 4 uith the sedimentalion data

of their  Equat ion 2;  the lat ter suggests a sBdinentat ion regression

eoeff ic ient,  k"r  of  -  3.6 (af ter correct ion to soLut ion densi ty;  Roue,

19??),  rr lhereas the uiscosi ty regresslon coeffLcient,  knr is onlY -  2.5.

Roue (197?) has shou,n that the ratio kn/k" is equal to the €uelling latio

if, ruhere i" is the suollen specific vol.ume in soLution. lYlihalyi &

Godfreyts (1963) data apparently gives a value for the srrrelllng of less

than 1, indLcating the pactj.cle to contract in solutionr an unlikely

event. Unfortunately, although the pH ualues of the solutions usad for

the sedimentatl.on and harmonic mean rBlaxation tine measurements are given

and are near (6.5 and ?.1 respect ively),  that for the viscosi ty is not

given, so this is a possible source of error,

It ls hoped that the availability of the nEU I funetion uill

Bncourage the production ol more reliable data in order to resol,ve these

difficultles, and also accelarata improvenent in the methodology so that

tJt- can be measured uith much qreat€r precision, enabling application
r T o

of the A function to prolate ellipsoids of axial, ratio 16ss than thlge

and aIEo to obLate ellipsoids.



Table 23. Hydrodynanic parametBrs and axlal ratios for the tryptic

subfragments of fibrinogen

DErived Axia1
Ratio

1.r,7

Referenca

( 1s63 )

Johnson & r'llhalyi ( 1965 )

This study

Hydrodynamic
Pa!atr6tBi

v *

- *
t / f o n a

)  r . )

5.0

6 .8

tn/ ro

*
Asauming no particle sueL]ing du6 to solvBnt association
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bv aoollcation to data for hemoolobin

The II function obtained in section 1.7. can be applled to molecular

eovolume and viscosity data available for hemoglobln. The molecular

covol,ume, U, is lel.atBd to th€ 2nd vlrlal coefflcient, B empLoyed in
t

oemometry by U = 2Btlr'. Baghulst @ (19?5)r uging a molecular

ueight of 641500 found . the value of the product BII- to ba 4.8 nL/gn.

Ualng lnatead thg exact value for the molecular u,eight found by sequenc€

analyeis to be 64r?93, thts pDoduct becones 4.78 nl/gry thie givee the

ratlo U/tl" to be 9.56 mlrlgm. Frorn the plot of reduced EFecific viscoelty

against concentration (Figure 51) an intrineic viscoeity o? 2.99 nL/gn

ha€ been determlned by a least Equares fit to the neu univeeEal equation

for transport ooeffl,cients at all solute concantrations (see section 1.?.1.

and Appendlx IV). ThE velue of I ls calculated to be 3.20, collaspondlng

to a epherical partlcle (Figure 2q). This is consistent uith the ?lndinge

of x-nay cryetallography (Perutz g!3!, 1960). The value of v foa a

spherical particle ie the ElnEtein valua of 2.5. By back substitution

into equatlon (g) ana using a val.uE foc ltl" of 64r?93 on€ obtaina a value
- 4A  a

for  V, of  1.286 x 10- ' -  cm-.  Thls correEponds to a StokeE radius of
O O

31 .3 Ar in excellent agre€Dent ulth th€ result of 32.3 A calculated by

AlpBrt & Banke (19?6) from the diffusion coefflcient determined by lasEr

corlelation sp€ctroscopy and aglees €xactly lrith the reeult of 31.3 fi

calculated by Laurent & Klllander (1g04) from th€ dlffueion coefficient

determined by gel filtration, both groups asauming a hald sphere model.

The Stokeo radius can also be found dilBctly from the molecular covoLume

and molecular rrleight aseuning a hard spheae modeL: BeghuDst g!3! (19?5)
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daterminad a val.ue of 31 .3 fi, .galn ln Bxact agreement. Th€ corr€epondLng

radlus of the ephere calculatad from the crystallographlc dlmensionE of
o o

64 x 55 x 50 A of Perutz g!_g! (te00) fs 2a.o A, indicating hemoglobin to

bs suollBn Ln Eolution by approximataly aofi (u/u).

If on€ u66s etandard errorg of t.og ( = '|fi) and t .096 ( = tF) rn

U/I" respectlvely, the calculated standard error (Paradine & Rivett, 1960)

ln II ls t .U45. The maximum elror corresponde to an axlal ratio of

1.8 for a prolate model but ae high as 6.8 for an oblate model, lndlcatlng

th6 difficulty i.n applying to macromolecules that are oblatold.
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hernoolobin (o. t t ' t  xcl .uuffer pH = 6.0).

The curve fitted is that due to a r,reighted least squar€s fit to the ne!,

universal equation for the concentration dependence of transport coefficients

(equation 60). The r,reighting factor used uras ( 1/concentration ).

[n] - z.gg m1l9m, k- = ?.8 n!/gn.
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Aooendix IV Viscous FIou and Sedimentat ion of  Concentrated Dispetslons

of Part ic les (quoted fron A.J.  Rouer mss. in preparat ion)

Tha hydrodynamic properties of dispersions of panticles in flui.de

are quite ue1.L described at very high particle dilutionr both for simple

models (spheres, el l ipsoids, rods) and for more conplex models thich may

be represented as assemblies of simple models and lhe appropriate

interaction tensols computad. Restrictlng outselves to th€ case of small

particles (Bror,rnian motion doninant) suspended in liquids, the uork of

Stokes, Elnstein,  P6rr in,  Simha, Broersma and others ( for s imple models)

and oF Kiakhrood, Bloomfield and others ( for assembl ies) enables a

reasonably accuData de€cliption to be given of the sedimentation and

viscous florrl properties of such suspensions to ba given at rinfinite

diLution I .

At real particle concentaations horrlever, no theory has proved

adequate, even fot the simpJ.est particle model - the sphele. The need

for such a theosy is evident in many flields: in my orr.rn fiBld of

Biochemistry it uouLd be useful both for methodoloqical purposes in

characterising macromolecular pf,opelties and for the description of

r in v ivot systems, l rhich ars genelal Iy aather concentratad dispersions

of macromolecular patticles. I have be6n concBrned to derive such a

theory,  relat ing the propert ias of  suspensions of  part ic les at  real

concent lat ion to their  r inf in i te di lut ionr behaviour.  In a aecent paper

(Ror, le,  197?) a f i rst  part  of  such a theory uas descr ibed: the extension

of this theory to covar the case of high concentrations is nou describ€d.

The State of  the Problen

It has J.ong been notsd that the eoncentration dependence of
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Eadimentation and of reduced specific viscosity is flnite €ven at high

dtlution, and Demains naarly llnear over moderate ranges of concentratlon:

(eedimentat ion) e =
c

(v iscous f lou) n. , 9 D  =

s ( 1  -  k - c )  - -  s ( 1  +  k - c ) - 1- s s l

. l  gD r
l - l\ C / e r u

A lac6ntly d€rived thaory (Rorrle,

^ - , u
K  =  K  =  Z V (  E  +

V

( r  +  tnc)

19??) shoue that

Gfto)s )

fot compact pacticlee, r,lhere i ls the partial. specifie volume of the

partiele and ?ft^, the fllctional. ratio, is a paramete! computabl8 fot" o '

simple models and foe aesambliea of eub-units. This theory le thuE

applicable to partlcles of g1 conformation. Tha valueE pledicted foD

both spheree and oth€r partlclas agree uBl,I Uith expesinenta.L evidencE

and uith earlier theosetical pDedictiona for spheres (Ftgure 62, Table 24).

At high€! concentrations t!,o fucther effecte must bB coneldeled:

(i) mutually proximity of the particles affectE the rate of energy

disslpation at constant shear (the reloud effectr of Burgers).

In genecal this poaee a many-body problam !,hich is not amanabLe

to Eolution by claesical techniques.

(1f) the crltical packing fraction (0e) uilI be appcoached. Semi-

empirical €quatlons duE to |loongy (fSSf), oougherty and

Kr€iger (19?2) and otherE dEecrib€ th€ viscoEity of euspenslone

of epheree in terme of 0o.

A Neu General AEproach

Th6 theory applicable to high dllutions (Rorrle, t9??) uae based on

the supposition that g]a a I frame-of-refer€nce I effect neEd b6 consideDed

ln thlE case. Derived in terms of eedinEntation, it is Ehoun that the



, t  oa

latter muet ba unchanged uith concentration in a ftame of reference

defined by the gg}g!.1!g.g!ggq!fg1, (i.e. solvent not traneported

or convected rrrith the particles). The equation abovB then follouE from

tha relation bBtueen the dBfingd fram€ of rBference and the c€11-fix6d

fram€ of reference in uhich meagua€menta are nornally made.

To sxtend this approach to higher concentlatione u€ !6-defin€ the

problem by conEidering th€ system to consiet of a larga but finite

nunber of volume slements, each eLement smal,l in comparison to a

Daatlclg. Th6a6 volum€ slEments can ba clasEified as elements of

dieJolnt  sets U1.. . .V4, Ehoun ln a Venn diagDam for tuo part lc les

(FiEurE 53).

Among lntereetlng properties uhich may be noticed are that

(i) Sets Vl, V3 can be classified into sub-eets

vl ,  -  v lnr v3, -  v3nr for n part ic le8 :n thB Eystem

( i i )  v 1 , O  v t .  =  0  ;  b u t  v 3 ,  n  v 3 , l  o
L  J  

-  I  J '

(iii) In Neutonian flor',, the magnltude of the florrr vector of the

sol-vent at any polnt ln thB Eystem ls defined by the fraction

of the vol,une elements in the vicinity of that point elasslfled

as in V2 U V3 in relation to thoeE in V4 U U2 U V3

(1v) v l in V2 /  q:  more completely V2 is part i t ioned into the

dlsJoint subsets V2a and U2b, rrlhere v1r0 V2a = O ;

v l  .O V2b fO: and 00, the cr i t ical  packing volume of the

partlcles, deterninBs the relative number of Blements in

V2a  and  V2b  {  0 -  =  1 ;  V2a  =  o } .
o

0n the ggggg!!ry that n is large, and that thE elementE in V3 are

located randomly in V3 U V4, then a Blmple finite probability space
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can be constructed, enabling us to calculate the number of elenents in

U1 . . . .U4, and hence the quant i ty gc in

( 1  -  e c )
c +  0

s i n c e  V 1  U V 2 U V 3  =  9 c .

The Eesult is gj-ven by

g c - z  =  6 = (kc - 2cis)

t A  i  i + 1
L G -  1 ) ( a  - o  )

L=21 - 2

uhers 2 = zcu - r
s c .

9 C  =

tc i " )2 ( t  -o)* ;  a = (1 -  o} /op

ruhich for almost all caees si,mplifies to

t " - H . ( " i "  ) '
. 2

9-

K C

u h e r e  k  = k  o r k  !

Zc-r1 + 1

= spEcilic volune of th€ hydrodynamic particle.v

This equatlon predicts rath€r accuaately the high-shear viscos!.ty

of latex spheres ovet the ent i re concentrat ion range (Figures 54 -  58).

It is applicable only to Nerrltonian flou, but is Plee of arbitrary oe

anpirical constants. The treatment lsed has some affinity uith the

rrridely used approach involving transient doublets, triplets, etc. (i = 2

in the above sunnation refers to ldoubletl interaction, etc.), but as no

particle model is enpJ.oyed, the results should be generaL flor all panticlee.

The Co term uogld oftan be difficult to estinate, but computer sinulation

shot s that an exact knouledge of Co is uninportant except at the hi.ghest

concentrations
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Figures 54 - 58 demonetrate lhe sueceas of the theory ln predicting

knoun properties of sedimentation and viscous flou at real concentlations.
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Tabl6 24. Uaaious theoretical estimates and a practical estima for

\2 , the second coefficient in the axpans5,on for n

terms of 0 (volume fraction)

J
l r " r  =  1  +  k 1 o  +  k 2 o - +  " " " " " "

Estl.nate for k^ Author

- i n
IgI  _

9 . 1 5

. , .

14 .1

12.6

{ . O

1 0 . 0

vand ( 1e48 )

fYlanley & lYlason (nodification of Vand) (1954)

Kyneh ( 19s6 )

Gold (  193? )

Slmha (modification of cold) (1952)

Batchelor & Green ( 19?2 )

Ro!,€ (19?? )

cheng & Schachman datg on PSL sphesos (1955)rabout 101
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Emplrical data and tha equation for tlanspo rt-concentration dependence

(RouE 19??)r at high sor"ute dir.ution. The equation .nableE rvr. (moracular

ueight) values to be c€lcurated from s and ks only. The agre-ement founo

b8tueen values for fll" computed thus and [rlD valuBs from th6 litarature

(various nethods ) is good euidence por the applicability or the aquation

to a uj.de range of systems.

5oLut6 n" ( sr*" ) Standard symbol
m  l l t + l

ProteJ,ns, nucl€ic acids, 1.92 0,01 a
virueBs

Cel lul .ose der ivat ives 1.01 0.09 O
in CUAII

CsLLul.ose der ivat ivee O.g? 0.10 A
in ACEToNE

Levans (aqueous ) 0 . 9 9  0 . 0 4  D

Poly ( methylyrnacrytate ) 1,0S 0.08  
in ETHYL ACFIATE
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Fiaure 53. Uenn diaoram shouino the vofume €IBments for trrro oarticles

in solution

V1 - particle volume

U2 - DaltielB co-volume

Ug - soLvent frictional foluard fLux

U4 - solvsnt rBtuln volume flux
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V [honas

O Woods & Krieger

Data for PSI spheres

t*,

volune fraction

Fiqure 54. Relativa vlscosity ofl soheles as a function of volume PractLon.

Predict€d l ine, for kn = 4,  i "  = 1,  0O = 0.64. Experimental

data oointe are also shoun
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concentration (S/d)

@fg-g!,. For hLohlv asvmmetrie oarticles the seditneltatlon coefficient

falls verv steeolv urith concentration. lo reach a relativelv

constan! rolateaur value. ComPuted curV€ar

s

ks = looo
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2

t/"

or

n
( r p /  "

Fiqure 56.

s

.002
concentration (g/nf)

fgr  k-(k )  = 1000. i -  = 1.  The 1/s plot  is l inear.  uhi let  the

direct olot  is markedLv curved. Comouled curv€s.



2

't/"

or

,lsp/c

I

concentration (/rt) n05

i I O U f e  5 r / .

lgl-k"(!n)9. Both

concantration Nanoe.

plots are reasonably linear over this

Comouted curves.



Fioure 58. Hvdrodvnanic data for Bovine serun albunin fitted

usino the neu, oaneral Equation for transDort at

all so]ut6 concentrations
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App€ndix V FORTRAN IU computer proq.ams

Evaluat€s values of the various hydrodyna$ic shape functions

for trl.-axial ellipsoids fot a usEr specifiable value of

th6 axial ratios (a/b, b,/c )

Produces tables of these lunctions fot axial ratios betueen

1.t l  and 2.0 in steps of  0.1

Produceg a contour map of u in the (a/ur b,/c ) plane for

axial ratios betueen 1.0 and 3.0

Ploduceg plots of the various tri-axial functions in the

(a/t ,  A/c) plane cor lespondl^ng to the point  (1.5r 1.5).

Several plots allorrr for arbitrary errors in n€asurement

Non-11n6ar Least aquaa€s itecative method for resolving a 2-

term exponential bireftingence decay. This program (and the

follorrrl,ng tuo) producas Lts oun synthetic data

Program 1:

Program 2:

Program 3:

Program 4:

Progftrn 5:

Prog:rao 6: Fouller Tranaform solutlon of the Laplace Intagral Equation

mEthod

PlograI| ?: R-constrained non-linear least squares iterative method



Funct ion

Dlc

r/r o Ge)

t  l L-a"o

' c ' ' o

o  /o- a ' o

t b ' o o

o  / o

R

o

D

o

' b

ua

' b

u

' h ' - o

Y

A

^red
I

+

^red

Computer Symbol

n/a

B/c

Nur 5

F

; a  h ^ ae'r ,  t  ^ f  uu

na aa /cn

ar, lrauv t  u. t f  uu

RHoA, RH0VRH00

RHOB, RHBBNHOO

RH0C, RH0CAH00

BETA

R

DELTAA, DELTA(A)

DELTAB, DELTA(B)

DELTAC, DELTA(C)

GAlIttAA, CAtrtnA(A)

GA|IrtAB, GAf'ltlA(B)

GArvrflAc, GAfitqA(c )

|l|uA, r'tu(A)

lruB, ltu( B)

t'tuc, ttru(c)

TAU, TAU^AU0

P 5 t

LAIIEDA

TPLS, THETA+, Z

TfiNS, THETA-, u



Function

6

Y-

. 2 , . o

- 3 ' ' o

. + o

5 '  o

0+

0

DtlNs, DELTA-, !'

GFLS, GAltlltlA+

GnNS, GAtrltrlA-

T1

f2

T3

T4

T5

THPLUS

THIINUS



Program 1

t t  +  a+  + t  t  ++  + : ;+  +  t  r  +  +  t++  r+ t  t t  t t r  r t+ f t++  + t+  ++f :+ ; t t l  + t+  ta  +  t+  + t t r

f  : ; . r  t r+ t  ++r } t+ l+ t  t : t+  + t+ t  I  I  : } : t  ++  + t  t  I t t  I  t t t t++ra+ta++r+  t r  i+ r  r f  t+
? B O C R A t {  l { A I N {  I N P U T ' 0 U T P U T T T A P E 2 : I N P U T T T A P E 3 = O U T p U T }
CO i l I {ON /P AR A'{  /A, G, NN
E X T E R N A L  F U N
O I H E N S I O N  A L P H A ( 1 0 '
REAL NU,  ,  0,  P

-  __EE 4 !  UU4r  l t uB  r lUCr  PS I  r  N1 rN2  r  RHo  A  rRH0ErRHOG
E t { T E 8 _ A S  q A T A  A T  T H E  F 0 O l  0 F  T H E  p R o c R A t r -  l a / 6 t  B l c l

R E A O ( 2 , + l  N l . ,  N 2
N N = 0
COI {PUTE THE ELL IPTTC INTEGRALS
D 0 4 5  K = 1 , 1 0
A: f.l1
B=  1 .  0
C = 1 . 0 / N 2
NN=NN+ 1
!_E I - l I r { IT5  Fqg  Nur , t  R IcAL  INTE6RATION (THESE L I r . t l TS
9ELoH HAvE EEEN pREvr0USLy TESTED FoR Cof r tER6ENeEt
A A = 0 . 0
8 8 = 1 0 0 0 0 0 0
I F  ( N N .  E Q .  1  0 ,  8 B = 5  0 0 0 0  0 0 0 0
Hl  XO fV= 50
EPS=1.  0E-0  E
ACC= 0 .  0
IFAIL= O
Q A I - ! . . ! . ( : _ : N 4 q -  L I B R A R Y  R O U T I N E  F O R  N U H E R I C A L  E V A L U A T I O Nq E  T H E  I N T E G R A L S  - A L P H A "  G I V E N  I N  T H €  S U B R O U T I N E  E E L 6 ' - 'q4L!,  -  q014c E( AA r  gB'  FUNr r{AxBI v '  EPs'  Acc ;  ANs, ennon,noFDN i  i  rn r  l tA L P H A  ( N N t = A N S

rl5 C0NTIf iUEg = 1 . 0
NOI { -COI , IPUTE THE IUNCI lON VALU€S USIN6  THE STORED TNT€GRAL VALUES
NU= (  1 .  0 /  {  A rB .C l  I  r  (  (  t + .  I  t 3 .5 .8  }  |  (  (  ALpHA (  Z  )  +  AL  pHA t  E }+  + A L P f A  ! 9 t  l /  ( A L P H A  |  8 l  T A L p H A  ( 9 f  + A L p H A  ( 9  t r A t p H A '

+  { 7 }  i A t , p g A  { 7 f  T A L p H A  ( 8 t  I  )  +  (  1 .  a t  5 . 8 1  |  (  (  t  A L p H A  ( 2 )
+  !  l l P H 4  l 3  l  r /  (  A L p H A  {  4 )  .  { B r B r A L p H A  a  2  }  + C T C . A L p H A  i  3 l+  ,  I  l t l  !N_LP t l 4  t 3 !+aLPuA  (1 )  t  /  (ALPHA(5 ) r  (C rC*ALpHA i 3 r+ !4 t l lA l .P i lA!  1  f  )  t  t  +  (  {aLPHA (  1  I  +aLPHA {2 t  t  /  iaLFHA( 6 i '+ ,  ( A T A ' A L P H A  ( T ) + g T B T A L P H A ( 2 )  }  I  )  ) }

f { :  ( 8 r B + c r c t /  t B r E r A L p H A  { 2 }  + 6 + 6 1 1 L p H A  ( 3 r  t
0 =  ( c r c + a r A t  /  (  c r c . a l p H A  ( 3 f  + 1 1 1 + g 1 p H A ( 1 )  |p : - t 4 1 4  t B r B )  /  (  A f A + A L p H A  { 1  t  + B r B + A L p H A  ( 2 '  }
T P L S :  (  ( A r B r C t  /  ( 1 2 . 0  '  l  |  (  {  (  (  1 . 0 / t ' t t +  {  1 . 0 /  0  )  +  1 L . ! /  p

+  I  l +  (  {  l t . 0  / k } + 2 , 0 ,  +  ( 1 .  0 / o f r 2 .  0  )  + (  1 .  0 / p r r 2 .  0 f  )  -+  (  ( 1 . 0 / { r { f  0 }  |  + ( 1 .  0 /  l o + p t  )  + ( 1 . 0 , / ( p + H
+  ) L I r | 0 . 5 | |

T I I N S :  t  ( A l g r c )  |  l L z . 0 l  I  + (  (  (  {  1 . 0 / t , r | +  (  1 . 0 / 0 1  + l L . B / p
+  t -  )  -  (  (  ( 1 .  0 / l , t r r 2 .  0  )  +  (  t .  0  / o r +  2 . 0 t  + t  1 .  0 / p r ; 2 .  0  l  r  -+  (  |  1 . 0  /  |  H r 0 ,  )  r  ( 1 .  0 /  (  0 r p ,  |  +  (  1 . 0  /  ( p r  H
+  t  t t f  r r 0 . 5  t  )

0PLS=6 .0 rT  PLSTNU
0Hti ts=6 .  0r T HNSTNU
F _ = 4 . 0  l (  (  ( A r B ! C t  r r  ( 1 . 0 / 3 .  0  )  )  f A L p H A  ( 1 0  )  t
R = 2 .  0 +  ( 1 .  0 + ( F f r s .  0  I  )  / N U
9 E I { =  t 1 r 9 1 1 0  q 0 9 0 0 .  g l !  !  (  ! 6 .  0  2 q 9 t r (  1 . 0 / 3 . 0  )  }  + (  1 0 . 0 + t ( 2 3 .  0 / 3 r  g+ t , \ t  / .  |  1 1 Q 2 0  0 r  c ! 3 . 1 4 1 5 9 e 6 5 { r 3 . 1 6 1 5 9 2 b 9 4 }  r r  (  1 .  g / 3 . 0  }  )  }  r  a  N 0 '+ r + ( 1 . 0 / 3 . 0 1 1 / F
C A =  (  2 . 0 /  (  3 . 9 I A | B + C )  |  + l , l
C 8 =  (  2 .  0 /  (  3 . 8  r A f B . C ,  I  + 0
C C =  ( 2 .  0 /  ( 3 . 0 r A a B + C l  I  r P
R H o A = ? . 0 /  |  l L . 0  / C 8 ,  +  (  1 . 0 / C C  t  t
R H O B = 2 . 0 /  (  { 1 . 0 / C C l  + (  1 . 0 / C A )  )
R H O C = z . 0 /  (  ( 1 '  0 / C A l  +  ( 1 . 0 / C B t  I
0ELA=NU/CA
O€ LB=l,l U/ C B
DELC=NU/CC
I 4 ! = t .  B t  I  t L . 0 f c A , ; t L . o f  c 8 t  +  ( 1 . 0 / c c '  I
P S I = F r  (  ( 1 . 0 . / I A U )  r r  ( 1 . 0 / 3 . 0 )  )
V=  U /TAU
ZZ= |  ! .  g l7 .  g l  +  (  F t r  3 .  0  |
6A l , l l , lAA=ZZ:  {  (  1 .  0 /CB)  +  {  1 .  0 /CCt  }
GA l . l l , lA B= ZZr (  I  1.  0/CC t  + (  1.  0/  CA, )
G A I I H A C = Z Z t  t  {  1 .  0 / C A ,  +  { 1 .  0 / C B  t  }

U A =  (  C A f +  (  1 . 0  1 3 . 0 1 |  l F
t4u8 -  { cB+r  I  L  I  t 3 ,  g  t  t  l F
l . ' f  UC= ( CCrr I  L.  gl3.  t ,  t  lF
G P L S = 6 . 0 r T P L S +  ( F r l 3 .  0 ,

cc
c

c

c

c
c

J l ! IS_pEo6g4!  GENERATES y4luES qF THE vARrOuS HyDRoDyNAf{ rc
st raP€ FuNcTtoNs FoR A usER SPECTFTABLE VALUE 0F-THE . l i t iA [
RAT IOS  A /B  (=N1 )  &  B /C  (=N2 ,
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I
)
)

) - ( X 2 r X 3 t - ( X 3 + X 1 l

R A T I O S T ' }

I I I { E  R A T I O S : * }

T I I { E  R A T I O : ' )

G H N S = 6 .  0 + T H N S '  ( F . r 3 .  0 )
X 1 = 0 r 5 +  (  { 1 . 0 / R H O B I  + (  1 .  0 / R H O C l -  ( 1 .  0 / R H 0 A l
X 2 = 0 . 5 +  (  (  1 . 0  / R H O C l  +  (  1 . 8 / R H 0 A l -  (  1 .  0  / R H 0 S )
X 3 = 0 .  5 r  (  { 1 . 0  / R H O A I  +  { 1 .  0 / R H o B t  -  (  1 .  0 , / R H o C ,
X b = ( X 1 + X 2 + X 3 l / 3 . 0
x 5 =  (  (  x l n r . j r ? . 0 1 +  l x ? 1 t 2 . 0  )  + { x 3 } + 2 . 0 l  -  ( x 1 * x ?

+ r +  0 . 5
T 1 = 1 . 0 / ( x 4 + X 1 l
f 2 = 1 . 0 1 ( X 4 + X Z l
r 3 = L . g / l x 4 + x 3 ,
T  4 = 3 . 0  /  (  (  5 . 0 r X t )  -  (  2 . 0 r X 5 l  l
T 5 = 3 . 0 /  (  l 5 . 0 f X 4 )  +  ( 2 . 0 . X 5 1  )
I t R I T E { 3 r 9 7 1
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F O R H A T (  5 X , " T H E  3  R O T A T I O N A L  F R T C T I O N A L
r { R I T E ( 3 . 1 0 8 t C A
F o R t t a T  {  5 X r '  C A  - r F 1 5 . 5 t
T I R I T E I 3 T l ( l 9 I  C B
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F O R I { A T  (  5 X , "  R H O B  - , F L 5 . 5 1
l { R I T E  (  3 , 1 1 3 t  R H o C
F 0 R t { a T  (  5 X , '  R H o C  - r F 1 5 . 5 )
IRITE ( 3 '  11lr l  0ELA
F q q u 4 T !  5 X r -  o E L T A A  " F 1 5 . 5 t
l r R I T E  |  3 , 1 1 5 t  o E L g
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H R I T € I 3 . 2 O b I
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l { R I T E { 3 , 1 1 9 t  V
F  O R H  A T  (  5 X , - L A I { B D A  ' , F L 5 . 5 1
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REAL FUNCTIOI {  FUN(X I
c0 f{ t {oN/PAR At{ /A r  ct  } lH
B = 1 .  g
6 O T 0  ( 1 0 r 2 0 r 3 0 r t 0 r 5 8 r 6 0 r 7 0 r E 0 r 9 0 r 1 0 0 )  r  N N
FU =1 /  (  (A IA+X t  r f 1  r5 r  I  B |B+X )  r r r0  o5+  (C+C+X,  | r0 .51
RETURN
F 0 N a 1 /  {  ( A r A + x } r r 0 . 5 r ( B I B + X '  | r 1 . 5 r  (  c r c + x l  r f  0 . 5 }
RETURN
FUN=1/  I  11 r  A+X )  | '  0 .5+  16 r$+ I  !  t r 8  . 5+  {  C rC+  X l  . . 1 .  5 l
RE TURN
Ft jN=1 /  |  (  A rA+X l  . I 0 .  5 r  {  B r8 }X  )  r r  1 .  5 r  16 rQ+X l  }+  f .  i l
RE TURN
F U  = 1 /  (  (  A r  A + X  I  r r 1 . 5 +  l  g r g  + X  )  r r 0  .  5 r  (  C r C  + X l  r + 1 . 5 1
RETURN
F U f { = 1 /  (  (  A r  A + X  I  r r 1 . 5 r  (  B r B + X  )  . + 1 . 5 1  1 6 r  Q +  X l  r *  0 . 5 )
RETURN
F U N = X /  I  1 1 r  1 + X  )  r r  0 . 5 r  (  8 + B + X  l  + r 1 . 5 +  1 t r $ +  X l  + r  1 . 5 1
R E  T U R N
F U N = X /  {  (  A r A +  X )  + r  1 .  5 r  (  8 t B + X  }  + + g  . 5 r  {  c + c + x  I  r +  1 r  5 t
RE TURN
F U N = X /  {  { A r A + X } : r l o 5 r  (  B | B + X }  } . 1 . 5 r  (  C + C + X }  f + 0 . 5 1
RE TURT{
F U N : 1 .  0 i ,  (  (  { A r A + X ,  r  (  8 + 8 + X l  r  {  G r G + X )  I  r + 0 .  5 )
REIURN
E N D
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Prooram 2

+ a * t + : ; t r  t l l t + + f  t  t + + f  + t a t t  t t + +  a + t t + : i l l + + I + r t +  + r : } + t +
U T E S  T A E L ' S  O F  T H E  V T S C g S I T Y  I N C R E T { E N T  N U i

F R I C T I S N A L  R A T I O  I F l F O ) ,  T H E  R O T A T I O N A L
(  C A / C I l ,  C B I C t } T  C C l C ( l  I r  T H E  R O T A T I O N A L
A I I 0 S { R H 0 A / R H 0 0 r  R H O B / R H 0 0 r  R H 0 C / R H 0 0 l r  T H E
A X A T I O N  T I I { E  R A T I O (  T A U / T A U O  ) T  I H E  R I D G E H A Y
6 E N C E  D i C A Y  C O N S T A N T S  (  T H E T A + I  T H E T A . I T  A N D
N G  S t { E L L I N G  -  I N D E P E N D E N I  F U N C T I O N S :
0ELTAB,  DEL IAC,  GAr ' f i . , t 4A ,  GAHi {A  B r  GAHHAC,
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THIS  PROGRAI {  COMP
I H E  T R A N S L A T I O N A L
F R I C T I O N A L  R A T I O S
R E L A X A T I O N  T I I I E  R ,
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E L E C T R I C  B I R E F R I N
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r t t f f t + t t T t r t + r a f +
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co t{t{oN/PA R At{ / A t G r NN
E X T E R N A L  F U N
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+  1  B E T A  ( 1 1 r  1 1 1  r  C A  ( 1 1 r 1 1 1  r C B (  t 1 r  1 1 1  r C C  ( 1 1 r 1 1 )  r H (  1 1 r 1 1 1  r 0  { 1 1 r 1 1 }
+  r P l 1 1 r 1 1 )  r T P L S ( 1 1 r 1 1 1 r T { N S  ( 1 1 r 1 1  )  r  R  H  0  A  (  1  1  r  1  1  1  r  R  H  0  B  (  1  1  i  1  1  1
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+  r G I { N S  ( 1 1 r  1 1 l  r Y l  t 1 l  r  Z  l t 1 )  r Z Z  ( 1 1 r 1 1 1

REAL N U r l'l r Ot P r f{U A r HU I r ltU C r P S I
C O I { P U T €  T H E  : L L I P T I C  I N T E 3 R A L S
Nt{= 0
O O 4 5  K -  1 r  1 0
A = 0 . 9
NN=NN+ 1
00 t00  I=1 r  11
A = A + 0 . 1
C = 1 . 0 / 0 . 9
0 0 3 0  N = t ' 1 1
C = C /  |  t . 0  + 0  . 1 + C  I
SET L I ! { ITS  FOR NUI {ERICAL  INTEGRATION {THESE L I I I ITS
SELO} I  HAVE EEEN PREVIOUSLY TESTEO FOR CONVER6ENCEI
a a = 0 . 0
B 8 = 1 0 0 0 0 0 0
I F  { N N .  E q .  1 0 1  B B = 5 0 0 0 0 0 0 0 0
HAxOIV=50
EPS=1 .  0€ -  0  E
A G C = 0 . 6
I F A I L = 0
C A L L  U . K .  ' N A G '  L I E R A R Y  R O U T I N E  F O R  N U M E R I C A L  E V A L U A T I O N
OF THE INTEgRALS 'ALPHA"  G IVEN IN  THE SUEROUTINE BELOI I
C A L L  O ( ! l A G F (  A A ,  B 3 , F U N ,  I { A X D I V , E P S ,  A C C  T  A  N S T  E R R O R  T  N O F U N T  I F A  I L  I
A L P H A ( N N r I r N ,  = A N S

3 O  C O N T T N U E
tr 0 C0NT INUE
45 COI{T INUE

B = 1 . 0
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0 0  8 0  J =  1 '  1 1
A : A + 0 . 1
Y  (  J )  = A
C = 1 . 0 / 0 . 9
8 0 7 0  N = 1 '  1 1
G = C /  ( 1 . 0 + 0 . 1 r C ,
Z lN� l  =trC
I {O} I  COI , IPUTE THE FUNCT ION VALUES USING THE STORED INTEGRAL UALUES
N U  ( J '  N l  =  ( 1 . 0  / ( A r B + C l  |  *  (  ( { + .  0  1 L 5 .  0 l  |  (  (  A L P H A  l T t J t  N l  + A L P H A  ( E r  J r  N )

+  + A L P H A  ( 9 r  J r  N )  ,  /  a A L P H A  ( 8 r J r N ) + A L P H A { 9 r J r N ) + A L P H A ( 9 r J r N l r A L P H A
+  ( 7 . J r N ,  + A L P {  A  ( 7 r J r N }  T A L P H A ( 6 r  J r N l  I  I  + ( L . 0 / 5 . 0 )  + (  (  ( A L P H A ( 2 t J r N l
+  + A L P H A  ( 3 '  J .  N  }  I  /  i A L P H A  ( 4 r  J r  N I  T  (  B T B T A L P H A  (  2 r  J r  N  I  + C + C T A L P H A  (  3 I  J r  N I
+  l l l + ( ( A L P H A ( 3 r J r N l + A L P H A l l r J r N l l / ( A L P H A ( 5 r J ' l l  ,  r  (  C  +  C  r  A  L  P  H  A  (  3  '  J  r  N  ,
+  + A + A T A L P H A ( l r J r N l  I  I  I  +  (  |  A L P H A  I  l r J r N l  +  A  L P H A  ( 2 r J r N l  |  /  ( A L P H A ( 6 r J r  N )
+  r  (  A . a + A L p H A  ( 1 r J r N )  + B r B + A L p H A { 2 r J r  N l  '  )  }  I  I

F  (  J ,  N l  = ? .  E  |  |  |  (  A + B i C )  + + t  1 .  0 / 3 .  0  )  ) r A L p i t a  ( 1 !  r  J r N l  )
R  ( J . N l  = 2 . 0 r ( 1 . 0 +  ( F  ( J , N ,  r + 3 . 0 ,  )  / N U  ( J , N )
B E T  A  ( J . N )  =  (  1  .  0  /  1  0  0  C  0  0  0  .  0  1  r  (  I  ( 5 . 0 ? 4 9 + r  l L . 0 / 3 . 0 ,  ) +  ( 1 0 . 0 f r  ( 2 3 . 0 / 3 . 0

+  |  |  |  I  t  t  1 6 2  g B .  0 + J .  1 t l 1 5 9 2 6 5 b r 3 .  1 4 1 5 9 2 6 5 4 ,  | +  a  L .  8 /  3 .  0  I  )  I  |  { N U  {  J r N l
+  + r  (  L  0 / 3 . 0 1  ,  / F  ( J '  N l

H  (  J r  N  I  =  (  B r  B + C t C t  /  {  B r B + A L P H A  ( 2 r  J r N  )  } C + C i A L P H A  ( 3 ,  J r N  I  )
0  (  J i  N l  =  l C r C +  A r A l  /  { C T C T A L P H A  ( 3  r  J r N  }  + A f  A T A L P H A  ( 1  r J r N )  I
p  I  J r  i { )  :  (  A r  A +  B + B l  /  |  A T A . A L p H A  (  1 r  J r N  I  r B + B + A L p H A  t 2  r J r  N  }  |
T p L S  (  J ,  N l  =  {  (  A * B + C )  |  |  L ? . 8 t  t r  (  (  {  (  1 . 0 / i l  (  J r N t  )  + (  1 .  0 / 0  ( J ? N l  I  +  ( 1 . 8 / p  ( J ,

+  N '  I  l  +  (  (  (  t , B / H  ( J r  N I  r * 2 . 0  )  r  (  1 . 0 / 0  ( J , N )  r r 2 . 0 l  + ( 1 . 0 / p  ( J ,  I r i 2 . 0  )  )  -
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+  t  (  1 . 0  /  ( l , l  {  J ,  t {  |  r 0  ( J r N l  )  )  +  (  1 .  0 /  (  0  ( J  t  N l  + P  ( J r  N  L  }  +  { 1 . 0 /  (  P  (  J r  N )  + H  (  J r
+  N l  )  |  I  I  f  r 0 . 5  r  l

T M N S  ( J t N r =  {  (  A r B f C ,  /  ( 1 2 . 0 1  t  r  (  (  |  ( 1 . 0 / H { J ' N ,  I  + (  1 1  0 / 0 ! J r N l  }  r  ( 1 . 8 / P  ( J r
+  N  )  )  l  -  (  (  ( 1 . { 1 / t ' t  ( J r N l  r + 2 . 0  |  +  (  1 . 0 / o (  J r N ) . r 2 . 8  |  +  (  1 . 0 / P  ( J ,  N l + r 2 . 0 1 |  -
+  (  { 1 r 0 l ( l . , t ( J r N } r 0  ( J , N )  )  I  + ( 1 . 0 / ( 0 ( J r N l  r P  ( J r N }  }  I  +  ( L . 0  t  ( P ( J , N )  + H ( J ,
+  N t t  l )  l r + 0 . 5 1 )

cA  (J  rN  )=  l 2 .g  I  13 .0 rA rB+C)  t  l l . . l  (  J ,  N )
G B  ( J , N ) =  ( 2 . 0 /  ( 3 . B r A * B r C l  )  T 0  {  J ,  N }
c c  ( J r N ) =  ( 2 . 0  / ( 3 .  0 r A r g + c )  I  r p  ( J ,  N t
R H O A  ( J ' N )  = 2 . 0 1 |  ( 1 . 0 / C 8 ( J r N l  )  +  (  1 . 0  /  C C  (  J r H l  )  )
R H O B  (  J r N ,  = 2 .  0 ,  l (  1 .  0 / C A  (  J r  N )  )  + (  1 . 0 / C C  ( J r N  I  |  )
R H 0 C  f J r N l  = 2 . 0 /  l ( 1 , . 8 / C A  ( J r N l  |  +  (  1 . 0 / C B  ( J ' N )  I  I
0 E L A  ( J r N l  =  N U  ( J r N )  / C A  ( J r N l
D E L B  I  J r  N l  = N U  (  J r N l  / C B (  J '  N l
D E L C  ( J r N l  = N U  (  J  r N f  / C C  (  J '  N )
T A U  ( J ' N )  = 3 . 0 /  (  ( 1 .  0 / C A  { J r N l  I  + ( 1 . 0 / C B ( J r  N l  I  + ( 1 . 0 / G C t J r N l  I  I
P S L  ( J ' N )  = F  ( J r N l  + (  ( 1 . 0 / T A U  ( J r N l  |  | +  |  1 . 0 / 3 . 0  )  I
Z Z  ( J r N ) = (  L . g  |  2 . 0 )  r  ( F (  J ,  N t  + + 3 . 0  )
G A H H A A  ( J ' H l : Z Z  ( J r N )  +  (  ( 1 .  0 / C B  ( J ' N )  I  + ( 1 .  0 / C C  t J t N  )  t  t
G A l { t t A B  (  J ' N  l = Z Z  ( J  r N l  |  (  (  1 . C / C A  ( J r N l  I  +  (  1 .  0 / C C  ( J r N  |  |  }
G AHII  AC t  J r  N l  = Z Z (  J,  N l  .  (  (  1 .  C /  C A (  J r  t ,D I  + (  1.  0 /  C B (  J r  N t  r  l
M U A (  J ' N ) =  ( C A  ( J ' N l  r r  1 1 . 0 / 3 . 0  )  ) / F  l J r N )
f ' l U B ( J r l { }  =  ( C B  { J r N  ) + +  1 1 .  0 / 3 .  0  } ,  / F  ( J  t N l
l lUC ( Jr  N |  = (  CC ( J r  N )  rr  (  1 .  0 /  3 .  0 I  I  /  F (  J r  N I
O P L S (  J r N I  = 5 .  l l + T P L S  ( J '  N ,  + N U  (  J ' N I
0 t l N S  ( J ' N l  = 5 .  0 T T H N S  ( J r N  |  + N U  (  J r N  )
G P L S  ( J . N l = 6 .  0 T T P L S (  J ' N l  r ( F (  J ' N l  s 3 . 0 1
G I I N S  ( J r N )  = 6 .  0 + T H N S  I  J r N )  +  ( F  (  J r l {  )  + r . 3 .  0 ,
CONT INUE
CONTINUE
TH€ PROGRA} ' !  NOI I  } IRTTES OUT THE COMPUTEO VALUES IN  TABLE FORIT
f i R r T E  {  3 , 6 0  8 1
FORHAT (  '  * }
P R I N T ( 3 , 6 0 }
FORI {AT  (  ' 1  A /8  B lC  } IU  F  lF  g  R  BETA" )
O O 7 1  J = 1 r  1 1
D 0 7 2  N  = 1 r  1 1
l l  R  I  T  E  (  3  r  7  3  t  Y  (  J  ,  r Z  ( N )  r  N U  ( J r N  I  t F  ( J r N )  r R  l J r N ,  r  B E T A  ( J r N l
F 0 R t r A T (  2 F 7 . 1 r 4 F 8 . 3 )
CO NT INUE
C O N T I N U E
I f R I T E { 3 ' 6 1 0 1
F O R H A T  T -  - I
P R I N I  ( 3 , 5 1 I
F o R H A T  (  ' 1  A t B  B t C  C A , / C 0  C 8 / C 0  C C l C 0 - l
0 0 7 f  J = 1 '  1 1
0 0 7 5  N =  1 r  1 1
I R I T E ( 3 , 7 5 r y  ( J  I  r Z ( N t  r C A  ( J r N )  r C 8 ( J , N t  r C C ( J r H )
F 0 R t ' , f  A T  |  ? F 7 . 1 r 3 F E . 3 )
C O N T I N U E
CONT INU€
I { R I T E ( 3 r 6 2 0 1
F0Rf {aT  (  '  - )
P R I N T  (  3 t  6 2 I
FORI {AT  (  -1  A fB  B /C  RHOA/RHO{ I  RHOB/RHOO RHOC/RHOI I ' '
0 0 8 1  J = 1 r  1 1
0 0 8 2  N = t '  1 1
l { R I T E  (  3 r  8 3  I  Y  (  J l  r  Z  ( N l  r  R t I O A  (  J r N l  r R H O B (  J r  N l  r  R H O C  (  J r N l
FoRr {aT  (  2F7 .  t  r 3F9 .3  }
CONTII{UE
CONTINUE
H R r r E  ( 3 , 6 3 0 t
FoRi{AT ( " -)
P R I N T  (  3 , 5 3  )
F O R H A T (  - 1  A I B  g l C  D E L T A ( A )  D E L T A ( B I  D E L T A ( C ) - )
0064  J=1 '  11
0 0 0 5  N = 1 '  1 1
I IR IT€  (3 r  65  |  V  ( J  )  r  Z  (  N l  r  0ELA (  J  r  N l  r  DELB(  J t  N )  t  DELC {  J r  N )
F o R H A T  I  2 F ? . 1 . 3 F 8 . 3 1
C O N T I N U E
CONT INUE
t { R I T E ( 3 ' 6 . r 0 1
FORHAT (  '  ' )
P R I N T  (  3 , 5 4 I
FoRHAT (  -1  A fS  l t c  6AHMA (A )  GAr . f i {A {8 )  GAf r r . rA  (C l - }
0 0 9 1  J = 1 '  1 1
0 0 9 2  N = 1 '  1 1
IIRITE |  3t  93 |  Y (  J l  r  Z (  N I  r  GAHtIAA ( Jr  N I  r  G At ' l l lAB( Jt  Nl  rG Al l l tAC { J r  N}
F 0  R I { A T  (  2 F 7 .  1 , 3 F 8 . 3 t
CONTINUE
CO NT I  NUE

7 0
E O

5 0 0

5 0

6 1 0

6 1

628

6 2

6 3 0

6 3

7 3
7 2
7 t

7 6
75
74

E3
6 2
8 1

E 6
6 5
E 4

6 4 0

54

93
9 2
9 1
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a/c m u r a r r{u ( Bt r , ru (c | - l

r H U A ( J r N l t f ' ' l U 8 ( J r N l  r M U C  ( J r N  I

g l C  T H E T A +  T H E T A .  T A U / T A U O  P S I ' '

T P L S  (  J r N l  r T l { N S  {  J t N )  r  T A U (  J t l ' l )  r  P S I  ( J t N l

Ats B I E D E L T A +  D E L T A - ' }

r  0PLS (  J r t {  |  r 0 l ' lNS  (  J rN l

A lB Bfc GAr{r., tA+GAHI' IA. ' }

6 P L S ( J r N ) r G ! l N S l J r N l

I t R I T E { 3 , 5 5 0 t
F  ORM AT (  '  ' I
P R I N T  (  3 '  6 5 I
FORHAT (  ' 1
0 0 9 4  J : 1 r  1 t
0095  N=1r  11
L R r T E { 3 , 9 6 | V
FORI {AT  T  2F7 .
CONT INUE
C O  N T  I N U E
x R I T E { 3 r 6 6 0 1
FoRf {aT(  '  - )
P R I N T ( 3 ' 5 5 )
FORMAT (  ' 1
00101  J=  1 r  11
0 0 1 0 2  N = 1 r  1 1
h R I T €  ( 3 ' 1 0 3 )
FORTIAT  I  ?F7 .
C O N I  I N U E
CONT INUE
t d R I T E t 3 r 6 7 0 l
F  o R | A T  ( ' -  ' )
P R I N T  (  3 I 6 7 )
FORMAI  {  ' 1
0 0 1 0 4  J = 1  r  1 1
00105  N=1 '  11
r { R I T E  1 3 , 1 0  6 l
F O R H A T  I  2 F 7 .
COI{TI} IUE
CO NT INUE
H R T T E I 3 ' 6 E O '
FORHAI  I  '  - I
P R I N T ( 3 ' 6 E I
F  O  R I {AT  (  ' 1
00111  J= t  r  11
00  11?  N=1r  11
f T R I T E { 3 r 1 1 3 1
FORHAT I  2F7 .
C O N T I N U E
GO NT INUE
t { R t T E  (  3 , 6 9 0 1
F 0 R i l A T  l ' '  - l
00114  J=1 r  11
00115  N=1r  11
CONTINUE
CONT INUE
S T O P
ENO

6 5 $

65

(

Y
1

Y
t

96
9 5
94

6 6 0

o o

1 0 3
1 0 2
1 0 1

670

6 7 .

1 0 5
1 0 5
1 0 4

6 8 0

6 8

, .13
L L Z
111

6 9 0

L L 9
114

R E A L  F U N C T I O N  F U N ( X )
qOr{HON/PAR AII  /A ,  C, NN
B = 1 . 0
G 0 T 0  ( 1 . 0 r 2 0 r 3 0 r 4 8 r 5 0 r 6 0 r 7 0  r  8 0 r 9 0 r 1 0 0 1  r N N

1 8  F U $ = 1 /  (  (  A I A + X l  + r 1 .  5 +  (  B . B + X  l  f r o . 5 +  l C + C + X I
RETURN

2 0  F  U N =  1 /  (  l A r A + X )  + + 0 . 5 i  1 6 + $ + X )  r . 1  . 5 r  (  C t C + X )
RETURN

30  FUN= 1 . /  (  {  A+A+X I  r f 0  .  5 r  (  B r8+X l  : r0 .5+  (  C+C+X l
RETURN

t 0  F u  : 1 /  |  ( A i A + x )  r + 9 . 5 t t  g + g + x l  + + 1 . 5 +  ( c r c + x )
RETURN

5 0  F U t { : 1 /  (  ( A + A + X r : + 1 . 5 + ( B . B + X }  r r 0 . 5 f  t C + C + X )
RETURN

6 0  F U  = 1 /  ( l A + A + X 1 . . 1 . 5 r { g + g + x l  r r 1 . 5 r  ( c r c + x }
RE TURN

70  FUN=X/  (  (  A r  A rX  )  f ro .5 r  (  B :B+x '  + r1 .5 r  (  c r c+x l
RETURN

6 0  FUt {=X /  (  (A rA+X}  + r1 .  5+  (  B rB+Xt  *+0 .51  16+ f ,+X)
RETURN

9 0  F U N = X /  {  (  A f A +  X '  r r 1 . 5 :  (  B | B + X  I  r . 1 . 5 1  1 6 + Q +  X l
RETURN

1 0 0  F U N = 1 . 0 /  {  (  ( A f A + X l r ( B t B + X ) }  ( C r C + X )  l r r 0 . 5 l
RETURN
E N D

A f B

J l  , z  ( N )
, 3 F 8 . 3  )

A t B

( J ) r Z ( N ) r
, f F 8 . 3 t

{ J l  r Z ( N l
, 2 F 8 . 3 '

Y ( J l r Z ( N l r
1 r  2 F 8 . 3 )

c
c

+ r 0 . 5 1

r + 0 . 5 1

+ + 1 . 5 1

r r 1 . 5 l

r r 1 . 5 ,

r r  0 . 5 1
+ r 1 . 5 1

r r 1 . 5 )

f r 0 . 5 l



A I A  B I C  N U  F  l F A  R  B € T A
1 . 0  1 . 0  2 . 5 0 0  1 . 0 0 0  1 . 6 0 0  ? . L L z
a . o  L . L  ? . 5 9 7  1 . o o l  1 . 5 9 8  ? . t t z
1 . 8  L . 2  2 . 5 2 4  1 . 0 0 5  L . 5 9 ?  1 . 1 L 1
I : B  I ; 3  2 . 5 5 9  1 . 0 0 5  1 . 5 8 3  2 . r r 3
1 . 0  1 . 4  2 . 5 8 3  1 .  C 1 8  L . 5 7 2  ? . L ! 4
r . 0  7 . 5  2 . 6 ? 9  1 . 0 1 4  1 . t 6 0  ? , t t ?
1 ; 0  1 . . 6  2 . 6 6 1  1 . 0 1 9  1 . 5 4 8  2 . L L 5
t . 0  L . 7  2 . 7 9 6  t . 0 2 5  L . 5 3 4  2 . L 1 6
1 . 0  1 . E  2 . 7 5 3  1 . 9 3 8  L . s Z !  2 , ! t 7
1 . 0  1 , 9  2 . 8 0 3  1 . 0 3 6  t . 5 0 7  z . L L E
1 . 0  ? . 0  2 . 8 5 4  L . 0 4 2  1 .  r r 9 3  2 . I L A
1 ; i  1 . 0  2 . 5 s 7  1 . 0 0 1  1 . 5 9 q  z . L L z
1 . 1  1 . 1  2 . 5 2 0  r . 0 0 2  1 . 5 9 3  ? . t t ?
1 . 1  L . 2  ? . 5 4 4  1 .  0 0 5  r , t 8 5  2 .  1 1 3
1 . 1  1 .  3  2 . 5 7 6  1 .  0  0 9  r . r 7 \  ? ,  L L 4
I : 1 -  I ;  4  2 . 6 t 4  1 .  o  1 4  L . 5 6 2  2 ,  L L 5
1 . 1  L . '  2 . 6 5 5  1 . 0 1 9  1 , 5 4 9  ? , L L 5
L . t  1 . 6  2 , 7 0 2  1 . 0 2 4  L . 5 3 5  2 . t r 6
1 . 1  L . 7  ? . 7 5 !  1 . 0 3 9  1 . 5 2 L  ? . t r 7
1 . 1  1 . 8  2 . 8 0 3  1 . 0 3 6  7 . 5 9 7  ? , L 1 6
1 . 1  1 . 9  2 . 6 5 7  1 . 0 4 ?  L . \ 9 2  ? . L L g
L . L  2 . 0  2 . 9 1 3  1 . 0 4 9  1 . $ 7 8  2 . ! 2 9
t . z  1 . 0  2 . r ? 5  1 . 0 0 3  L , 5 9 L  2 . 1 1 3
L . ?  1 r 1  2 . 5 4 5  1 '  0 0 5  1 . 5 8 4  2 . L t 3
t . ?  L . 2  ? . 5 7 5  1 . 0 0 9  t . 5 7 4  ? . L 7 4
L . 2  1 . 3  ? . 6 L ?  1 . 0 1 3  L . 5 6 ?  2 . L ! 5
L . 2  1 . 4  ? . 6 5 5  1 .  0 1 8  1 . 5 4 9  2 . t L 6
! . 2  1 . 5  2 . 7 0 3  1 . 0 ? 4  1 . 5 3 5  2 . L 1 . 7
r . 2  1 0 6  2 , ? r 4  1 . 0 3 0  L . 5 2 0  2 . 1 1 8
r . ?  t . 7  2 . 8 0 8  1 . 0 3 6  L . 5 9 5  2 . 1 1 9
L . 2  1 . 8  2 . 8 6 5  1 ' 0 t l J  1 . 4 9 0  2 . 1 2 0
4 . 2  1 . 9  2 . 9 ? 3  1 . ( l r r g  1 . \ 7 5  2 . t z B
L . 2  Z . g  2 . 9 6 3  1 . 0 5 6  1 . 4 6 0  2 . L ? r
1 . 3  1 . 0  2 ' 5 5 3  1 . 0 0 5  7 . 5 8 2  2 . 1 1 r +
1 . 3  1 . 1  ? . 5 7 9  1 . 0 0 9  L . 5 7 3  ? . L t \
i . 3  L . 2  2 . 6 1 9  1 . 0 1 s  L , 5 6 L  2 . L L 5
1 . 3  1 . 3  2 . 6 5 E  1 . 0 1 8  t , , 5 4 1  2 . L L 6
1 . 3  1 . 4  2 . 7 9 6  L . 0 2 4  1 . 5 3 3  Z .  L L $
1  .  3  ! . 5  2 . 7 5 9  1 .  0  3 8  1 .  5 1 8  2 .  L L g
i . 3  7 . 6  2 . 6 L 5  1 . 0 3 7  1 . 5 0 2  2 . 1 2 8
i . 3  L . 7  2 . 6 7 4  1 . 0 E 3  1 . q E 5  ? ' t z r
1 . 3  1 . 0  2 , 9 3 5  1 . 0 5 0  L . 4 7 r  Z . L ? ?
1 . 3  1 , 9  2 . 9 9 E  1 . 0 5 7  L . 4 5 5  2 . t 2 3
, . . 3  2 . 0  3 . 0 6 3  1 . 0 6 4  1 . 4 4 0  2 . 1 ? 4
1 r f  1 . 0  2 . 5 8 E  1 . 0 1 0  t . 5 6 9  ? . L L 5
1 . 4  1 . 1  2 . 6 2 L  1 . 0 1 4  t . 5 5 9  2 .  1 1 5
1 . 4  L . ?  2 . 6 6 2  1 . 0 1 9  t . 5 4 5  2 . ! 7 7
1 r 4  1 . 3  2 . 7 t L  1 . 0 2 4  1 . 5 3 1  Z . L i 6
1 . r l  1 . 4  2 . 7 6 4  1 . 0 3 0  t . 5 L 5  2 . t 2 0
1 . f +  L . 5  2 . 8 ? 2  1 . 0 3 7  1 . 4 9 9  Z . L Z L

l:f t:? l:8fi l:8ll 1:i83 3:Ii3
1 . t l  1 . 8  3 . 0 1 3  1 . 0 5 8  1 . 1 1 5 0  2 , L ? 4
1 . $  1 . 9  3 . 0 E 1  1 . 0 6 5  1 . r i 3 $  Z . t Z 1
1 . t l  2 . 0  3 . 1 5 1  1 . 0 7 3  1 . 4 1 9  2 . L 2 6
1 . 5  1 . 0  2 . 6 3 0  1 . 0 1 5  1 . 5 5 5  ? . ! t 6
L . 5  1 ' 1  2 . 6 6 E  1 . 0 1 9  1 . 5 . r 3  2 . L L $
1 . 5  L . 2  2 . 7 L 6  1 . 0 2 4  ! . 5 2 E  2 . L t g
1 . 5  1 . 3  2 . 7 7 9  1 . 0 3 1  L . 5 ! ?  ? , L ? r
1 . 5  1 . 4  2 . E 2 9  1 . 0 3 7  1 . 4 9 6  2 . L 2 ?
1 . 5  1 . 5  ? . 8 9 ?  1 . 0 4 4  L . 4 7 9  2 , 1 2 3
1 . 5  1 . 6  2 . 9 5 8  1 . 0 5 1  L . \ 6 2  2 . t 2 5
1 . 5  L . 7  3  . 0 2 7  1 .  0  5 9  1 .  . + 4 5  2 .  t ? 6
1 . 5  1 . 8  3 . 0 9 8  1 . 0 5 6  L . 4 2 9  2 , L 2 7
t . 5  1 . 9  3 . L 7 7  L . 9 7 4  1 . . 1 1 3  2 . L 2 8
1 . 5  2 . 0  3 . e 4 5  1 . 0  8 2  t . 3 9 7  2 . t ? 9
1 . 5  1 . 0  2 . 6 7 7  1 . 0 2 0  ' . . 5 4 0  2 . L r 8
1 . 6  1 . 1  2 . 7 2 2  L . g Z 5  ! . 5 2 6  Z . L ? I
1 . 5  L . 2  2 . 7 7 5  1 . 0 3 1  1 . 5 1 0  z . L ? t
1 . 5  1 . 3  ? . E 3 4  1 . 0 3 7  1 . r . 9 3  2 . L 2 3
1 . 5  1 . 4  ? . E 9 9  1 . 0 4 4  L . 4 7 6  ? . t 2 5
1 . 5  1 . 5  2 . 9 6 7  1 . A 5 2  1 . ( 5 E  2 , 1 , 2 6
1 . 6  1 . 6  3 . 0  3 9  1 .  0  5 9  1 . 4 4 1  2 .  L a E
1 . 6  L . 7  3 . 1 1 3  1 . 0 6 7  1 . 1 t 2 3  2 , t ? 9
1 . 6  1 .  E  3 . 1 8 9  1 . 0 7 5  1 .  t r 0 7  2 .  1 3  0
1 . 5  1 . 9  3 . 2 6 7  1 . 0 6 3  1 . 3 9 0  2 . 7 3 2
1 . 6  2 , 9  3 . 3 4 6  1 . 0 9 1  1 . 3 7 4  2 . 1 3 3
1 . 7  1 . 0  2 . 7 2 9  1 . 0 3 6  t . 5 2 4  z . L ? g
L ' . 7  1 . 1  2 . 7 7 9  1 . 0 3 1  1 . 5 0 8  2 . t ? 2
t . 7  ! . ?  2 . 6 3 9  1 . 0 3 7  1 . r + 9 1  2 . L 2 4
1 . 7  1 . 3  2 . 9 0 4  1 . 8 4 4  1 .  t l 7 3  2 . L 2 5
r , 7  1 . 4  2 , 9 7 4  t , g 5 ?  ! . 4 5 5  2 . L 2 8
t . 7  L . 5  3 , 0 4 7  1 . 0 6 0  1 ' r ) 3 7  ? ' t 2 9
L . 7  L . 6  3 . 1 2 t +  1 , . 0 5 8  1 . 4 1 9  e . 1 3 1



203.

t . l  L . 7  3 . 2 0 {  1 . 0 7 5  1 . 4 0 2  ? , ! 3 2
L . 7  1 . 8  3 , 2 E 5  1 . 0 8 h  I . 3 6 4  2 . 4 3 4
L . 7  1 . 9  3 . 3 5 8  r . 0 9 ?  1 . 3 5 8  2 . L 3 5
1 . 7  2 . 0  3 . t r 5 3  1 . 1 0 1  1 . 3 5 2  ? . L 3 7
1 . E  1 . 8  2 . 7 8 5  1 . 0 3 1  1 . 5 0 6  2 . t ? 3
1 . 6  1 . 1  ? . 6 4 2  1 . 0 3 7  1 . 4 9 0  ? , t 2 5
1 . 4  1 . e  2 . 9 8 7  1 . 0 4 4  t . 4 7 2  2 . L 2 7
1 . 6  1 . 3  2 . 9 7 E  L . 9 5 2  1 . 4 5 3  ? . L 2 9
1 . 8  1 . r l  3 . 0 5 3  1 . 8 5 9  1 . 4 3 4  2 . 1 3 1
1 . E  1 . 5  3 . 1 3 2  1 . 0 5 8  1 . 4 1 5  2 . 1 J 3
1 . 8  1 . 6  3 . 2 1 5  L . i 7 6  L . 3 9 7  ? . L 3 4
1 . E  1 . 7  3 . 3 0 0  1 . 0 8 5  1 . J 7 9  2 .  1 3 6
1 . 8  1 r 8  3 . 3 8 6  1 . 0 9 3  1 . 3 6 2  2 . 1 5 E
1 . 6  1 . 9  3 . 4 7 5  1 . 1 0 2  1 , 3 4 5  2 . L 3 9
1 . 8  ? . 0  3 . 5 6 5  1 .  1 1 1  1 . 3 2 9  2 . 1 4 L
1 . 9  1 . 0  2 . 8 4 4  1 . 0 3 8  1 . 4 8 9  2 . 1 ? 5
1 . 9  1 . 1  2 . 9 0 6  1 . 0 4 t +  1 . 1 0 7 1  2 . L ? 7
1 . 9  1 . 2  2 . 9 7 8  1 . 0 5 1  L . 4 5 2  2 . 1 3 0
1 . 9  1 . 3  3 . 0 5 5  1 . 0 5 9  1 . t r 3 2  2 . L 3 2
1 . 9  1 , 4  3 . 1 3 7  1 . 0 6 7  1 . 4 1 3  2 . 1 3 4
1 ' 9  t , 5  3 . 2 2 2  1 . 0 7 5  1 . 3 9 . 1  e . 1 3 6
1 . 9  1 . 6  3 . 3 1 0  1 . 0 8 5  1 . 3 7 5  2 . 1 3 8
1 . 9  L . 7  3 . q 0 0  1 . 0 9 3  t . 3 5 7  2 , 1 4 9
1 . 9  1 . 8  3 . r f 9 2  t .  1 0 2  1 . 3 4 0  2 . L 4 2
1 . 9  1 . 9  3 . 5 8 6  1 .  1 1 1  1 . 3 2 3  2 . 1 4 3
1 . 9  ? . 0  3 1 6 6 1  1 . 1 2 0  1 . J 0 7  2 . 1 4 5
? . 0  1 . 0  2 . 9 0 8  1 . 0 4 4  1 . 4 7 0  Z . L ? 6
? . 0  1 . 1  2 . 9 7 7  1 . 0 5 1  1 . r r 5 1  2 . 1 3 i 1
? . 8  t . 2  3 . 0 5 4  1 . 0 5 9  1 . 4 3 2  2 . 1 3 3
2 . 4  1 . 3  3 . 1 3 7  1 . 0 6 7  L . , I L Z  2 ' 1 3 5
e . 0  1 . 4  3 . 2 ? 4  t . 8 7 5  t . 3 9 2  2 . L 3 8
1 . 9  1 . 5  3 . 3 1 5  1 . 0 6 . r  t , 3 7 2  ? . L 4 0
2 . 0  1 . 6  3 . t 1 0 6  1 . 0 9 3  1 . 3 5 $  2 . 1 4 7
? . 0  L . 7  3 . 5 0 4  L . L A Z  1 . 3 3 5  2 . L 4 4
2 . 8  1  .  E  3  . 6 0  2  L .  L t ?  1 .  3 1 8  2 .  1 t + 6
? . 9  ! . 9  3 . 7 t J 2  1 . 1 2 1  1 . 3 0 1  e . 1 4 8
e . 0  ? . s  3 . 8 0 3  1 . 1 3 0  1 . ? 8 5  ? , ! \ 9
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A l B  A / C  C A I C 8  C B / C o  C C I C 0
1 . 9  1 . 0  1 . 0 0 0  1 . 0 0 0  1 . 0 0 0
1 . S  1 . 1  . 9 8 5  . 9 8 6  1 . 0 t i 0
l . q  L , ?  . 9 9 !  . e E J  1 ; 0 s i1 .  q  1 . 3  .  9 6 8  . 9 E 8  L . i 2 1
1 . 0  1 . 4  . 9 9 8  .  9 9 8  1 . 1 5 2
1 . 0  1 . 5  1 . 0 1 3  1 . 0 1 J  1 . 2 0 3
1 . 9  1 . 5  1 . 0 3 e  f . i l  3 2  I . 2 4 +
1 . 0  L . 7  1 .  0  5 4  1 .  0  5 4  I . 2  a 6
1 . q  1 . q  1 . 0 7 8  1 . 0 7 8  I . 3 2 7l . U  1 . 9  1 . 1 t 4  1 . 1 0 4  1 . 5 5 8
1 . S  2 . s  1 . 1 3 2  1 . 1 3 2  1 . 4 1 0
1 . 1  1 o 0  . 9 6 1 r  t , . O ? 5  1 . 0 e 5
1 . 1  1 . 1  , 9 5 2  1 . 0 2 0  L . A 6 7
1 . 1  L . 2  . 9 5 0  1 . 0 2 6  1 . 1 1 0
1 . 1  1 . 3  . 9 5 5  1 . 0 3 8  1 . 1 5 3
1 0 1  1 . . +  . 9 6 5  1 . 0 5 5  f . i 9 6
1 . 1  1 .  5  . 9 8 1  1 .  0  z 8  I . 2 4 0
1 . 1  1 . 6  1 . 0 0 0  1 . 1 { 1 3  1 . 2 8 s
1 . 1  L . 7  r . 0 2 L  L . t 3 2  L . 3 2 71 . 1  1 . Q  1 . 0 4 5  r . L 6 2  i . J 7 0
1 . 1  1 . 9  r . O 7 t  1 . 1 9 5  1 . 4 1 4
1 . 1  2 . 0  1 , 0  9 9  L . 2 ? 9  1 . 4 5 0
L . 4  1 .  ( l  . 9 J 4  1 .  o  5 8  i .  o  s aL . z  1 . 1  . 9 2 3  1 . 0 6 2  i . 1 0 3
\ . ?  L . ?  , 9 2 ?  1 . 0 7 5  r . i i a
L . 1  1 . 3  . 9 2 8  1 . 0 9 5  r . r e a
L . ?  1 . 4  . 9 3 9  1 . 1 2 0  i . 2 4 0
L . ?  L . 5  . e 5 5  1 . 1 5 0  i . 2 8 6
L . 1  1 . 9  . 9 7 3  1 . 1 8 2  1 . 3 J 2
r . ?  1 . 7  . 9 9 5  L . 2 ! 7  i . 3 Z a
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1 . 6  L . 2  . 7 7 ?  . 1 2 4  L . L 2 6  . 9 9 1
r .  a  1 .  3  . L 7 0  .  1 1 9  7 . L 5 q  .  9 E 8
i . 5  1 . . +  . 1 6 6  . 1 1 4  1 . 1 8 9  . ? C 6
I : 6  1 : 5  . 1 6 2  . 1 1 0  L . 2 2 4  . 9 8 3
1 . 6  1 . 6  . 1 5 8  . 1 0 6  ! . 2 6 2  . 9 8 8
r . e  1 . ?  . 1 5 r +  . L t ?  1 . 3 0 2  . 9 7 7
1 . 5  1 . 8  . 1 5 0  . 0 9 E  1 . 3 4 4  . 9 2 4
1 . 6  r . S  . 1 4 5  . 0 9 5  1 . 3 ! 6  . 9 7 L
I . 6  2 . 8  . t 4 2  .  o e 1  1 . 4 3 0  . 9 6 9
i . T  1 , 0  . L 7 5  . L 2 7  1 . 1 0 2  . 9 9 3
L . 7  1 . 1  . 1 7 4  . 7 2 2  1 .  t  U  4  . 9 9 2
1 . 7  t . 2  . L 7 ?  . 1 1 7  L . t ' L  . 9 9 0
I . 7  i . 3  . 1 6 9  . 1 1 3  1 . 1 8 2  . 9 C C
I . 7  i . e  . 1 6 5  . 1 0 6  a . 2 1 6  . 9 8 5
L . 7  1 . 5  . L 6 ?  . 1 0 t  L , 2 5 3  . 9 8 3
1 . 7  1 . 5  . 1 5 8  . 1 8 c  1 . a $  . 9 6 0
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A t A  A l C  B E L T A +  D E L T A -
1 . 0  1 . 0  2 . 5 0 0  2 . 5 0 0
1 . 0  1 . 1  2 . 5 4 1  2 . 4 5 4
1 . 0  L . Z  2 . 5 6 8  2 . 4 1 3
1 . 0  1 . 3  2 . 5 8 ?  2 . 3 7 7
1 . 0  1 . 4  2 . 5 8 8  2 . 3 r + 4
1 . 0  t . 5  2 . 5 8 6  2 . 3 1 4
1 . 0  1 . 5  2 . 5 7 9  2 . 2 8 6
1 , 0  t , 7  2 . 5 6 8  2 , ? 9 9
1 . 0  1 . 8  2 . 5 5 5  2 , 2 3 5
1 . 0  1 . 9  2 . 5 3 9  Z . ? t Z
1 . 0  2 . t  2 . 5 2 2  2 . 1 9 0
1 . 1  1 . 0  2 . 5 4 9  2 . 4 4 6
1 . 1  1 . 1  2 . 5 7 7  2 . 4 1 0
1 . 1  t . 2  2 . 5 9 5  2 . 3 7 ?
1 . 1  1 . 3  ? . 6 0 5  ? . 3 3 7
1 . 1  1 . 4  2 . 5 0  5  2 .  3  0  5
1 . 1  1 . 5  2 . 6 9 1  2 . 2 7 4
1 . 1  1 . 6  2 . 5 9 2  2 . 2 4 6
1 . 1  L . 7  2 . 5 7 9  2 . 2 2 9
1 . 1  1 . 6  2 . 5 6 4  Z .  L 9 5
1 . 1  1 . 9  2 . 5 4 7  2 . t 7 ?
1 . 1  ? . 9  2 , 5 ? 9  ? . . r 5 1
L . 2  1 . 0  ? . 5 9 9  2 , 3 8 7
L . 2  1 . 1  2 . 6 2 4  2 . 3 5 0
t . ?  L . 2  2 . 6 4 1  2 . 3 1 3
L . 2  1 .  J  2 . 6 4 8  ? " 2 7 7
L . 2  1 o  t r  2 . 6 4 E  2 . 2 4 5
1 . 2  L . 5  2 . 6 4 ?  ? . 2 L 4
L . 2  1 . 6  2 . 6 3 2  2 . 1 8 5
L . ?  L . 7  2 . 6 ! 9  ? , 1 5 9
L . ?  1 . 8  ? . 6 9 4  2 .  1 3 4
L , ?  1 . 9  2 , 5 6 7  2 .  L r L
t . 2  ? . 0  2 . 5 7 9  ? . 0 8 9
1 . s  1 . 0  2 . 6 4 6  2 . 3 ? 6
1 . 3  1 . 1  2 . 6 7 5  ? . ? 8 6
1 . 3  t . 2  2 . 6 9 2  2 , 2 4 E
1 . 3  1 . 3  ? . 7 0 0  2 , 2 L 2
1 .  J  1 . 4  2 . 7  8 E  2 ,  r 7 8
t . J  1 . 5  2 . 6 9 5  2 . ! \ 7
1 . 3  1 . 5  ? . 6 8 6  2 .  1 1 6
1 . 3  I . t  2 . 6 7 4  2 . 0 9 1
1 . 3  1 . 8  2 . 6 6 9  2 . 0 6 6
1 . 3  1 . 9  ? . 6 4 4  2 .  0 4 3
1 . 3  2 . 0  ? . 6 2 7  2 . 0 ? L
1 . 4  1 . 0  2 . 6 9 9  2 . 2 6 \
l . t l  1 . 1  2 . 7 2 9  2 . 2 2 ?
1 . 4  L . 2  2 . 7  \ E  2 . 1 8 3
1 . 4  1 . 3  ? . 7 5 7  2 . t 4 6
1 . 4  1 . 4  2 . 7 5 9  2 . t L 2
1 .  r +  ! . 5  ? . 7 5 6  2 . 9 8 !
1 . b  L . 6  2 . 7 4 8  2 . 9 5 !
1 . 4  L . 7  2 . 7 3 7  2 . 0 2 4' 1 . 4  1 . 8  2 . 7 2 4  1 . 9 9 9
1 . 4  1 . 9  ? . 7 L 0  1 . 9 7 6
1 . 4  2 . 0  ? . 6 9 4  1 . 9 5 4
t . 5  1 . 0  ? . 7 5 2  2 . 2 9 3
L . 5  1 . 1  2 . 7 6 5  2 . L 6 0
1 . 5  L . 2  2 . E 0 7  Z . ! r 9
1 . 5  1 . 3  2 , 8 1 8  2 . t 8 2
1 . 5  1 . 4  2 . 8 2 3  2 .  g 4 e
1 . . 5  1 . 5  2 . 8 2 L  2 . 0 1 6
1 . 5  t . 6  2 . 8 L 5  1 . 9 8 7
1 . 5  L . 7  2 . E 0 6  1 . 9 6 1
1 0 5  1 . 8  2 . 7 9 5  1 .  9 3 5
L . 5  1 . 9  2 . 7 6 L  1 . 9 1 3
1 . 5  2 . 8  ? . 7 6 7  1 .  E 9 2
1 . 5  1 . 0  2 . 8 0 6  ? . L \ t +
1 . 6  1 . 1  ? . E 4 4  2 . 1 0 0
1 . 6  L . 2  2 . 6 6 6  2 . 9 5 9
1 . 5  1 . 3  2 . 6 8 3  ? . 0 2 7
1 . 6  1 . 4  e . 8 9 0  L . 9 6 7
1 . 5  t . 5  2 . 8 9 L  1 . 9 5 6
1 . 5  1 . 5  2 . 8 8 7  L . 9 2 7
1 . 6  t . 7  2 . 6 8 0  1 . 9 0 1
1 . 6  1 . 8  2 . 8 7 9  L . 6 7 7
1 . 6  1 . 9  ? . 8 5 8  1 . 8 5 4
1 . 5  Z . g  ? . 8 4 5  1 . 6 3 4
! . 7  1 . 0  2 . E 6 3  ? . 0 8 7
L . 7  1 . 1  2 . 9 0 5  2 . 0 4 2
! . 7  1 . 2  2 . 9 3 3  e .  0  0 1
t . 7  1 . 3  2 . 9 5 !  1 . 9 6 4
r . 7  1 . 4  e . 9 6 1  1 . 9 3 0
L . 7  t . 5  2 . 9 6 5  1 . 8 9 9
t . 7  1 . 6  2 . 9 6 3  t .  E 7 t



) 1 . '

i : l  1:6 l :3i8 i :81?
7 . t  1 . e  2 . 9 J 9  1 . 8 0 0
L . 7  2 . 0  2 . 9 2 7  1 . 7 q q
1 : 6  1 . 0  2 . 9 ? Z  2 . 0 3 3

l :3 t:2 3:BBl 1:338
i :8 l : i  ! :838 l :3*8
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1:8 l :6  i :833 i : i? I
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1 . 8  2 . 8  3 . 0 1 t +  1 . 7 3 0
I . 9  1 .  ( l  2 . 9 8 3  1 .  9 8 1
1 : 9  1 . 1  3 . 0 3 5  r . 9 3 6
i . 9  L . z  3 . 0 7 1  1 . 6 9 5
i . 9  1 .  J  3 .  o  9 7  1 .  8 5 9
1 . 9  1 . t +  3 . 1 1 J  t . E Z o
1 : 9  I . 5  3 . L 2 2  L . 7 9 7
I . 9  1 . 6  3 . L 2 5  L . 7 7 0
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1 . 0  1 . 0  1 . 0 0 0  1 . 0 0 0
1 . 0  L t |  1 . 0 1 5  . 9 8 1
1 . 9  t . 2  1 . 0 2 5  . 9 6 5
1 . 0  1 . 3  1 . 0 3 1  . 9 4 9
1 . 0  1 . r r  1 . 0 3 2  . 9 3 5
1 .  C  L . 5  1 . 0  3 1  . 9 2 2
1 . 0  1 . 5  L . g ? 7  . 9 1 0
1 . 0  L . 7  1 . 0 2 1  . 6 9 8
1 . 0  1 . 8  1 . 0 1 5  . 8 0 8
1 . 0  r . 9  1 . 0 0 8  . 6 7 t
1 . 0  2 . 9  1 . 0 ! B  . 8 6 6
1 . 1  1 . 0  1 . 0 2 9  . 9 7 8
1 . 1  1 . 1  1 . 0 5 9  . 9 5 3
1 o 1  L . 2  1 . 0 3 7  . 9 4 7
1 . 1  1 . 3  1 , 0 3 9  . 9 3 2
1 . : .  1 . 4  1 . 0 3 9  . 9 1 E
1 . 1  1 . 5  1 . 0 3 5  . 9 0 5
1 . 1  1 . 6  1 . 0 s 0  . 8 9 3
1 . 1  L . 7  1 . 0 ? 4  . 8 8 1
1 . 1  1 . E  1 . 0 1 7  . 8 7 I
1 . 1  1 . 9  1 . 0 8 9  . 8 6 1
1 . 1  2 . 0  1 . 0 0 1  . 8 5 L
L . 2  1 . 0  1 . 0 3 8  . 9 5 4
L . Z  1 . 1  1 . 0 4 8  .  9 3 8
L . 2  L . 2  1 . 0 5 3  . 9 2 2
L . 2  1 . 3  1 . 0 5 5  . 9 0 7
t . 2  1 . 4  1 . 0 5 3  . 8 9 3
! . ?  t . 5  1 . 8 5 0  . 8 6 0
L . 2  1 . 5  1 . 0 r . 4  . 6 5 7
L . 2  L , 7  1 . 0 3 E  . 6 5 5
1 . e  1 , 8  1 . 0 3 0  1 8 4 4
t . ?  1 . 9  1 . 0 2 3  . 8 3 4
L . ?  2 . 0  1 . 0 1 5  .  E 2 5
1 " 3  1 . 0  1 . 0 5 7  . 9 2 E
1 . 3  1 . 1  1 .  0  5 6  .  9 1 1
1 . 3  L . 2  t . 9 7 2  . 6 9 5
1 . 3  1 . 3  1 . 0 7 3  . 8 7 9
1 r 3  1 . 4  L . 0 7 ?  . 6 6 5
1 . 3  L . 5  1 . 0 5 E  . 6 5 1
1 . 3  1 . 6  1 .  0  6 3  . 8 3 8
1 . 3  L . 7  t . 0 5 7  . 8 2 6
1 . 3  1 . 8  1 . 0 4 9  . 8 1 5
1 . 3  1 . 9  ! . 0 4 2  .  E  0 5
1 . 3  a . 0  1 . 0 3 1 +  . 7 9 5
1 . t +  1 . 0  L . 0 7 5  , 9 B ?
1 . 4  1 . 1  1 . 0 8 5  . E 0 4
1 . 4  L . Z  1 . 0 9 1  . 6 6 7
1 . o 4  1 . 3  1 . 0 9 3  . 8 5 1
t o 4  1 . 4  1 . 0 9 e  . 8 3 6
1 . f r  1 . 5  1 . 0 8 9  . 8 2 2
1 . 4  1 . 6  1 , 0 8 4  . 8 0 9
1 . 4  t . 7  1 . 0 7 8  . 7 9 7
1 . 4  1 . 8  1 . 0 7 1 .  . 7 A 6
1 . 4  1 . 9  1 . 0 6 4  . 7 7 6
1 . 4  2 . 0  1 . 0 5 6  . 7 6 6
t . 5  1 . 8  1 . 0 9 9  , 8 7 6
L . 5  1 . 1  1 . 1 0 5  . 8 5 7
L . 5  1 . 2  1 . 1 1 1  . 8  3 9
1 . 5  1 . 3  1 . 1 1 4  . 6 2 3
L . 5  1 . . r  1 . 1 1 3  . 8 9 8
1 . 5  1 . 5  1 . 1 1 1  . 7 9 4
1 . 5  1 . 6  1 . 1 0 6  . 7 8 1
1 , 5  ! . 7  1 . 1 0 1  . 7 5 9
! . 5  1 . 6  1 . 0 9 r r  . 7 5 8
1 . 5  1 . 9  1 . 0 E 7  . 7 4 8
L . 5  ? . 9  1 . 8 8 0  . 7 3 8
1 , 6  1 . 0  1 . 1 1 3  . E 5 0
t . 6  1 . 1  ! . 1 2 5  . 8 3 1 .
1 . 5  L . 2  L . L 3 2  .  E 1 2
1 . 6  1 . J  ! . t 3 5  . 7 9 6
1 . 6  1 . I r  1 . 1 3 6  . 7 E 1
1 . 6  1 . 5  1 , 1 3 3  . 7 6 7
1 . 6  L . 6  1 , 1 3 0  . 7 5 4
1 . 6  L . 7  1 , . 7 2 5  . 7 4 2
1 . 5  1 . 8  1 . 1 1 9  . 7 3 L
1 . 6  1 . 9  L . L L ?  . 7 2 L
1 . 5  2 . t  L , L s 5  . 7 ! 2
L . 7  1 . 0  t . L 3 2  . 8 2 5
L . 7  1 . 1  1 . 1 4 5  . E 0 5
t r 7  L . 2  1 . 1 5 4  . 7 8 7
7 . 7  1 . 3  1 . 1 5 8  . 7 7 8
t . 7  1 . 4  1 . 1 5 9  . 7 5 5
t . 7  L . 5  L . L 5 7  . 7 4 !
L . 7  1 . 6  1 . 1 5 4  , 7  2 9
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C A L L  C O N T O U R  P L O T T I N G  R O U T I N E

c
c

c

3 0
4 0
4 5

+
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+
+
+
+

7 8
o u

c

PE0GRA l {  l t {  A  IN (  I  NPU T '  QUTPUT,  T  APE 2 : I  NPUT,  T  AP:  J=QUTp U T  }co r. f l . toN/PA RAH /A, c. NN
E X T € R N A L  F U N
O I I E N S I 0 N  A L P H A {  1 0 , 2 ! '  2 ! l  r N U ( 2 1 r ? 1 } ,  h (  1 0  }R E  A L  N U
N N = i
q q H q u T E  T H E  E L L I p T T C  I N T : G R A L S
D O ! + 5  K = 1 ' 1 0
A = 0 . 9
NN:NN +  1
D O 4 C  f = 1 r Z 1
A = A + 0 . 1
C : 1 . 0 / 0 . 9
0 0 3 0  N = 1 . 2 1
C = C /  l t . 0 +  C  . 1 r C  )
t E I _ l 1 f i l T s  F Q g  N U i l e R I C A L  I N T E G R A T I 0 N  ( T H E S E  L I i l I T SpELQH_ kAVE BeEN prEvrousr_i  rEsi io-Fr jn 

'couuEnsir . ie 
i rA A = U . 0

B B =  1 0  0  0 0 0 3
I F  ( N N .  E q .  1 6 t  B B = 5 d 0 0 C  0 C 0 0
H A x D I V = 5 0
E P S : 1 .  0 E - 0 I
A C C = 0 .  A
I F A T L = O
Q A L ! .  ! . ( r _ : ! 4 q -  L I B R I R Y _ - R ? U T I N E  F 0 R  N U T . I E R r C A L  E V A L U A T I 0 N
QE- IH_E- I {TEGIALS  -ALpHA. :  E I !EN  !N  iH r - s I i ao i j i r n i  dE lo i - 'q  A !L  .  o  c  1a E F (  a  a ,  BB,  FUN, u n xo I  v  i t  p  S,  I  cC,  I  NS i  E i  qo a,  n-c  F U;v-  i  i  r l  r  r_  IA L P H A  ( N N , I  I N I  =  A N S
C O N T I N U E
CONTINUE
C O N T  I N U €
B = 1 . 0
A : g  '  9
0 0 8 1  J = 1 , 2 1
A = A + 0 . 1
C = 1 . 9 / 0 . 9
D O 7 0  N = 1 '  2 1
C = C / ( 1 . 0 + 0 . 1 + C l
N O I I  . C O H P U T E .  T H E  F U N C T I g N  v I L U E S  U S I N G  T H E  - ! T o c E O  I N T E G I ? A L  V A L U E SN U ( J ' N I  = | L . 0 / 1 a + B r c r  |  .  (  (  + .  l l t s . ; i  z 7  ( r r - p r i q  r 7 , J , i l i + i i - p F i  i 3 i r i r ' , i i -  

- -
+aLpHa  {9 ,  J r  N  )  I  /  (  ALpHA !8 I  J I  N  )  +  ! 1_p , . r n  r  g  i . J ,  \  r  +ALp  n i  r  C ,  u ,  r r  i ; i  I Fnaf  Z . , J , N r . t A L p H A ( 7 , J , N t . : 4 L p r . ! 4 . ! s r J ; N l l i i i i . o t _ s . e t ; r i i 4 I F , i q r i i ; , r r
l l L p H 4 t J ! J ? { , t . / a A L p H A _ ( 4 , J , N f 1 ( g i E i A l p l - i A ! ? ; J ; i r l i i ! C ; i l F ; I i j , . 1 , u rr  I  r - t J  !A l p r iA  ( J , J ,N r  + l !B l l . ( 1_ r { r  n r  r  z  r a t pHA  i i ; i ;  t ' l  i +  l 6 i 6 ; [ 1_p f r i i i ;  i ,  N )+ A T A T A L p H A  !  l  r J r  N  l  |  , l  l ! J A L ? H A  i  l , J ,  N l  a q L p i i A  i Z  i  J , x  i  i u  i a r - F r i l d , . 1 ,  r r

- : L_q :A :4LpHA {  1 r  J r  N t  +B rB f  4LpHa  t  2  i J i n r t  t  i  I  r  r
C O N T I N U E
CO NT I  NUE

r  f , . 0 r  1 . 0  r  3 . 0  |

N U 1 1  1 2 1 r  2 1 r  L  t Z t t  2 i r H r  1  r  1 3  )

CALL  PAPE '?  {  1
H  (  1 ,  = 2 . 5
H ( 2 ) = 3 . 0
H l 3 l = 3 . 5
H { 4 ) = 4 . 0
H ( 5 ) = 4 . 5
H  (  6 l  : 5  . 0
H ( 7 ) = 5 . 5
H  (  8 l  = 6 . 0
H ( 9 r : 6 . 5
H ( 1 g l = 7 . 0
C A L L  } 1 A P { 1 . t s
C A L L  S C { L E S
C A L L  B O R D E R
CALL  COI . ITRL  (
C A L L  G R E N O
s T 0 p
E N O



c

R E A L  F U N C T I O T {  F U N ( X )

9 9 l H 8 N / P A R A H / A , c , N N
I I I 0 I 1 !  r ^ | !  2  3 0 I  ! a  '  5  B  , 6 0  r  7 I  r  8  C  r  9  0  r  I 0 , . 1  L  N N
F H T 0 A (  I  ( A r  A + x t  r + 1 . 5 .  (  B i B ; x )  i i 0  : 6 r  i  a ; i ; i )  ' ,  c . l r

F g T ; A {  
(  ( A r A + x )  r + 0 . 5 +  l s r g + x  r  r r 1 . 5 }  ( c r c f x )  r + 8 . 5 '

I g T T T T T ; * (  
{  ( A } A + x )  + r 8 . 5 +  (  8 r B + x t  { { 0 . 5 i  1 6 + 6 + x t  a + L . 5 r

[ g f f i A (  
(  t A r A + x t  f . 8 .  5 ?  ( B r B + x ,  ] ] ! .  5 ]  (  c ' c + x f  + r 1 . 5 r

[HHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHHH$A( 
| (ArA+X)r+1.5r (B+B+x) rr0.5r (crcrxr a+!,51

F H f f i * (  
(  ( A + A + X )  f . ; 1 . 5 : { B ' B + X }  + r 1  . 5 :  ( C r C + x t r r 0 . 5 t

[ g i ; I (  
(  ( a r A + x )  r . 0 .  5 r  I  B r B + x  |  + . r 1 .  5 f  ( C + o + x t  + + 1 .  5 r

F H T ; I (  
{  {  a : A +  X }  r r 1 . 5 f  (  B r B + x  }  + + 0  . 5 +  (  C i C }  x r  ' +  1 . 5  )

F H T ; { (  
(  ( A r A + x  I  r + 1 . 5 '  (  B i B + x  ,  + r 1 . 5 +  (  C r C +  x f  r r 0 .  i  )

I H T U A l 0 ,  t  (  ( A r A ] x l  + ( B + B + x t  * ( c a c  ] x ]  r ' r 0 .  5 r
E N O

2 g

3 0

4 0

5 3

6 0

7 g

8 8
q n

1 0 0



Procram 4

r + r + t + a * + +  I  t + +  + l r + t  r + r i l + + + +  +  l + + +  +  l l  I  l r + + : i + r  r  l r + l  + + f t  t ] t  + + l l  I
THIS  PROGRA} I  G IVES PLOTS OF THE L INE SOLUTIONS OF THE
V A R I O U S  T R I A X I A L  S H A P E  F U N C T l O N S  {  A S  T A B U L A T E D  I N  T B €
P R E V I O U S  P R O G R A M )  F O R  A X I A L  R A T I O S  A / 8  =  8 / C  =  1 r 5 r  f N
OROER TO OETERI . I INE  THE BEST COHSINATION FOR PROOUCING
A  U N I O U E  S O L U T I O N .

+ t t  ++ l++ r+ f+ f  l l . r + l  f  + f  l l  + ; t +  +  I  l +++ l t f  t ++ l  t ++ r f  + ] l l t r  + l+  l ++ : i  |  + t r

c

c

PROGRAH HA IN  (  I  NPUT '  OUTPUT r  T  APE 2= I  NPUT '  TAPE 3=OUTPUT I
CO l ' tH0N/PARAH /  A  r  C t  NN
EXTERI {AL  FUN
0 I t { E N S I 0 N  A L P H A ( 1 0 r 2 1 . r 2 1 1 r N U ( 2 1 r 2 L l  r F  l 2 ! t  2 1 1  r R  ( 2 1 r 2 1 1 t  H ( 1 }

+  ;  B E T A l 2 1 .  Z i  I ' C A  Q  l ' 2 ! ,  r C B  (  2 1 r  2 1 t ' C C  l ? L r  ? L l  r H  (  2 1 r  2 t l  r 0  1 2 1 , t  2 L ,
+ ; P l 2 L l � ? L t  ' T p L S  l 2 1 r  2 1 l  r  T  l ' l N S  l 2 L r Z L t  t R H 0 A l  Z L t Z L ,  r R H 0 8 (  ? L 1 2 L l
+  ;  R H o c  a z l ,  z L t  r  T A U  ( 2 1 i  2 1 t , P S r  l ? L , 2 L r  r D E L A  ( 2 1 r 2 1  ) , 0 E L B  ( 2 1 ,  z 1  I
+ ; D E L C I 2 L ; ? L l ; 6 A H H A A l 2 7 r ? L l ' G A M l , , l A 8 ( 2 t t Z L r r G A H t { A C l ? L r Z L l r l ' l U A ( 2 1 ' 2 1 1
+  r l { U B  l 2 ! t Z t l  r  t { U C  (  2 1 r  2 1 1  r  D P L  S  1 2  L r Z  L ,  i  0 M N S  l 2 t  |  2 L ,  r  G P L S  t 2 1 r  Z l )
+  r G H N S  l ? t r z L l  r Y  ( 2 t t ? L l
+  ;  X 1  ( 2 1 r 2 1  l .  X Z  ( e 1  r 2 1 )  r  X 3  ( ? ! t ? t t ' X 4  ( 2 1 '  2 1 l '  X 5  1 ? t t  2 L ,
+  ; r  L  t ? L a  ? L t  t  f  ? t ? L t 2 1 , l  r  T 3  (  2 1 r  2 1 )  1 T 4  ( 2 1 r  Z L l  t  f 5 1 2  L , ? L l

RE AL NU r H r  0r P r  l i lUA r HUB r l ' l  UC r PSI
COI4PUTE THE ELL IPT ]C  I i ITE6RALS
f,lN:0
0 0 4 5  K  = 1 r  1 0
A = 0 . 9 5
NN=NN + 1
9O40  I  =1 r  21
A = A + 0 .  0 5
C = 1 . 0 / 0 . 9 5
DO30  t {=1 r  21
C = C / ( 1 . 0 + 0 . 8 5 r c l
SET L I I . I ITS  FOR NUI {ERICAL  INTEGRATION (T i IESE L I I { ITS
EELOH HAVE BEEI {  PREVIOUSLY TESTED FOR CONVER6ENCE}
A A = 0 o 0
8 B = 1 0 0 0 0 0 0
IF  {N l , l .  EQ.10 )  BB=5 t }  00  0  0  0c  0

A  XOIV=50
E P S : 1 , 0 E - 0  8
AGC=0.  0

E[t l t63* .  -NA6-  LTBRARv R0urrNE F0R N'HERTcAL EvALUATToN
OF THE INT€GRALS 'ALPHA-  G IVEN I I {  THE SUAROUTINE SELOH
CALL  0  g1AGF (  AA  rBBrFU l { r l lAX0 f  V rEPSt  ACCtA l lS t  E  RROR r  N0FUI ' | r  f  FA IL )
A L P H A ( N N ' I r H l = A t { S

3O CONTINUE
ro0  CONTINUE
4 5  C O N T I N U E

8=1 .  0
A = 0 . 9 5
0 0 6 0  J = 1 '  2 1
A = A + 0 . 0 5
G = 1 . 0 / 0 ' 9 5
0 0 7 0  N =  1 '  2 1
C = C / ( 1 . 0 + 0 . 0 5 r C 1
NOI I  COHPUTE THE FUNCTION VALU€S USING TH€ STOREO INTEGRAL YALUES
N U  t J . N ) =  t 1 . 0 /  ( A + B r c )  l  r  (  (  { + .  0 / 1 5 . a |  r  (  (  A L P H  A  (  7 ,  J ,  N l  +  A L P H  A  |  8 r  J r  N l

+  + A L P H A  ( 9 r  J r  N  I  I /  (  A L P H A  (  8 '  J '  N )  + A L P H A (  9 I  J '  N I  + A L P  H  A  I 9  ' J ' N I  I A L P H A
+  (  7  r J r  N t  + A  L P H  A  (  7  r J  r 1 1  r q g P H A  (  8 r  J  r N  t  ) ,  +  |  1 . 0 1 5 . 0  )  r  {  !  t 4 L P H 4  t ?  r  J r N )
+  + A L P H A  ( 3  r  J r  { l  } /  ( A L P H A  ( 4 r  J r  N l +  l 8 + B f  A L P H A  ( 4 ,  J t  N  )  + C ! C ! A L P H A  (  3 r J '  N }
+  I  |  )  +  l  ( A L p H A (  3 ,  J ,  N )  + A L P H  A (  1  r  J r  N l  )  /  ( A L P H A  ( 5  r J r N  ) r  ( C + C T A L P H A  ( 3 r  J  r  N )
+  + A + A + A L P H A  |  1  r  J r N l  )  I  |  + (  ( A L P H A  (  1 r J  r  N l  + A L P H A  ( 2 r J  r N  I  l /  (  A L P H A  (  5 r  J r  N l
+  r ( A T A T A L p H A ( l r J r N l + B . B T A L p H A ( 2 r J r N l  I  )  I  I  )

F  (  J r  N l  . 2 .  I  /  l {  ( A f  B + C )  f  +  (  1 .  0 / 3 .  I  |  ) T A L P H A  ( 1 C  r  J r  N )  I
R  (  J .  N l  = 2 . 0  |  (  1 . 0 +  ( F  ( J r  N  l  r + 3 . 0 1  )  / l , t U  (  J r  N )
B E T A  ( J r N l  =  ( 1 . 0 / 1 0 0 0 0 0 0 . 0 1 + (  {  ( 6 . t ? $ 9 r +  (  1 . 1 / J . 6 1  ) r  ( 1 0 . 0 r + (  2 3 . 0 / 3 . 0

+  l l l  |  (  i  1 6 2  0 0 . 0  1 3 . 1 4 1 5 9 2 6 5 4 +  3 .  1 4 1 5  9 ? 6 5 4 1 ' +  ( 1 . 6 / 3 .  C 1 )  l  + { N U ( J t N l
+  r r ( 1 .  c / 3 . 0 1 I  / F ( J r N )

t l  (  J '  N )  =  ( B r B + C + C )  /  (  B T B T A L P H  A  ( 2 r  J r N  I  i C t C + A L P H A  ( 3  r J r  N l  )
0  (  J '  N )  =  (  C r  C +  A . A )  /  (  C + C T A L P H A  ( 3 r  J r N  )  + A !  A r A L  P  H A  {  l  r J r  N }  }
p  (  J , N l  =  (  A r A + B r B l  /  I  A + A T A L p H A  ( 1 r  J r N l  + B r B + A L p H A  ( Z  r J r N t  )
T p L S  ( J , N t =  |  |  A r B + C l l  t 1 Z .  0 ,  I  +  (  (  (  { 1 .  0 /  

 

{ J r N )  I  + (  t .  0 / 0  ( J r N l  ) +  {  1 .  0 / P  ( J ,
+  N r  l ,  +  (  (  (  1 . 0  / M  ( J r N t  + f 2 . 0 )  +  {  1 . 0 / 0 (  J , N )  + + ? , a ,  } (  1 !  0 / P  (  J r  N l  + r ? .  !  r  t  -
+  (  ( 1 . 0 / ( M ( J ; N l  + 0 ( J r N l  )  )  +  ( 1 . 0 /  ( 0  ( J r  N l  + P  ( J r N )  I  I  +  { 1 . 0 /  ( P  ( J r N )  r H  (  J '
+  N ) ' l  I  l + + 0 . 5 1 )

T H N S  ( J , N t =  (  ( A r g r c t /  {  1 2 .  8 |  }  r  {  (  (  ( 1 .  0 /  (  J , N }  t  + ( 1 .  0 / 0  ( J ,  N t  |  }  ( 1 .  0 / p  ( J r
+  N )  I  ) -  {  (  {  1 . 0  / U  { J ,   )  + + 2 . 0  )  + (  1 . 0 / 0 (  J , N I  I 1 2 , 0  |  + ( 1 .  E / P  ( J , N )  r r 2 . 0 I  I  -
+  {  ( 1 . 0 / { f i  ( J t N )  + O  { J r N l  )  '  +  ( 1 . 0 / ( 0  ( J r N l  r P  ( J ,  N l  )  )  +  ( 1 . 0 /  ( P (  J t  N t  r H (  J t
+  H )  l f  )  l r + 0 , 5 1 )

C A  { J r N ) = { 2 . 0 /  ( 3 . i r A r B r C l  t  f H  { J '  N }
G B  t J r  ) = ( 2 . 0 /  ( 3 . g + A r B r C t ,  + g 1 . . 1 1 N l

c

cc



z z J .

I S C O S I T Y  I N C R E H E N T
T H E  R  F U N C T I O N ,  A L L

( J r  N )
l + ( 1 . o / c c ( J r N l t t
l + ( 1 . 0 / C C ( J r N l l l
)  + { 1 ' 8 l C B  ( J r N l  I  I

c c  ( J .  N  l = 1 2 . 0 1 (  3 . 0  + A + B + C  l  |  + P
R H 0 A  (  J '  N )  = 2 . 0 f  |  ( 1 . 0 / C B  ( J '  N l
R H 0 B  ( J r N l  = 2 . A l l  ( 1 . 0 / C A  t J r N l
R H O C  ( J ' N l  = 2 .  0 /  |  ( 1 . 0 / C A  { J r N l
0ELA ( J r  N I  = NU ( J '  N )  /  CA ( J '  l ' l  )
O E L B ( J r  N )  = N U (  J r N l  / C 3 (  J r N l
0 E L C  ( J r  N l  = N U  (  J r N l  / C C  I  J r N l
T A U  (  J r  N )  = 3 . 8 /  (  (  1 . 0 / C A  ( J  r  N )  )
P S I  l J '  N ) = F  ( J r N ) +  (  ( 1 . 0 / T A U  ( J
V  (  J r  N ) = N U  (  J r N )  / T A U (  J r  N l
X 1 ( J r t l l : C . 5 + (  ( 1 .  B / R H O B  ( J '  N )
X 2 ( J r N l = 8 .  5 l  (  ( 1 .  0 / R H O C ( J r N )
X 3  l J r N ) = 0 . 5 r  (  ( 1 .  0 / R H 0 A ( J ' N )
X 4  {  J .  N  I  =  (  X 1 (  J  r  N )  + X 2  (  J '  N l  + X 3
X 5  ( J ,  N  l :  (  (  X l  ( J r N l  + + 2 . 0 1  +  |  X z

+ (  J r N )  I  -  ( X 2  ( J r  N  I  + X 3  ( J ,  N  I  l  -  (  X
T 1  ( J r N ) = 1 .  0 /  (  X 4 ( J r N t  + X 1  ( J r N
T 2  ( J '  N  |  = ! . 0 f  (  X 4 l J  r  N l  +  X Z  ( J r  N
T 3  {  J ' N l  = 1 .  0 /  ( X 4 ( J r N l  + X 3  l J r N
T 4  ( J ' N ) = J . 0 /  |  1 6 .  g r 1 6  1 . 1 1 N  |  )  -
T 5  ( J . N l = 3 .  0 /  (  ( 5 . 0 r X t r  (  J r  N l  I  +
G A l l l . l A A  ( J ' N l =  l t . 0 / 2 . 0 1  +  ( F ( J '
GAf { f ' f  A  B  (  J '  l , l  |  =  l ! . 8 /  2 .0  }  r  (F  I  J r
6 A i l t t A C  ( J r N l =  ( 1 .  0 / 2 .  0 l  +  t F  (  J r
t l u A  {  J .  N l  =  (  G A  (  J r N l  r r  (  1 . 0 / 3 . 0
t { u 8 { J ; N l  =  ( C B ( J r N }  f + l  1 .  0 / 3 . 0
p U C ( J r N ) =  ( C C  (  J r N )  r +  ( 1 .  0 / 3 . 0
0 p L S  ( J  r N l  = 6 o  0 + T p L S  ( J r  N  l r N U  I
0 l {NS I  J r  N l  =5 .  0  r  THNS (  J r  N }  +NU (
G P L S ( J ' l { ,  = 6 .  0 T T P L S ( J r N }  +  l F (
G} INS (J  rN l  =5 .  0 f  T l lNS  (  J 'N  I  r  (F  (

7 O  C O N T I N U E
6 O  C O N T I N U E

C A L L  P A P E R ( 1 I
C A L L  l ' l A P (  1 . 0 r  2 . 0 r 1 .  0 r 2 .  0 )
G A L L  S C A L S I { 0 . 1 r 0 , 1 }
C A L L  G P S T O P (  2 1 I

.  C ILL  BOROER
c A L L  C S P A C E (  0 .  0 r  0 . 0 0 0 1 r 0 . 0 r

C B ( J r N l  I  + ( 1 . 9 / C C ( J t N )  )  t
t 1 . 0 / 3 . 0 ) )

/ R H 0 C  ( J ,  N )  ) -  1 1 .  0 / R H O A  ( J r N )  )  )
/ R H O A  ( J r  N l  )  - (  1 .  0 / R H 0 B  ( J r H )  I  )
/ R H O g { J r N l  t  - (  1 .  0 / R H 0 C  ( J , N t  } '
t s . g
+ 2 .  0 )  + ( X 3  { J r N l t r 2 . 0  }  -  ( X 1 (  J r N )  r X e
+ x 1 ( J r N l  I  I  + r 0 . 5

5  ( J r N !  )  |
5  ( J . N l  I  I
0  )  |  (  (  1 . 0 / C B  ( J  r N  |  )  +  (  1 . 0 / C C  ( J r N  |  )  I
0 ) r (  { 1 . 8 / c A { J , N )  I  + ( 1 . 0 / C C ( J , N l  f  t
0  l i  (  ( 1 . 0 / C A ( J r l l  I  l + (  1 .  0 / C B ( J ' N  I  I  I
r  N )
r  N )
r  N )

3 . 0  t
3 r g )

B /:r.l

. 0

l )
l f
N)

rx
rx
3 .
3 .
3 .
( J
( J
( J

t+
t l

+ ( 1 r
, N )  )

) + ( 1
) + ( 1
I  + (  1
. J ! N
(  J r  N
3 ( J r
t l
, t
l t
l 2 . a
l z ,  g
N )  f  +

N  '  * +
N l  r f
t t / F
t t / F
t r / F
J r N  I
J r N  I
J r N l
J r N )

! . 0 0 0 1 )

( I }PLOT OF V ISCOSITY INCREI . IENT ANO PERRIN TRANSLATIONAL
FRICTIONAL FUNCTIONcc

c
c

c

H (  1 t  = 2 . 8 5 3 0 8
C A L L  C O N T R L (  N U 1 1 r 2 1 r 2 1  t l t ? L  t ? L r H r  1 r 1 )

H  (  1 l  = 2  . 8 9 ?
C A L L  C O N T  R L  (  l { U  r  1 r  2 1 r  2 1  t  L r ? a  t  2 \ ; H t  L  r L l
CALL  REOPEH
H { 1 ) = 1 . 0 4 4
CALL  CONTRLIF  ' ^ t t ?L tZL tL rZL tZL r  H r l  r  1 )

( I 1 } P L O T  O F  T H E  T R A N S L A T I O N A L  F U N C T I O N S I  T H E  V
THE PERRIN FUNCI ION '  TH€  EETA FUNCTION ANO
TITH , ' - LZ  ASSUT{ED EXPERIT , IENTAL ERROR

1 r 2 1 r 2 1 r H r 1 r 1 )

CALL  FRAt tE
CALL  BLKPEN
CALL  BOROER
c a L L  c s P A c € (  0 .  0 r 1 .  0 r  0 " 0
C A L L  S C A L S I  (  0  o 1 r  0 c 1 )
c a L L  c s P A c E (  0 .  0 r 0 .  0 0 0 1 r
H  (  1 )  =  2 . 9 2  0  9 2
C A L L  C O N T R L (  N U r  1 r  ? | r Z L t

HliL=fre$8tfr'
C A L L  C O N T R L  {  9 E T A  r  1 r  2 1 r  2 t  r  L t  ? L r  2 1 r  H r  t r  1 l
H ( t l = 2 , L 8 1 , 7 7
C A L L  C O N T R L  (  8 E T A  r  1 r  2 1 r  2 1 r  1 r  2 1 r  2 1 r  H  r  1 r  1 )
H ( 1 ) = 1 . 0 5 4 $ . +
CALL  GRNPEN
C A L L  C  O N T R L  ( F  t l t ? L t Z L t l t Z L t 2 L r H t ! r L l
H { 1 } = 1 . 0 3 3 5 6
C A L L  C O N T R L  l F  t L t Z t t ? t t t t 2 L r 2 I t  H r l r  1 )
H  (  1 ,  = 1 . 4 9 3 7 9
C A L L  B R O K E N ( 4 1 8 r B r 8 l
C A L L  C O N T R L ( R r 1 r 2 1 r 2 1 r 1  t 2 7 r  2 L t H r l r  1 )
H  (  t )  = 1 . 4 5 4 2 1
C A L L  C  O N T R L  (  ?  r  1 r  2 1 r  2 1 r  1 t  ? L t 2 L r  H r l r  1 l

r  1 r  0  |

0 . 0 '  0 . 8 0 0 1 t

( I I I I P L O T  O F  T H E  R  F U N C T I O N  A N O  R O T A T I O N A L  R E L A X A T I O N
T I H E . R A T I O S



0  0 1 ,
h r l  r  1 )

2 1 r H r 1 r 1 )

2 1 r H r 1 r 1 f

Z l t H  r L  t  !

11  + f -  l L
RA T  IOS

ERROR ANO THE
22 ASSUI{ED ERROR

,

A SSUI{ED
flI Tl.l +/-

CALL  FRAI 'E
CALL  FULL
C A L L  B L K P E N
CALL  EORI }ER
C A L L  C S P A C E I
C A L L  S C A L S I (
C A L L  C S P A C E I
H ( 1 ) = 1 . 4 7 9
C A L L  C O N T R L (
H  (  1 l  = 1 . 4 3 3
CALL  CONTRL(
H  {  1 l  = 1 , 1 1 5
CALL  REDPEN
CALL  CONTRLI
H ( 1 t = 1 . 0 9 3
CALL  GRNPEN
CALL  CONTRL{

( T V I P L O T  O F
RO TAT ION

0 . 0 r 1 . 0 r 0 . 0 r 1 . 0 )
0 . 1 r 0 . 1 !
0 . 0 r 0 . 0 0 0 1 r 0 . 0 r 0 . 0

R r l r ? 1 r 2 1 r  L t 2 L t  2 ! t

R H 0 A  r  1 r  ? t t 2 L t  1 r  2 ! r

R H O B r 1 r 2 1 r 2 1 r 1 r 2 1 r

R H O C r 1 r 2 1 r 2 L t L t ? ) . t

THE R  FUNCTIOI I  I { IT
AL  RELAXATION T IME

THE R FUNCTION,  HARI IONIC } IEAN RELAXATION TIHE
/TOI  THE PSI  T  LAI , IBOA FUNCTIONS

0 . 0 r 1 . 0 r 0 . 0 r 1 . 0 1
0 . 1 r 0 . 1 1
0 . 0 , 0 . 0 0 0 1 r  0 . 0 r  0 . 0  0 0 1 t

Rr  L t  2L t  Z t t  L r  ZL t  2 ! t  t ' t  t L  t  L l

T  A U r  1 r  2 1 r  2 1 r  1 r  2 1 r  2 1 r  H  r  1 r  1 l

P S I r  1 t  2 1 t  2 1 ,  r  t t  2 t r 2 !  t H  r  L  t  L l

V r  1 r  ? 1 r 2 1 r  1 r  2 1 r  2 1 r  t l  r 1 r  1 l

HE R  FUNCTIOI {  (+ / -12 '  ,  THE HARI {ONIC  HEAN
ON T IHE RATIO (  + / . IA I  ANO T | IE  PSI  FUNCTION

& THE LA i lSDA FUNCTION I+ / .  22 , '

0 . 0 r 1 . 0 r 0 . 0 r 1 . 0 )
0 .  1 r  0 .  1 )
0 . 0  r  0 . 0  0 0 1 r  0 . 0  r  0 . 0  g  0 1 )

R  r  1 1  2 1 r  2 1 r  I t ? L r  Z L t  H r l  r  1 l

R r  1 r  2 1 r  2 7 t  1 t  Z t r  2 1 r  H  1 1  r  1 l

T A U ,  1 ,  2 1 ,  2 1  t  !  r  2 L  r ? t  t H  t  t t  L l

T A U t  1 r  2 L t  2 L  t  L t  2 !  t ? L  r H  r 1 r 1 )
, b

P S I  r  1 r  2 1 r  2 1 t L t 2 ! r Z L t H  t  l r  l l
lrlf
P S f  r 1 r 2 1 r  2 1 r  1 r  2 1 r  2 1 r H  r  l r  1 f
7 ?
\ 1 L t 2 t r 2 t r  L t ? t t  2 L r  h  t t  t  L l
z 6
Y  r ! t ? ! r  2 1 , t  l  r Z L t  ? ! t  H r l  r  1 l

R  (+ / -12 )  r  o iLTA1  l+ / -L ' l t  I  DELTAZ l+ / - !Z l
+ / -L'l!l

0 .  0  r  1 . 0  r  0 . 0  r  1 . 0 1
0 . 1 r 0 . 1 )
0 . 8 r 0 .  8 0 0 1 r  0 . 0 r  0 . 0 0 0 1 1

LOT O
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F RA I{E
BLKPE
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REOPE
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GRNP€
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REOPE
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REO
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a
c
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c
c
R
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F
FI
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s
c

= 1

c
= 1

= L
R

= 0

6
= ?
c=2
c

PL
OE

F
B
R
c
S

O F( Trl

E N
E R
c E (
s r l
c E {
9
R L (
)
R L {
7 8
E N
R L (
866
€ N
R L (

F T
A T I
27 . '

E N
E R
c E (
s I (
c E (
379
R L {
42!
R L (
695
R L I
3 0 5
R L (
3 4 5
E N
R L {
4 1 0
R L {
E N
723
R L {
0 4 8
R L (

O F
3 {
E
€N
E R
c E (s r {
cE(
379

L
R
(

P
0

( r v )
R

CA LL
CALL
GA LL
CALL
CALL
CALL
H ( 1 t
CALL
H { 1 )
CALL
H { 1 )
CALL
CALL
H (  1 )
C A L L
CALL
( V I P

C A L L
CA LL
CALL
CALL
C A L L
CALL
H  ( 1 '
C A L L
H ( 1 t
C A L L
H  ( 1 )
CALL
H ( 1 '
CALL
H ( 1 t
CALL
CALL
H ( 1 1
C A L L
C A L L
H ( 1 )
CALL
H  (  1 t
CALL

( v r l
Ai ID
CALL
CALL
CALL
CALL
C ALL
CALL
H ( 1 )

c

c
c

c
c



225.

C A L L  C O N T R L (  R  r 1 r  2 1 r  2 1 r  L t ? L t Z L  r H l ' 1  r  L l
H ( 1 ' = 1 . 1 1 6 4 ? 1
C A L L  C 0 N T R L  (  R  r  1 r  2 1 r  2 1 r  1  r ? ! t ? L t  H r  1 r  1 l
H { 1 1 = 3 . 2 6 1 1 9
CALL  CONTRL (  OELA r  1 r  21 r  2  t t  L r  2L t2L tH  rL l � L l
H { 1 t = 3 . 1 5 6 0 6 0 2
C A L L  C O N T R L  t  D € L A  r  1 r  Z l t ? L t l - r ? t t  ? 1 r  H  r  1 1  1 l
H ( 1 1 = 2 . 1 1 0
C A L L  R € D P E N
C A L L  C O N T R L I D E L B r l t 2 l r Z L t L t 2 L t  2 1 r  H r l r  1 l
H l  L l = ? . 8 7  2
CALL  C0NTRL {  OELB r  1 r  21 r  ? ) , r  L t  2 ! t  21 r  H  r  1 r  1 )
H ( 1 1 = 2 . 0 0 6
C A L L  6 R N P E N
C A L L  C O N T R L I  D E L C r  1 r  2 1 r  2  t t L t  2 t r  2 1 r  H  r  1 1  1 )
H ( 1 r = 1 . 9 2 8
C A L L  C O N T  R L (  D E L C r  1 r  ? L t  Z L t  L r  Z L t  2 t t H  t L  t l l
(V I I IPLOT OF THE R '  GAI { I {AA '  GANi lAB  A I ' IO  GAHI {AC FUNCTIONS

CALL FRAI. IE
CALL  BLKPEN
CALL  BORO€R
c A L L  C S P A C E (  0 .  0 r 1 . 0 r  8 . 0 r 1 . 0 1
c a L L  s c t l s I ( 0 . 1 r 0 . 1 1
C A L L  C S P A C E (  0 .  0 r  0 . 0 0 0 1 r  0 .  0 r  0 . 0 8 0 1 1
H ( 1 1 = 1 . t 1 7 9
C A L L  C O N T R L  {  R r  1 r  2 1 r  2 1 r  1 r  2 1 r  2 1 r  H  r  1 r  1 }
H ( 1 1 = 0 . 7 9 5
CALL  C  ONTRL (  GAH! ' lA  A  t  1 r  2  t t  2L  t  L t2 ! r?  1  rH r  1 r1 l
H l  l l  = 1 . 0 2 2
CALL  REOP€N
C A L L  C  O N T R L  (  G A H H A B  r  1 r  2  L t  ? L t  L t 2 t r 2 1 r  H  r  1 r  1 l
H {  1 ,  =  1 . 0 4 2
CALL  GRNPEN
CALL  C  0NTRLI  6A l t f lACr  1 r  ?L t  2L  r  L  t  2  L  t2  1  rH  r  1  r  1  )

( v I I I I P L o T  0 F  R  { + / - 1 2 ) r  6 A } l l r A A  ( + l - L Z l  r  G A f I H A B  t + / - L Z l
AND GAli l {AC |  +/  -Lzl

CALL  FRAXE
CALL  BLKPEN
CALL  EORDER
0 A L L  C S P A C E (  0 .  0 r t .  0 r 0 .  8 r 1 .  0  I
c A L L  S C A L S I (  0 . 1 r  0 . 1 )
c a L L  c s P A c E (  0 .  0 r 0 . 0 0 0 1 ,  0 . 0 r  0 . 0 c 0 1 1
H  (  1 )  = 1 . 4 9 3 7 9
C A L L  C 0 N T R L ( R r 1 r 2 1 r 2 1 r  I t  ? ! t  2 t t  H  t l  t  L l
H  {  1 }  = 1 . 4 5 $ 2 1
C A L L  C O N T R L { R r 1 r 2 1 r ? 1  t L t ? L t  2 l r H r l r  1 )
H  (  1 )  = .  8 1 4 9 8
CA LL C ONT RL{ 6Al ' t } lAA r Lr 2L t  ?Lr 1 r  2 1 r2 1 rH r  1 r  1)
H ( 1 1 : . 7 E 3 0 2
C A L L  C O N T R L (  G A H H A A  r  L r Z L r ? L r  1 r 2 1 1 2 1 r H r l r 1 l
H  (  1 )  = 1 . 0 4 2  4 4
C A L L  R E D P E N
CALL  C  OI ' ITRL  I  G  A l { l {A  B r  1 r  2 !  tZL t  L  t2  L  t21 r  H  r  1 r  1 l
H  (  1 l  = 1 . 0 0 1 5 6
CALL C0HTRL ( 6Af ' l l ' tABr 1 r  2L t  2t  t  1r 21r 21 r  Hr 1 r  1l
CALL  GRNPEN
H t  1 l  = 1  . 8 5 2 6 4
CALL  C  ONTR L  (  gA l |HAC r  1 r  2  L t  21 t  L t  2 t t21 r  H  r  1 r  1 )
H ( 1 r = 1 . 0 2 1 1 6
CALL  CONTRL(  6  A t { l {ACr  1  r  2  t  t  2L  t  t  t  2 t  r?1  rH  r  1  r  1 l

T  IX '  PLOT OF THE R  T I IUAT i lUB  ANO I . !UC FUNCT. IO IS

c

c
c
c

c
c
cc

1 . 0  r  0 .  0  t  1 '  0  '
0 .  1 l
0 . 0 0 0 1 r 0 . 0 r 0 . 0 8 0 1 ,

2 L t 2 L t L t ? t t  2 1 r  H r l  r  1 )

t t Z L t 2 L t ! t 2 1  r 2 1 r H  r  1 r  1 )

CALL  FRAHE
CALL  BLKPEN
CALL BORDER
C A L L  C S P T C E ( 0 . 0 ,
G A L L  S C A L S I (  0 . 1 '
C A L L  C S P A C E (  8 . 0 ,
H ( 1 ) : 1 . 4 7 9
C A L L  C O N T R L { R , 1 ,
H ( 1 1 = . 9 2 r +
C A L L  C O N T R L (  I { U A '
C A L L  R E D P E N
H t 1 ) = 1 , 0 7 1
CALL  CONTRLTI {UB.L t2L r  ZL t  L  r  21 r  21 rH  r  1 r  1  I
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CALL  GRNPEN
H ( 1 ) = 1 , 9 8 9
C T L L  C O N T R L (t { U C  r  1 r  2 1 r  ? t t  L t  Z A I Z L  r H  r  L  r  1 }

( | + / -I7.'

REOUCED TH€TA+ I+ / .L7 .1
fUNCTI ONS

/ - L I . l t  l l u A  ( + / - 1 2 )  r  l l U B

r 1 . 0 r 0 . 9 t 1 . 0 1
r  B . 1 l
r 0 . 0 0 t I 1 r 8 . 0 r 0 . 0 0 8 1 )

t 2 t t 2 ! t  L t Z t r  2 t t H  t L  t t l

t  ? L  r Z L  r  t  t ? I r  2 1 r  H  1 1  r  1 l

r L t Z t t Z L t  L r  2 L  t ? t  q H  e 1 1 1 1

t  L  t  2 !  t  ? t r  L  t 2 ! t  2 t t H  r  1 r  1 )

s  I  t Z L t  2 L t  L t 2 L r 2 ! t H  r  1 r  1 )

t  L t 2 L t  ? l t  L  t  2 1 r  2 1 r H  r  1 r  1 l

r  l r Z t r 2 1 r 1 r  2 1 r 2 1 r H r  1 r 1 f

t  7 t  2 ! t  2 L  t  1 , t  ? L r ? L  t H  r  1  r  1 l

0 r 0 . 0 r 1 . 0 1
1 l
0 0 0 1 ' 0 . 0 r 0 . 0 0 0 1 1

1 2 ! r ! t ? I t  2 \  H r l r  t )

t  2 L  t  l r  2 L  r  Z L r  i l  r  1  r  1 )

T M N S T

THE
THETA

0 . 0 r 1
0 . 1 r 0
0 . 0 r 0

R r l r 2

R r 1 r 2

T P L S ,

TPLS T

l + l - ! 7 . t  t
l +  /  - L7 .1R

I

1

GALL FRAI 'E
CALL  SLKPEN
CALL  BORDER
C A L L  C S P A C E (
C A L L  S C A L S I {
C A L L  C S P A C E (
H ( 1 1 = 1 . 4 7 9
C A L L  C O N T R L (
CALL  REOPEH
H { 1 ) : . 1 6 3
C A L L  C O N T R L (
CALL  gRNPEN
H ( 1 ) : . 1 1 6
CALL  CONTRL(

(  X I I I  PLOT OF
ANO REOUCEO
CALL FRAI, IE
CALL  BLKPEN
CALL  BORDER
CALL  CSPACE(
C A L L  S C A L S I {
C A L L  C S P A C E (
H { 1 )  = 1 . 4 9 3  7 9
C A L L  C O N T R L (
H ( 1 , = 1 . 4 5 4 2 1
C A L L  C O N T R L (
CALL  REOPEN
H { 1 r - . 1 5 4 6 3
C A L L  C O N T R L (
H ( 1 r = . 1 5 1 3 7
C A L L  C O N T R L (
CALL  GRNPEN
H l l ' l = . 1 1 7 1 6
C A L L  C O N T R L (
H { 1 } : . 1 1 4 8 4
C A L L  C O N T R L (

+
LZI

9 . U
0 . 1
0 .  s
R . 1

F R
+ / - L

E.
El{
E R
c E (  I
S I ( O
c E (  0
379
R L (  R
4 ? L
R L (  R
4 8
RL(  I I
5 Z
R L ( I I
24?
E N
R L ( I I
958
R L ( I {
978
E N
R L ( } I
7 2 ?
R L (  {

PLOT O
HUC I

L  F R A H
L BLKP
L BORO
L  C S P A
L SCAL
L  CSPA
) : 1 , 4 9
L CONT
I  = 1 . 4 5
L  CONT
l  = ,  942
L  COHT
I  = . 9 0 5
L  CONT
!  = 1 . 9 0
L  REOP
L CONT
t = 1 . 0 4
L  CONT
I  = 1 . 1 1
L  GRNP
L CONT
, = 1 , 9 5
L  CONT

T O F
c  l +

R A H E
LKPE
OROE
S P A C
CALS
SPAC
, 4 9 3
ONTR
. 4 5 4
ONTR
9424

LL
LL
LL
1 )
LL
1 l
LL
1 )
LL
1 '
LL
1 !
LL
LL
1 t
LL
1 l
LL
LL
1 '
LL

NTR
454
N T R
424
N T R
055
N T R
992
BPE
N T R
0 4 9
NTR
110
NPE
N T R
967
NTR

) P
D

LL
LL
LL
LL

t x
AN

C A

C A
C A
CA
C A
H (
C A
H (
C A
H {
C A
H {
C A
H (
C A
C A
H (
C A
l t (
CA
C Ar{(
6 A

c

t

R r 1

r{ ua
rtua

iluB
t t a

l,tuc
Iuc

REDUC€O THETA+ ANO REDUCEO

)

0 . 0 8 0 1 )

2 1 r H r t r 1 l

T P L S  r  1 r  2 1 r  ? ! r  L r  ? L t  2 1 r  H r  1 r  1 l

L t 2 ! r Z L t  L t 2 L  2 1 r  H  r  1 r  1 )

( X I ) P L O T  O F  T H E  R '
TH€TA -  FUNCTIONS

c

G
c

0 . 0 r 1 . 0 r 0 . 0 r 1 . 0
0  .  1 r  0 . 1 )
0 . 0 r  0 . 0 0 0 1 r  0 , 0 r

R t ! t 2 L r 2 t t  L t Z L t

L r  Z L r 2 L t

L t 2 L t 2 1 . t

L r ? t r 2 L H r 1 r 1 )

1 r 2 1 r 2 1 r H r 1 r 1 l

T  t { N S  r  1 r  ? t t  2 !  t L t  2 L t  2 ! t H  t L r  I l

f M N S  r  1 r  2 L r ? t t  L t  Z L t  2 1 , t  H  r  1 r  1 I

{ X I I I } P L O T  O F  T H E  R T  D E L T A +  A N D  O E L T A .  F U } I C T I O N S
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1 )

1 r 1 l

{ 0 c 0 r 1 . 0 r 0 . 0 r 1 . 0 )
{ 0 . 1 , 0 . 1 )
(  0 . 0 r  0 . 0 8 0 1 r t . 0  r  0 . 0 0 0

( R r 1 r 2 1 r 2 1 r 1 , 2 I  t 2 !  : H ,

CALL  FRAI IE
CALL  BLKPEN
CALL  BOROER
CALL  CSPACE
CALL  SCALSI
CALL  CSPACE
H ( 1 ) = 1 . 4 7 9
CALL  CONTRL

CALL  REDPEN
H ( 1 ) = 2 . 8 2 1
CALL  CONTRL

CALL  GRNPEN
H ( 1 1 = 2 . 0 1 6

C A L L  C O N T R L (

0 . 0 r 1 . 0
0 r 1 r 0 . 1
0 . 0 r 0 . 0

Q r 1 r 2 1 r

R r 1 r 2 1 r

6PLS r  1 r

G P L S  , 1 ,

6 l {NSr l r

N
R
E (
I (
E (
79
L (
2L
L {
N
ta.
L (
78
L (
N
6
L T
2

cE(
s I (
cE(
3 7 9
R L (
42L
R L {
E N
3?2
R L (
8 7 8
R L (
E N
8 6
R L {
L 2

FRAI{
BLKP
BORD
C S P A
SCAt
CSPA
1 .  4 9
CONT
1 . 4 5
CONT
R€DP
1 . 1 3
C ONT
1 . 0 8
C ONT
6 RNP
. 8 0 9
C ONT
. 7 7 I

AI{E
KPE
RDE
P A C
ALS
P A C
493
NTR
454
NTR
DPE
1 3 3
NTR
0 8 8
N T R
NPE
0 9 8
NTR
7 8 L

CALL
CALL
C A L L
C A L L
CALL
CALL
H ( 1 ) =
CALL
H ( 1 ) =
C A L L
CALL
H  (  1 ) :
C  A L L
H  (  1 )  =
C A L L
C A L L
H ( 1 ) =
CA LL
H ( 1 ) =

{ D P L S r 1 r 2 1 r  2 1 r 1  r 2 1  t Z L  r H t I t  L l

D l { N S  r  1 r  ? L r ? t t  L t  Z L t  2 ! r H  r L t  ! l

t x l v ) P L o T  o F  R  ( i t - r ' a ) ,  0 E L T A +  l + / - Z x , t  A N 0  D E L r A -  l + / - 2 ' � t 1

IXV)PLOT OF THE R ,  GAIT  AT  AND 6A} I I IA .  FUNCTIONS

( X V I ) P L O T  O F  R ( + . / - 1 Z l  r  G A I { H A +  l + / - 2 7 ,  A N D  G A l t t t A -  l + / - Z Z ,

C A L L  F R A H E
CALL  SLKPEN
CALL  BOROER
c a L L  c s P A c E (  0 . 0 , 1 .  0 r  0 . 0 r  1 .  0 )
G A L L  S C A L S I ( 0 . 1 , 0 . 1 r
c A L L  C S P A C E  t 0 . 0 ' 0 . 0 0 0 1 r 0 ,  i r  B .  0 0 0 1 )
H  (  1 l  =  1 . 4 9 3 7  9
C A L L  C O N T R L  ( R r 1 1  2 1 r  2 1 r  1  r  2 7 r 2 t t { t  1  t t l
H  ( 1 ) = 1 . 4 5 4 2 1
C A L L  C 0 N T R L  ( R r 1 r  2 1 r 2 l r  1 r  2 l r 2 1 r H r  1 r  1 l

C A L L  R E D P E  N
H  l L r = 2 . 8 f  7 4 ?
C A L L  C O N T  R L  {  D P L S r  1 r  2 1 r  2  L  t  L t ? t t ? I  r l l r l r  1 l
H  (  1 )  = 2 . 7 5 4 5 6
C A L L  C O N T  R L  (  O P L S r  1 r  2 L  r ? t t  !  t Z L  r  2 1  r H r 1 r 1 )

CALL  GRNPEN
H ( 1 ) = 2 . 0 5 5 3 2
Q{ ! !  q0 ! IB !  (O I {HSr  1 r  21 r  2 t  t  L  t  2 t  t 2 t r  H r  1 r  1 )
H  (  1 1 =  1 . 9 7 9 6 8
C A L L  C O N T R L  I  B H N S r  1 r  2 1 r  2 1 r  1 r  2 1 r  2 1 r  H r  1 r  1 )

CALL  FRAIE
CALL  BLKP€N
CALL  BOROER
c a L L  c s P A c E (  0 . 0 ,  1 .  0 r  0 , 0 r 1 .  0 t
c a L L  s c A L s I ( 0 . 1 , 0 . 1 )
c a L L  c s P A c E (  0 . 0 r 0 .  0 0 0 1 r 0 . 0 r 8 .  0 0 0 1 )
H { 1 ) - 1 . 4 7 9
C A L L  C O N T  R L  (  R  r  1 r  2 1 r  2 t  r  1 r ? t t 2 L  r H r  L  r  L l

CALL REDP€N
H ( 1 1 = 1 . 1 1 1
C A L L  C O N T R L  {  G P L S r  1 r  2 1 r  2 t t L r  Z L t  2 l r  H  r  1 r  1 )
CALL GRNPEN
c A L L  C o N T R L ( 6 ! l N S ,  l t 2 L t ? L r L t 2 t r 2 7 t  H r l r  1 l

r 0 . 0 r 1 . 0 1
l
0 0 1 r 0 . 0 r 0 . 0 8 0 1 t

2 1 r 1 r 2 1 r 2 1 r H r 1 r 1 )

2 I  t  7 t  2 ! r  2 2 , t  h  r 1 r  1 l

? L t 2 L r L t 2 L t  Z L r  H r  1 r  1 l

? ! t  2 t r  L t  2 I t  2 t t H  t  L t  L l

c

c
c
c
c

c

Z L r 2 ! t  I t  2 1 r  2 1 r  H  r 1 r  1 l



t . u .

CALL  CONTRL(  G l ' lNS  r1  r  21 r  2  L  r  L  t  2L t  2L  tH  ;  L  t  1 ' l

P L O T  O F  T H E  5  F L U O R E S C E N C E  A N I S O T R O P Y  , R E L A X A T I O N  T I H E(  xv r l  t
R A T I O S

CALL  F
C A L L  B
CALL  B
C A L L  C
C A L L  S
C A L L  C
H ( 1 | : 1
C A L L  C
H { 1 f = 1
CALL  R
C A L L  C
C A L L  6
H ( 1 1  = 1
CALL  C
CALL  B
H ( 1 r = 1
C A L L  C
CJ ILL  B
H ( 1 t = 1
C A L L  C
STOP
E N O

c
RAME
LKPE
OROE
S P A C
CALS
S P A C
. 0 2 5
O N T R
. 2 E 8
EDPE
ONTR
RNPE
. 3 1 8
ONTR
RO(E
r434
OIITR
LKPE
. 0 2 4
ONTR

N
R
E ( 0 ' 0 r 1
[ { 0 . 1 r 0
E ( 0 . 0 r 0
36
L ( r 1 r 1 ,
83
N
L ( T ? r 1 r
t{
77
L ( f 3 r l r
N ( 4 r 8 r 8
8 '
L t T 4 r l r
N
97
L ( T 5 r 1 r

. 0 r 0 . 0 r 1 . 0 1

. 1 i

. 0 0 0 1 r 0 . 0 r 0

2 L t ? t r L t 2 ! t

2 L t 2 ! t L r ? L t

2 L t Z L t L t 2 !  r
r 8 l

2 t r  2 t t ! t 2 !  r

. 0 9 0 1 )

2 1  r H r  1 r 1 )

? 1  r H r  1 r 1 )

2 1  r H r l r l  l

2 1 r H r  1 r 1 l

2 L t Z I t l t ? ! r  2 1  r H r  1 r  1 )

c
c
c

1 0

2 0

3 0

s 0
5 0

6 0

7 0

E O

9 8

1 0 0

REAL FUNCTION FU ' { (X }
c0 t{ t toN./  PA RAH/ A r  C r  NN
8 = 1 . 0
G 0 T O  (  1 0  r  2  0  r 3  0  r  4 0  r  5 0  r  6 0  r  7 0  r  6 0  r  9 0  r  1 0  0  )  r  N l {
F U N = 1 /  (  ( A +  A + X )  + r  1 . 5 r  (  g r B + X  I  f r o  . 5 1  1  6 r f , +  X l  ' r  0 .  5 l
R€TURN
F U N = 1 /  {  (  A f A + X  |  . + 0 . 5 +  (  B r B +  X  |  + + 1  . 5 1  1 g + g + X l  + r  0 . 5 1
R E T U R N -
F U N = 1 /  1  1 1 r  [ +  X l  r +  0 . 5 r  (  B f B +  X  I  + f 0  . 5 +  (  C * C + X  I  t ]  1 .  5 )
RETURN
F U N -  1 /  (  (  A +  A +  X  l  r r 0 . 5 +  1 6 1 9 + X )  r + 1 . 5 +  1 6 + t +  X l  .  + 1 . 5 1
RETURN
F U N = 1 /  (  ( A f  A + X  I  r + 1 . 5  r  (  8 + B + X )  + +  0  .  9 r  I  C r C + X )  + r 1 .  5 l
RETURI{
F U N = 1 /  {  ( A + A + X '  + r 1 . 5 +  (  8 + g + X l  } l L . 5 r  (  C r C + X '  r r i l .  5 l
RETURN
F U I { : X /  ( ( A + A + X l f + 1 1 . 5 * { B r B + X l  r +  1 . 5 1  1 5 r t + X )  f r 1 . 5 l
RE TURN
F U N = X /  (  ( A f A + X l  r f 1 . 5 +  g  g + g + X l  r + 0 . 5 +  l g r e + X l  * 1 1 . 5 1
RETURN
F U  = X /  (  ( A + A + X )  + + 1 .  5 r  (  B r B + X l  r r 1 . 5 r  ( C r C + X )  r r C . 5 )
RE TURI{
F U N = 1 . 0 /  (  (  ( A  r A + X t  +  (  B r g + X l  r {  C r C + X t  I  r r 0 . 5 }
RETURN
E N O
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PDoqram 5

E uon-urmaR LEAST seuARES t ' lETHoD usrNc AN ALGoRTTHH oF 6rLL  AND
c IURRAY 119761

6 c luu l  =  BTREFRTNGEN0E {qAg! )  '  F  =  SUH 0F SQUARES 0F THE RESTDUALS
e DPLS =  DELTA+r  Dt tNS =  0ELTA-
E  i I T I  =  C U R R E N I  I N I T I A L  G U q S S  F Q R  T H E T A +
e  x ( 2 1  =  '
e  x ( 3 1  =  a  "  A ' +
c  x a 4 i  =  '  *  l ' -
C X I .  =  CURRENT ESTT} IATE FOR THETA+
e x 2 =
C  X 3  =  "  A t +
e  x 4  =  -  A ' -
F  * a * a a * . "  a r f f r r r +  +  r f  t + f f  + r r +  r + t
d  l t x t l n  r r l r E  T N G R E A S E T  l o o P T S .
C  . O O 1  D E G R € E S  S . E .
c
G RAI ' IOOII  NUI4BER RUN 50

I  r+rr : r * f r+t , : r tar , r r f l++*: t : t  r++ +f t  |  }a+rra l*+a
C PROTETN 3
c
a  I  l t f t + t l l  I  t t  t + l . l t ++ t l t l * t t l ++ l l , } l t  l  a l +  l ' r l ++  l l-  pRoGRAr{  } rArN( rNpur r0urPUTrTAPEP=TNPUTTTAPE3=0urPur }

cout toN/PARAt{ /GAr{ r , rA  {  10  I  I '  T  (  1  01}  r  R  (  l ,  01  |
R E A L  B L ( 4 1  r 8 U ( 4 1 . X { 4 }  r F r H ( 5 4 1
R E A L  Q 1 r Q Z r Q 3 r Q 4 r Q 5
INTEGER IB0UND r  IFA IL  r  J r  L I  l l r  L l { r  N
I N T E G E R  I I {  ( 5 I
P = - 1 . 0
0 O 2 1  I : 1 r  1 0 1
P = P + 1 . 0
R { I ) = P
T l I l = R ( I l r 1 . 0 E - 0 9

21  C0NTINUE
H R r T E  (  3 , 3 2  )

3 2  F o R r { A T {  '  T r H E ( N S }  € A l { i { A - )
G  GO'88F-REIT i IT IAL IZES THE STREA} , I  OF  THE RANOOH NUI . , IBERS

C A L L  G O 5 B B F
C CALCULATE iHE UNPERTURBEO OECAY CURVE

0 0 5 0  I = 1 r 1 0 1
GaHl , rA  (  r t : 0  . 0  7+Exp  ( -T  (  t  )  r 6 .  0 r5 .  167  243E 051  +

+ 0 .  0 5 * E  x P  ( - T  (  r  I  1 6 .  0  r 4 .  1 6  7 4 8 6 E 0  5  )
C  I {O f l  FE i fUN i i  E IC IT -OT- i iE  i _50  DATA-POINTS USING A  NORI IAL  PSEUDO-RANOOI '1
C  NU} IBER 6€NERATOR GO5ADF

G A M r , r A  ( I l = G A l . l r . l A ( I )  + (  (  0 . 1 1 1 . 7 4 5 5 5 € - 0 4 1  r G 0 5 A 0 F ( Y '  t
H R I I E ( 3 , 3 3 1 R  I  r )  , G A t { t { A  (  I l

3 3  F 0 R r . l A T  (  F 1 0 . 5 r F 8 . 5 1
5O CONTI i lUE

N=4
I  BOUNO=O
Q t : 1 . 0

C  O O  T R E  I I i I T T U T Z I T T O N  F O R  3 0  I N I T I A L  G U E S S E S  T O  A T I E H P T  T O  A V O I O
c suEsI0IARY l l r r , l r r {a

0 0 1 0  I = 1 r J 0
c  CALL-REETTU6OIAN PSEUDO RANDOI i  NUHEER ROUTINE 605AAF

Z = G 0 5 A A F  ( x  )
x { 1 t = 4 . 0 + z . 0 r z
X l 2 l = 3 . 0 + 2 . 0 r 2
N t 3 ) = 5 . 0 + 2 . 0 r 2
X ( t r l = 4 . 0 + 2 . 0 r 2
g L { 1 1 = 4 . 8
B L  l 2 l  = 3 .  0
B L ( 3 ) = 6 . 0
B L  ( 4  )  = 4 . 0
9 U { 1 1 = 6 . 0
B u { 2 1 = 5 . 0
8 U ( 3 1 = 8 . 0
B U  ( 4 t = 5 . 0
L I  H=5
L l l=54
fFA IL=1
c l  L ! -e  04u l r  (  N  r  rBouND r  BL  r  8u  r  X rF  r  I l {  r  L r  l { r  f a t  L l { '  rFA  rL l
I F ( I F A I L . N E .  i l  I  H R I T E  { 3 '  1 ( l ! '  I F A I L
I F I I F A I L . E Q .  l I G O T O  2 O

1 O O  F b R f r A T i ; E R R o i , -  E i I i  T i P E " ' I 3 ' " S E E  R O U T I N E  I { A N U A L . )
l lR ITE  (  3 r  110  !  F
t I R I T €  ( 3 r 1 2 0 ,  ( X ( J l  r J = 1 r 4 )

1 1 0  F O R I , I A " . "  F U i l C T I O N  V A L U E  O N  E X I T  I S ' ' F 1 5 . 1 2 I
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RESIOUALS FOR THE

T H E T A + - ' F 1 0 . 7 r '  T H E T A - " r F 1 0 . 7 r " A  " 1 F 7 . 4 t

) G 0 T 0  3 0

SQUARES VALU€

=  - 1 F 1 0 . 7 )

=  -  1 F 1 0 . 7 1
. +  =  " 1 F 7 . 4 )

r -  =  - 1 F 7 . 4 1

:  " 1  F 1 0  r  I )
=  - r  F 1 0  . 7 1

= ' r F 1 5 . 1 Z l

UI. I  OF SQUARES OF THE
BLE PARAIT€TERS

1 ,  r R (  1 8 1 )

0E  86+  X  1+T
u

{ I l  I  + 9 . 9 1 r 1 4

0 f

0 t

95303rQz
95 3 0 srQ3
1 '

2l

3 )

5 t

0 l  Q1
BEST LEAST
0,  Qe

THET A+
O }  Q J

T H E T  A .
0f Qrl

A
0 r  q5

A
0 |  oPLs

O E L T A +
0 t 0t{Ns

BELIA.

" t F 7
L E r F

)
,
t
I
UE
3 r  1 3

3 r  1 4

UE
. 5 0 9
. 5 0 9
3 r 1 4

3 r  1 4

i ' *u
3r1 t r

i ' : t
3r  16

i ' l t
3 r  1 E

3 , 1 9

3 r  2 0

3 tZL

F ORI' AT+ "  a -
I F  { q 1 .
Q1=F
Qz=X (  1
Q J  = X  ( 2
84=X {  3
Q5=X l t r
CONTIN
I {R I IE  (
FORt.IAT
HRITE (
FOR}IAT
C O N T I H
0  PLS= 0
ottNs= 0
} IR ITE  {
FORI{AT
I{RITE (
F ORI{A T
}IRlTE (
F0Rr{t l
I {RITE (
FORI{AT
X R I T E  (
FORIfAT
XRITE I
F ORI{ AT
h'R ITE (
FOR}|AT
IR ITE  (
FORH AT
} IR ITE  (
FORI{AT
I{RITE (
FORI.IAT
H R I T E  I
FORI{AT
STOP
END

OR CALCULATING IHE S
HATES OF THE AOJUSTA
N E  F U N C T 1 ( N T X C T F C )
AR Ar {  /G  A i lHA  (  10  1  )  ,  T  (  10

FUN

N
N )
x z r x S r x 4

r  1 0 1
(  I  )  -  (  0  .  01 .  r x3  +ExP (  -6  .
. 0 € 0 6 + x 2 f T ( I ) t r t r I 2 .

AL
A L
= X
= X
=X
= X
= 0
75
I G
EX
=F
ilT
TU
D

N E
EST
OUT
oN/
RNA

Q r
6ER
xc
x 1

c ( 1
c t 2
c ( 3
c l 4
. 0

f =
A IlH
P ( -
c+q
I N U

UTTNE
I{T ES
UBROU
0HHON
XTERN
E A L  Q
NTE6E
E A L  X
EAL X
1=xC (
z=xc I
3=XC (
.r= XC I
C = 0 . 0
o75 t
= l G A t l
+EXP (
C=FC+
OIIT IN
ETURN

L20

3 0

1 3 0

1l l0
1 0

1 4 1

L42

1 4 3

L45

150

1 6 0

L78

1 6 0

1 9 0

2 0 0

210
? o

F
T I
T I
, P
A L
r F
R
c (
1 r
1 )
2 l
3 t
4 )
= 1
HA
-6
q
UE

BROU
RREI{

S U
c0
E X
RE
I N
RE
RE
x1
x2
X 3
Xlr
F C
DO

+ +
FC

5 C 0
RE
E N

J =
lr=

o7
= l
+ E

orl
ET
ND

c s uc c u

75
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Prooram 6

c
C  F O U R I E R  T R A N S F O R H  S O L U T I O N  O F  T H E  L A P L A C E  I N T E G R A L  E A U A T I O N  } I E T H O D  O F
C  G A R D N E R ,  G A R D N E R T  L A U S H  A N D  i { E I N K E  ( 1 9 5 9 )
c
C  S  =  B I R E F R I N G E N C E  ( R A 0 S I r  G M  =  I N T E G R A N D  0 F  E Q U A T I o N  r  G  =  6 ( E X P ( - Y ) )
C  T  =  T I H €  { s E C l '  R  =  I I M E  ( N S l '  E C  A N o  E S  A R E  I H E  E R R O R  E S T I T 1 A T E S  I N  F C
C  A N D  F S  R E S P E C T I V E L Y  O U E  T O  T H E  N U H E R I C A L  I N T E 6 R A I I O N  I N  E Q N .  1 2 5
C AND ER IS  THE ERROR ESTI f lATE OUE TO THE NUHERICAL INTEGRATIO i l  IN
G  E Q N o  1 2 8

| +r r | l  r  + r+.++l++ +* + r+++ f+t  +f  r  +r r  +++r i i r t  +r+
C  L O G A R I T H H I C  T I I { E  I N C R E A S E ,  1 4 0  D A T A  P T S .

B 
.001  DEGREES s .E .

C RANOOI.I  NUHSER RUN 2
c
c  + t l t  r t r }aaa+r t t t f t r t r+++t+at+
C PROTEI}I  2
c
c t+lI+t t l l  +f+ + r i l+rr+t:t  r  tr t  r  t+

PR0G RA t{  f {A IN (  f  NPUT' 0UT PU f  r  T APEz=IN PU T'  T APE 3=OU TPUT I
EXTERT{AL FUNXI{
R E A L  r H U  ( 6 6 )  r  K C t 5 6 l  r  K S  ( 6 6 1  r  F C t  6 6 t  r  F S  (  6 5 1  r  6 H t 6 6 ) ,  r { U
R E A L  Y Y Y , G  ( 6 9 0 r  r Y ( 6 9 0 t  r E C  t 6 6 t ,  E S ( 5 6 f
I N T E G E R  N T  I T  I F A I L
INTEGER L
R E A L  X  ( 1 4 1  )  r  S  ( 1 4 1 !  r R  ( 1 4 1 )  r T  ( 1 r + 1 ) '  Y C (  1 4 1 | '  Y S  ( 1 4 1 )
COIIPLEX Z r  Cr K r  C6At, I t , IA
P . - 7 . L
0 0 2 1  I  = 1 r  1 { 1
P = P + . 1
t R r T E ( 3 , 5 0 0 1

5 0 0  F o R l t a r (  "  - l
X { I ) = P
T  I  I  )  =  I  t . 0 E - 0  9 )  + E X P  (  x  (  I  )  )
R ( I I = T ( L 1 1 . 0 E 0 9

21  CONTINUE
x R I T E {  3 , 3 2  )

3 2  F O R I { A T  (  '  T I H E I N S )  X  S ( T }  =  S ( E X P ( - X }  l - )
t {R ITE  (  3 ,501 )

5 0 1  F o R i l A T (  '  ' )
HRITE |  3 r  50  2 l

502 FoRMAT ( - .  r r  r rrr+r+rar:rr+r+f+r l" f r  +lr f r  r rr  r r . r+i  )
I T R I T E { 3 i 5 0 3 1

5 0 3  F O R H A T {  -  - }
C  GO5B8F REIN IT IAL IZES.THE STREAIT  OF THE RANOOI {  NUMBERS

C A L L  G O 5 B B F
0 0 5 0  I : 1 '  1 4 1

C CALCULATE THE UNP€RTURBED DECAY CURVE
S I  I )  =8 .  07 :EXP l - f  ( I )  r 4 .  6596?7  6E67 ,  +

+ 0 .  0 5 f E ) ( P  ( - T t  I  )  1 3 .  1 3 7 4 0 7 E S 7 t
C  NOX PERTURB EACH OF THE 140  OATA PTS USING A  NORI . IAL  PSEUDO-RANDOI {
G NUHSER GENERATOR

S  {  I l  = S  ( I )  +  {  (  0 r  1 + 1 . 7 4 5 5 5 E - 0 4 1 r G 0 5 A 0 F  ( Y  I  I
x R I T E ( 3 r 3 3 ) R ( r )  r  X ( I )  r S  t I )

3 3  F o R t f A T  I  F 1 0 . 5  r F 6 . Z r F E . 5 '
5 O  C O N T I N U E

OO.+7  L  =1 t  20
l {R  ITE  t  3 r  504 )

5 0 4  F o R i l A T {  - ' )
l r7 CONT IN UE

C THE NEXT PART OF THE PROGRAT{  EVALUATES THE FOURIER TRANSFOR! . I  OF  THE OATA
ftu=-.  1
H R I T E (  3 , 9 9 '

99  FORHAT (  '  t {U  KC KS- I
l { R I T E { 3 r 5 0 5 t

5 0 5  F o R i 4 A T  (  - ' l
r {R ITE  (  3 ,50  6 l

505 FoRl lATl . .  ta+rr+faf  l . f  +++ l t r l r+""t}  r+r++r+r+ f++r +a rr  ra +r r : r : !  r r ] i i  )
r { R I T E ( 3 , 5 0 7 )

5 0 7  F o R H A T (  -  " t
0 O  1 0  J = l , 6 6
H U : H U + . 1
H I , U { J ) : H U
0 0 5 1  I : 1 ,  1 4 1
Y C  ( I  l =  { E x P  ( X  ( l )  l  t + S  { f  ) i C 0 S ( l , l U + X  ( L  }
Y S  ( I l =  ( E X P  ( X  (  I )  ) ,  + S ( I )  r S I N ( l , l u + x ( I  l ,

_  Y ( I l - C M P L X { Y C I I )  ' Y S ( I )  )
51  CONTIN 'UE

N= 141
IFAI L= L
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N T E G R A T I O N  R O U T I N E  F R O i l  T H E  U K  N A 6  L I B R A R Y  ( M K  6 I
x r v c r N r A N s r E R r I F A I L )
(  2 . 0 +  3 .  1 f 1 5  9 3  )  )  r . 0  . 5 t  +  A H S
{  2 . 0 r 3 . 1 r + 1 5 9 3  I  )  + r 0  . 5 1  + E R
Xr  YSr  Nr  ANS r  ER r  I  FA I  L l
(  2 . 0  + 3 . 1 r r 1 5  9 3  I  )  r r 0  . 5 )  +  A N S
l 2 , 0 + 3 .  1 4 1 5  9 3 1  )  + f 0 . 5 t  r E R
P L E X  6 A I { H A  F U N C T I O N  F O R  T H E  C U R R E N T  V A L U €  O F  H U  U S I N 6
E L O Xrlu )
LER INTEGRAL OF IHE COHPLEX 6A I { I {4  FUNCTION {EQN.  123  I
r 3 . 1 4 1 5 9 3 )  |  r r 0 . 5 ) r C
t
K I

I { U r X
F  8  ; 2  . 2 E  L 5  . 7 1

I,IU FC ( ERR I FS

l r+ l t r t t+ t t++  +a f f t t r l+  I  + t  |  + t t  l  t+ t++ + t . }a t r t t+ ra  t r  I

l { U ( J t  r F C ( J r  r E C ( J )  r F S t J )  r E S  ( J )
F 8 . 2 " l E 1 t r . 7 )

Y  G ( E X P ( . Y I  I  E R R O R ' '

+ t+ t t  ++ l t  + : t  I  r ! t  t + , r : r t +  |  l r  +a+ t ] '  +  t ++ : l  t l  + f  r f  : l  l t * r+ *  r r  r  I

E R  T R A N S F O R H  O F  T H E  O A T A  B Y  T H E  E U L E R  T N T E G R A L  F O R  T H E
N C T I O N
( J ) r K C  ( J ) ,  + I F S  (  J '  r K S (  J l  )  |  r c o s  ( Y Y Y T M  U ( J l  |  )  / (  ( K C  ( J l

l  )  )  f  +  (  (  (  ( F S  ( J ) l K C ( J t  ! -  ( F C  ( J t  * K S  ( J l  I  )  r S r N  (  Y Y Y + l . l l ' t U  (  J )  )  ) /
|  )  + ( ( s t  J )  r K S ( J '  |  ) )

S  A  FUNCTION OF Y  IS  FOUND FROI {  TH€  INVERSE FOURIER
THE SA} IE  NUI . IERICAL  INTE6RATION ROUTINE
I.I t{U r 6I,I r NN r A NS r E R r I F AI L I
l t +  15  93  t  +ANS
1 5  9 3  '  f E R
Y Y Y ' G  I I { }  ' E R
t  2 6 L t  ? 4 L

7 . 2 t  4 \ q 1 E 1 5 .  7  r 4 X r  1 E I s .  7 l
L E S S  T H A N  4  P O I N T S  S U P P L I E O I

G ( E X P ( - Y } I  A G A I N S T  Y  I S  O S T A I N E O
)
r 8 . 0 r 0 . 0 r 0 . 0 )
Y r G r 1 r 5 9 0 )

CALL  NUI , IERICAL  I
C A L L  O t l 1 6 A F (
F C ( J l = 1 1 L . 0 /
E C { J } =  l { L . 0 /
C A L L  O B 1 G A F (
F S  ( J ) =  |  l t . 8 /
E S { J ) = { ( 1 . 0 /

EVALUATE THE COH
THE SUBROUTINE B

Z = C t { P L X ( 1 . 0 r
C=CGAI{| 'A (  Zf

O€TERHINE THE EU
R =  |  |  L . o l  l 2  . o
K C ( J l = R E A L ( K
K S ( J ) : A I l ' l A 6 (
C = C G A H I i A ( Z I
i lR ITE  t  3 ,  10  1 )

1 0 1  F o R H A T  (  T X r L
10  CONTINUE

0049  L :1 r  2 I
I R I T E ( 3 , 5 0 9 t

5 0 9  F o R I { A T (  '  ' t
49  CONTINUE

I R I T E  (  3 ,  9 0  1
90  FORI IAT  (  -

+  (  ERRI  - l
f l R I T E ( 3 r 5 1 0 t

5 1 0  F o R ! { A T (  -  - r
l r R l T E  (  3 . 5 1 : , t

5 1 1  F o R H  A T  (  - r f +
+ r r raT r r r . . l

x R I T E ( 3 r 5 1 2 )
5 1 2  F O R H A T (  -  - )

O O 3 8  J = 1 ; 6 6
r{RITE |  3 '  91 I  r l

91  FoR l tA  T  (  1X ,1
38  CONTINUE

0 0 5 2  L = 1 , 2  0
! T R I T E  (  3 , 5 1 3 t

5 1 3  F O R H A T (  "  ' '
52  CONTINUE

l {R  ITE  (  3 i93  )
93 FoRr. rAT(  -

H R I T E  (  3 ,  5 1 4 1
5 1 4  F o R I { A T ( ' - )

HR ITE  t  3 ,  515 t
515 FORI{ AT (  "  r r

l , {R  ITE  (  3 '  5161
516  FoRt {A r (  -  - )

Y Y Y = - . 0 1
0 0 3 1  H = 1 t  5  9 0
Y Y Y =  Y Y Y  + .  0 1
Y  (  H I  =YYY
0 0 2 9  J = 1 , 5 5

OIV IDE THE FOURI
COI{PLEX GAI. IHA FU

G t t ( J ) = ( { ( ( F c
++KC (  J l  )
+ + ( K S ( J l + K S  { J
+ ( t K c t J l + ( c ( J

29  CONTTNUE
NN=56

N O r {  6 ( E X P ( - Y t  I  A
TRAI. ISFORI4 USING

C A L L  O O 1 6 A F (
G ( H r = ( 1 . 0 / 3 .
E R =  (  t .  0 / 3 .  1 4
I tR  IT  E  (  3 ,29  01
I F  ( I F A  I L }  2 4 1

2 4 1  H R I T E  ( 3 r 2 8 9 )
251  CONTINUE
290  FORi lAT  I  I 3X  IF
2 E 9  F O R H A T  ( / 2 8 H

3 1  C O N T T N U €
HENCE A  PLOT OF

C A L L  P A P E R { 1
C A L L  I { A P { { l . O
CALL  CURVEO{
C A L L  S C A L E S
CALL  BORDER
C A L L  G R A P H F (

c

c
c

FUI{XN }



233.

GRENDCALL
S T O P
ENO

F UNC TI ON
F U  x N =  0 .  0
RETURN
E N D

G
FUNXN (  X )

FOR6 suenour txE FoR GAL0uLATTNG THE cot lpLEx cAHMA FUNcr loN c = cGAHt ' tA(z !
'  iHE  GURRENT VALU€ OF I tU .  THIS  SUSROUTINE IS  THAT GIVEN BY LUCAS AND
C TERRILL  17970 '

COI {PLEX FUNCTIOT{  CGAHi lA  (  Z I
COI ' IPLEX Z  r  ZH  r  T r  TT  rSUt l  T  TERI IT  DENrP I  r  A
D I M E N S I O N  C ( 1 2 }
LOGICAL REFLEX

C SET IOUT FOR PROPER OUTPUT CHANNEL OF COI . IPUTER SYSTEH FOR
C ERROR IIESSAGES

I0UT=3
P f = ( 3 . 1 4 1 5 9 3 r 0 . 0 1
X = R E A L  ( Z )
Y = I T H A G ( Z }

C  TOL .  L1HTT OF PRECIS ION OF COI4PUTER SYSTEM IN  S INGLE PRECIS IOH
T o L = 1 . 0 E - 0  7
R E F L E x = .  T R U E .

C OEIERI I INE IHETHER Z  IS  TOO CLOSE TO A  POLE
C CHECK I {HETHER TOO CLOSE IO  ORIGIN

I F T X . G E . T O L I  G O  T O  2 O
C F I } ID  THE NEARESI  POLE AND COI {PUTE D ISTANC€ TO I I

x 0 I S l = x - I N T  {  x - ' 5  )
Z  = C r P L x  ( X D I S T , Y )
I F ( C A B S ( Z l l t . G E . T O L f  G 0 T 0  1 0

C IF  Z  IS  TOO CLOSE TO A  POLET PRINT ERROR i lESSAGE ANO RETURN
C  L I T H  C G A H T { A : ( r . . E 7 r 0 . F 0 l

f l R I T E  ( I O U T '  9 O O ) Z
CGAl{ i lA- {  1.  E7'  0.Ei l  I
RE TURN

C FOR REAL(Z}  NEGATIVE E I , IPLOY THE REFLECTION FORI ' IULA
C GAHI {A  (Z )=P I  (S INPITZ}  rGAf l l {A  (1 -Z l  I
C  A N O  C O H P U T E  G A I { H A I L - Z ' .  N O T E  R E F L E X  I S  A  T A 6  T O  I N D I C A T E  T H A T
C THIS  RELATION I {UST 8E  USED LATER.

1 0  r F t x . G E . 0 . 0 r  G o T o  2 0
R E F L E X = . F A L S E .
Z =  ( 1 '  0 r 0 . 0 1 - Z
X = 1 . 0 - X
Y: -Y

C  I F  Z  I S  N O T  T 0 O  C L 0 S E  T O  A  P O L E I  H A K E  R E A L I Z ) > 1 0  A N D  A R G { Z ) < P I l r f
20 l {= 0
4 0  I F { X . 6 E . 1 0 . } G O T O  5 0

X : X +  1 .  0
H= l{+1
G 0 T O  4 0

5 ( l  I F ( A B S ( Y I  . L T . X I G O T O  6 O
X =  X + 1 .  g
l'l= l{ + 1
G 0 T 0  5 0

6 0  T : C  P L X ( X r  Y )
T T : T ' T
DEN=T
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TO

C COEFFIC IENTS IN  ST IRL INC '  S  APPROXI I .TAT ION FOR LN (GAt {HA {T I  )Ei2i=ti113;0.
C t 3 t - 1 . / 1 2 6 0 .
c ( t + t = - 1 . / 1 6 6 0 .

8lZ!=t61"1'93a0.0.
C t T t = L . / ! 5 6 .
c ( 8 t - - 3 5 1 7 0 / L 2 2 4 0 0 .
q  (  9 )  = r l 3  EbZ .  /  Zb i l . LS i :

t lil i:r+633*e#Eluoo -
j ! ! =  t r - t . s  r 0  o  0 f  )  r c L o G  ( T r  - T r c H p L X ( .  S T A L O G (  2 . r J .  1 4 1 5 9 r ,  0 . 0  t

E dSl]FEii: i i l}1!F!"I!aRy.pARr:-0t..!! !q4!!A!2, TsEpARATELy FoRC COI {VERGENCE.  I frF r r?E r:il ti!iii;ifu I:TtinlirbH!F$iy:iii+:FF^EAIEk.
s0  { [ , 88 ; , l l r i lAG(TERMt rArHAGrsuH)  r  . L r . roL )  Goro  100

J :J+1

c'es'?FUioEUilEnn-*c,
d5fd.5g.12rc0T0 e0

g ; Io tg ! f ; Inr  sERr€s or0 Nor  0oNVERGE. pRrNr ERRoR r {ESSAGE ANo
^  - g q  I R I T E ( I o u T , 9 t 0 ) zc RECURSToN. . lF !4 i Ig !_usE0 To oBTATN LN( GAHr" lA (Zt  )E, o 0,,,n. ,.;:;il::i?;t$ r 8tililt I i* I rlrlJiiiii! ri i: 3ll:,.'i | }.n-,,
. #e,i;fi:5!!id[iaiiue.,,

120 Ig.(.REFr=E11Gof5F1L58rr0N 
FoRt'ruLA sHouLD BE usEo

;gHghgF (RI /gsrN iFrrz) ,  -suH
130 cqi*f i i :EElirsun

RETURN
t o0 . t8 *FBI I l x ' 2F14 '7 r10x '4gHARcuHENT oF  GAr {HA FuNcr roN rs  r0o  cL ' sE
tto.58lHI l64H ERR.R -  srrRLrNG's sERTES HAS Nor coNVER6E0/1 4x '4Hl

E N O



t a E

Proqram 7

R.CONSTRAINED NOI , I . L INEAR LEAST SQUARES I , IETHOD (HARDTNG)

6A l { f {A  =  B IREFRINGENCE lRADSl r  FC =  SUn  0F  SQUARES 0F  THE RESIBUALS
X ( 1 1  =  C U R R E N T  I N I T I A T  G U E S S  F o R  A / 8
X l 2 )  =  A +
X { 3 )  =  A -
O N  E X I T '  I ( 1 } I  X ( 2 I '  X ( 3 )  C O N T A I } I  T H E  B E S I  E S I I I . I A T E S  F O R  T H E S E  P A R A H E T E R S
XC(1 )  =  A  =  CURRENT ESTI I ' ' iATE FOR A /B
D =  t t c  =  VALUE OF B lC  CoR ESPoNoING T0  THIS  ESTI i4ATE

$  =  V ISC0SITY I | ICREH€NT
V  =  O E L T A +
f  :  O E L T A .

T H P L U S  :  -  -  T H E T A +
T H N U S =  -  '  T H E T A -

TC 12 }  =  CURREi lT  €ST I I {ATE FOR A+
X C ( 3 1  =
A A I r A A ? I . . r o A A 5  A R E  T H E  A / B  C O O R I I I N A T E S  F O R  5  P T S  O N  T H €  R - C U R V E
4 0 1 1 4 0 2 r . . . . A 0 6  \ f C
TEE VALUE FOR B /C  CORRESPOI IO ING TO TH€  CURRENT ESTI } IATE FOR A /B  CAN THEN
BE FOUND.  USIN6_A QUBTC POLYNOI4 IA I .  INTERPOLAI ION PROCEOURE BEI ITEEN THE
S I X  G T V € N  P O I N T S . T H T S  I S  O O N E  U S I N 6  A  L I B R A R Y  R O U T I N E  E g i L F I
t t f t t : l l l + t

PROTETN 1
t + t l l t +a+ f+ l

L INEAR T IME I I {CREASE,  l l lOPTS.
C U T  O F F  T I H E :  l t l O N S
STREAI{ OF RANOOI{ NU}IBERSI 3
0 . 1  O € G  S T A N D A R O  E R R O R  O N  E A C H  O A T A  P T .

PROGRA t {  l tA  IN  (  INPUTT 0UT PU T r  TAPE 2= [  NPUT '  TAPE3:OUTPUT I
c o t { t { o  / p a R A H / G A H l . t A  ( 1 0  1  )  |  T  ( 1 0 1  ) ,  A ,  C  r  0 r  N N r  A A  { 6  I ,  A D  ( 6  }
R E A L  R  ( 1 0 1 I
R E A L  A A 1 ,  A  A 2 r  A A 3 r  A A 4  r  A A  5 ,  A A  S r  A  D 1 ,  A B 2 ,  A O 3 ,  A  0 4 ,  A D S  r  A O 6
R E A L  B L ( 3 t  r B U  { 3 } , X ( 3 }  r F ,  r , r  ( 3 9 '
I I.ITEGER I BOU N D ' I F A I L r J r L I il r L l{ r N
I N T E G E R  I I { ( 5 }
R E A L  Q 1 r Q 2 r Q 3 r Q 4
N R I T E ( 3 ' 3 7 )

3 7  F O R i { A T (  '  P R O T E I N  1 ,  0 . 1  O E G .  S T A N O A R D  E R R O R ' I
H R I T E t 3 , 3 6 l

3E  FORI {AT  (  -
+  10  0  Ns ,  10  { ,PTs*  )

H R I T E ( 3 r 3 9 t
39  FOR| {AT{  -

)sTREAlt  3-)
P = - 1 . 1
0 0 2 1  I : 1 r  1 0 1
P = P + 1 . 1
R ( I ) = P
T ( f l = R ( I l r 1 , 0 E - 0 9
R {  f f  = T  (  I }  + 1 .  0 € 0 9

21  CONTINUE
GO5BAF(O.X)  SPECIF IES THE XTH STREAH OF THE RANOOH NUI . IBERS

C A L L  G O 5 B A F I C . 3 I
0 0 5 0  I = 1 1 1 0 1

CALCULATE THE U I {P€RTURBEB OECAY CURVE
6 A  t l A  {  I )  = 0 . 0 7 r E X P  ( - T  ( I  )  + 6 .  0 r 5 .  8 1 5 3 8 3 E 0 6 t  +

+ 0 .  0 5 * E X P  ( - T  {  t  l f 5 .  0 + r 0 .  1 5 6 4 6 1 2 E 0  5  t
NOI I  PERTURE EAC| I  OF  THE 1 ( l t l  DATA POTNTS USING A  NORI {AL  PSEUDO RANDOH
NUIISER GENERATOR GO5AOF

GAt t  a  (  r )  =GAr . i l . rA  ( I  )  +  (  (  1 .  74555E-0  3 l  +G05  A0F{  y '  I
'O  CONTI I IUE

REID I I {  THE VALUES FOR THE LO} IER L I f lT IS  FOR THE IN IT IAL  GU€SSES OF TH€
4 Ig ]  A+ '  A .  (X18 t l I  r  THE LOI IER,  ANO UPPER L . I I { ITS  FOR TH€ COI {PUTER ESI I ! ' !ATES
I H E  C O O R O T N A T E S  O F  T H E  A / B  V A L U E S  A N O  T H E N  T H E  C O O R S I N A T € S  O F  T H E  B / C
FOR TH€ R .CURVE TO I {H ICH THESE ESTIHATES ARE CONSTRAINEO

R E A 0  {  2 ,  I  I  X  X l ,  X X 2 ,  X X 3 ,  g B L 1 ,  g B L 2  r  B B L  3  r  B B U I  r  g B U z  I  g g u 3  r
+ A A 1 r  A A 2 '  A A 3 '  A A l r r A A 5 '  A A 5 r  A 0 1 ' A 0 2 ' A 0 3 '  A 0 4 r  A 0 5 '  A D 5

A A ( 1 1 = A A 1
A A  ( 2 1 = A A 2
A A ( 3 ) = A A 3
A A  ( 4 )  = A A 4
A A ( 5 r = A A 5
A A  ( 6 1 = A A 5
A O { 1 1 = A D 1
A 0  ( 2 1 = A D 2
A O ( 3 ) = A O 5
A0 (q ,  =  ADI r
A D ( 5 1 : A O 5

c

c

c

c

c

c

I
c
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BU r Xr F r  I l {  r  LI t {r  l l r  L l{  r  IFA ILf
O ' I F A I L

r IS r -SEE ROUTINE I {ANUAL ' }

( 3 )  |
0 N  E X I I  I S " r F 1 5 . 1 2 l
l+=*  s f l 5  t  L2 t

IBOUHO , BL,
H R I T E ( 3 r 1 0
6010  20
E X I T  T Y P E '

( 1 f r X ( 2 l r X
T ION VALUE- r F E . 5 r -
t
0 3 0

A D ( 6 1 = A 0 6
N = 3
f  BOUN0=0
Q 1 = 1 . 0
D 0 1 0  I : 1 r 3
Z = G 0 5 A A F ( X )
X  (  1 )  = X X 1 + 0 . 2 r 2
X  12 ,  =XX2+2 .g rZ
X ( 3 ) = X X 3 + 2 . B r Z
8 L ( 1 r = s B L 1
B L  I 2 I  = B B L z
8 L ( 3 1 € B B L 3
8 U { 1 1 = B B U I
8 u l 2 ' = 8 8 u 2
B u  ( 3  t = B B U 3
LfH=9
L n=39
IFAIL=1
CALL E0{+JAF(N '
I F ( I F A I L . N E .  O '
I F  ( 1 F A  I L .  E A .  1 }
FOR}IAT ("ERROR
X  (  2 l  = X  (  2 l  + . 0  t
x ( 3 ) : x l 3 ) r . 0 1
T i R I T E ( 3 r 1 1 0 '  F
H R r T E ( 3 , 1 2 0 t  t X
FORI.IAT T '  FUNC
FORIIAT( - A/B=

+{  A-= ' tF t5 .  L2
I F I O l . L E . F } G O T
Q1:F
Qz=x  |  1 )
Q 3 = x  l 2 )
8 t = X ( 3 t
CONTINUE
I R I T E  l 3 , 1 3  0 l
FORHAT{  '  ' I
H R I T E  ( 3 , 1 4 0 )
FoR| {AT l  -  ' t
CONTINUE
H R I T E  ( 3 r 1 5 0 )  Q l
FOR} IAT  (  '  SEST
H R r T E  (  3 , 1 6 g l  q 2
FORI{AT I  '
l { R I T E ( 3 , 1 7 0 t Q 3
FORI.IAT (  -
H R I T E  (  3 , 1 8  0 t  Q 3
FORIIAT ( "
| T R I T E ( 3 r  1 9 0 t  A 4
FORI {AT  (  '
STOP
Eil0

1 0 0

' r F t 5 . ! 2 1

" r F 8 . 5 )

- r F 8 r 5 )

" F 7 .  q )
'  , F 7  . 4 '

LEAST SQUARES VALU€

A I B

s / c

1 1 0
L2g

3 0

1 3 0

1 4 0
1 0

1 5 0

1 5 0

1 7 0

1 8 0
190

2 8

A +  .

A -  =
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O F  T H E  R E S I D U A L S  F O R

At] (  6 l

TO THE R .CURVE POINTS

, t { o F U N , I F A I L t

SUBROU'TNE FOR CALCULATING THE SUH OF THE SQUARES
CURRENT ESTTHATES OF A /g '  A+  ANO A .
Kg  =  B0LTZHANNS C0NSTANTT NA :  AV0GA0ROS NUHBER

S U E R O U T T N E  F U N C T l  ( N T  X C  T F C I
C0i lHOil /PARAt{/GAHt'rA {  101 )  r  T (  1 0 1) r  Ar C r  Or NNr AA ( 5 )  r
EXTERNAL FUN
R E A L  q ' F C
INTEGER N
D I H € N S I O N  A L P H A ( 9 )
R E A L  X C ( N '
R E A L  X 2 , X 3
REAL I  HPLUST THHNUST TEMP r  E fA  r  H r  0  rP  r  KBr  NAT,YH
l{N= g
A = X C ( 1 1
Nll =5
IEx IT=  0

CALL  L IBRARY ROUTINE FOR THE CUBIC POLYNOIT IAL  FTT
A L IST ING OF THIS  IS  6 IVEN BELOI {

C A L L  E 8 1 L F 1 (  N t { t A A r A 0 r  A r 0 r  I E X I T  I
G = 1 . 0 / 0
8 = 1 .  0
D045  K= l r  9
A Z = 0 . 0
B Z = 1 0 0 0 0 0 0
NN=NN+ 1

AX0 IV=50
E P S = : . . 0 E - 0 6
A C C =  0 . 0
IFA IL=  0
CALL  0  01AGF {  AZ  rBZ  r  FUNr  } tAX0 f  U t  EPSr  ACCt  ANSt  €  RROR
ALPHA ( I . IN) :  AN S

tr5 C0NT IN UE
s =  ( 1 .  0 /  ( A r B r c )  ) r  (  ( 4 .  0 / 1 5 .  0 ,  |  (  (  A L p H A (  7 I  + A L p f l A ( 6

+  + A L P H A  (  9 I ,  /  ( A L P H A  {  6 I  * A L P H A  ( 9 I  + A L P H A  (  9 )  + A L P T I A
+  { 7 1 + A L P H A  l 7 l  T A L P H A  ( E )  '  )  + ( 1 . 0 / 5 . 8 '  r ( ( ( A L P H A ( 2 1
+  +ALpHA (3  t  t  /  (ALPHA (  4 l  r  (  g iB+aLpHA I  2  I  +CTCTALpHA {
+  }  I  I  +  (  ( A L P H A  {  3 I  + A L P H A  ( 1 '  )  /  {  A L P H A (  5  )  I {  C I C T A L P H A
+  + A T A T A L p H A ( 1 )  I l  | + {  I  A L p H A  (  1 l  + A L P H A  (  2  r  ' / ( A L P H A {
+  |  {  A + A . A L P H A  { 1 )  + E T B T A L P H A  ( 2 1 '  )  )  |  I

l t =  t  B rg+CrC l /  {  BTBTILPHA ( l l  +616+  g lPH A  (3  )  t
0 =  { C r C + A r A  l /  ( C r C } A L P H A  ( 3  }  + A T A T A L P H A ( 1 }  )
p =  |  A + A  + B f B ,  /  (  A T A I A L P H A  (  1 l  + B r B r A L p i l A ( Z D
z :  (  (  a + B f c )  l t L 2 . 0 l  f r {  (  (  t 1 . 0 / H ,  +  ( 1 , 0 / 0 )  + ( 1 . 0 / p

+  I  l -  (  |  1 L .  8  r t 1 + + 2 . 0 )  +  ( 1 .  0 r r 0 r . 2 . 0  l + (  1 .  0 / P + + 2 .  0 )  l  -
+  {  ( 1 . 0 /  ( H + 0 )  I  } ( 1 . 0 /  ( O r P l  )  + ( 1 . 0 / ( P + l {
+  )  ) ) ) + r 0 r 5 l l

U =  (  { A + B i C )  l  a L ? . D t  I  r  (  (  (  ( 1 .  0 / l ' ' l )  +  ( 1 .  0  l o l  +  l t  .  0  l P
+  ) ,  +  (  (  ( 1 .  0 /  a r 2 .  0 f  +  ( 1 . 8 / O r + 2 . 0  l + (  1 . 0 / P r r 2 .  0 )  ) -
+  (  { 1 . 0 /  (  r 0 , ) + ( 1 . 0 / ( 0 ' P l I + { 1 . 0 / ( P r
+  r  r r  ' + t 0 . 5 ) )

V = 6 .  0 r U r S
n = 6 . 0 + Z + S
E N T E R  I N T R I N S I C  V I S C O S I T Y
E f  A = ? . 7  4 6
ENTER TEHPERATURE
T E i l P : 2 9 3 . 0
ENTER I4OLECULAR I {E IGHT
t{ l l=7 17 44. 0
K B - 1 . 3  6 8 4 6 € -  1 6
N A = 6 .  0  2 4 8 E  2 3
T  H P L U S :  (  N A + K  B r 1 0  0 , 0 / 5 . 0  )  r  ( T E M P /  ( E T A + H H l  I  r V
T H i { N U S =  ( N l r K B * 1 0  0 .  0 / 5 ,  0  )  t  ( T E l . t P l  ( E  T A r H H  I  I  r {
x z = X C ( 2 )
X3=xC (  3  )
F C = 0 . 0
0 0 7 5  I = 1 , 1 0 1
a =  ( 6 A t , $ 4 A  (  I  t  -  (  0 .  0 1 r x 2 r E X P (  - 6 .  0 T T H P L U S + T  {  I  I  I  + 0 ,  0

+  t - 6 . 0 . T H i { N U S | T ( I l  }  )  I  + 1 2 . 0
F C = F C + Q

75 C0NTIT, IUE
R€ TURN
E N D

c

c

)

3 )
{ 3 }
5 )

l r x 3 f E X P
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C U B I C

l - t x ( N - 2 1

LEICESTER UNIVERSTTY CCI {PUTER L IBRARY SUBROUTINE FOR A
POLYI {O I I IAL  F IT  TO A  SET OF POINTS (K .  EROOLIE)

S U B R 0 U T I N E  E 0 1 L F 1 ( N  r  A X r  A Y r  X r  Y r  I E X I T  )
O I I { E N S I O N  A X  ( N I  r  A Y ( N I

CHECK DATA POINTS ARE I .TONOTONICALLY INCREASlNG
IE xf  T=1
D 0  5  I = 2 ' N
I F  ' A X ( I I ; L E . I X ( I . 1 I  t  R E T U R N

5 CONTINUE
CHECK THAT X  IS  A  VAL ID  POINT

I E X I T = 2
r F  ( t A x  ( 1 ) - x t  |  ( A x  ( N ,  - x t  . G T . 0  |  R E T U R N

LOCATE INTERVAL IN  I {H ICH X  L IES .
A X  (  J - 1 ) . L T .  X . L E . A X (  J )

IE  x I  T=0
Y =  A Y  ( 1 1
IF  (X .  EQ.  AX  T  1  I  I  RE  TURN
DO 10 f :2r l r l
J = I
I F  { X . L E . A X ( I }  I G O T O  2 g

10  CONTINUE
20 coNrtNuE

Y-  AY l J l
I F  { X . € q . A X { J '  } R E T U R N

ESTI I {ATE SLOPE AT  AX(J .1 }
C A L L  E 0 1 t A  ( i l r  A X  r  A Y r  J - 1 r  G  1 )

E S T I H A T E  S L O P E  A T  A X I J )
G A  L L  E l l 1 1 A  l N r  A X r  A Y T J T G Z I

C o N S T R U C T  I N T E R P 0 L A T I I I G ' C U B I C  P o L Y N 0 I { I A L  I N  I N T E R V A L
O = A V ( J - l l
C= G1
H = A X l J l - A X ( J - 1 1
S=  (AY (  J l  -AY  (  J -1 t  l  /H
B=  (3 .  0 rS -2 .  0 rc l -G2)  /H
A=  {61+62-2 .0  rS }  /  H /H

EVALUATE POLY}.IOI{ IAL AT POINT
H = X - A X ( J - l 1
Y=  (  |  A+H+ B '  rH+C l  rH+O
RE TURN
ENO
S U  B R O U T I N E  E  0 1 1 A  I  N r  A X r  A Y  r  J r  G  I
O I I { E N S I O N  A X  ( N )  '  A Y ( N I

CALCULATE SLOPES ON E ITHER S IDE OF OATA POINT
JH 1= J.1
JP t= J+1
I F  t J . N E . 1 t 6 0  T 0  2 0

ENO.POINT IS  D IFFEREHT
H 1 : A X  {  a l  - A I  (  1 }
S  1 = 2 .  8 t  (  l Y  ( 2 1 - A Y  ( 1 ) ,  / H 1 -  ( I Y  ( 3 !  - A  Y  ( 2 ,  l  /  (  A X (  3  )  - A X  (  2 t  )
6 0  T 0  3 0

2O CONTINUE
H1=A X  {J l  -AX  (  J -1 )
S1={  AY  I  J l -AY  (J l , l 1  }  )  /H1

30  COMTINUE
I F { J . N E . N } G O  T O  4 0

ENO.POINT IS  O IFFEREI {T
H2=AX lN l  -A  X  {  t { -1  t
S 2 = 2 .  8 r  ( A Y  ( N  l  - A Y  { N - 1  |  |  / H 2 -  (  A Y (  N - 1 1  - A Y  (  N - 2 )  I  /  (  A X {  N - 1
G O  T 0  5 0

40  CONTINUE
H 2 = A X { J P 1 l  - A X  ( J }
S 2 = (  A Y  ( J P 1 l - A Y  ( J )  ) / H U

5 O  C O N T I N U E
S12=S1rSz

IF  DAIA  IS  NOT I {ONOTONIC SET SLOPE TO ZERO
I F  { S 1 ? . G T . 0 . 0 ) G 0  T 0  1 0
6 = 0 . 0
RETURN

10  CONTINUE
l lHEt {  0ATA IS  I {ONOToI I IC  USE l lE lGHTE0 AVERAGE 0F  NoRHAL

T 1 :2 .  orH l+Hz
f 2 ; H 1 + 2 . 8 f H 2
T :  ( T  1 r S 2  + T  2 f S 1 t  /  ( 3 . 0 r ( H 1 + H ? )  ,
G= 51? ll
RE TURN
E N D

c
c

c

c

c
c

c
c
c

c

c

c

SLOP€ S



x
E sugnou r tNE  FoR  cALcuLATrNc  rHE
C THE S VALUE FROI., |  THE CURRENT GU
c

R E A L  F U N C T I O N  F U N { Y I
co { t {0N /PARAr . t /GA r {A  (  10  1  I ,  T  (  1
B =  1 . 0
G 0 T 0  ( 1 0 r 2 0  r 3 0 r 4 0 r  5 0 r  6 0  r 7 8  r  8

1 0  F U N =  1 . 0 /  (  {  A f  A  + Y )  + + 1 . 5 r  (  B r B +
RETURN

2 0  F U N = 1 . 0 /  (  a A + A + Y )  r f g . 5 + { B + B +
RE TURN

3 0  F U t { =  1 . 0 /  |  ( A r a + Y r r + 0 . 5 + ( 8 r 8 +
RETURN

b 0  F U N = 1 . 0 /  (  (  A r a  + Y )  r : 0  .  5 r  (  B r B +
RE TURN

9 0  F U N = 1 . 0 / (  l A r A + Y l f * 1 . 5 f  l B . r B +
RE TURN

60  FUN=1 ,  0 /  (  {  a rA  +Y)  r f 1 .  5 }  (  B fB+
RETURN

7 0  F U N = Y /  (  ( A + A + V l  s 0 . 5 r  { B t 8 + Y )
RETURN

E0 FU i l=Y /  (  (A+A+  Y t  r+1 .5+ l  B+g+Y I
RETURN

9 0  F U t { = y /  (  { A r A + y )  | t 1 . 5 +  ( B r g + y )
RETURN
END

239.

ELLIPTlC INTE6RALS USED FOR DETERI I ININ6
ESS FOR A/B

0 1 1  r A r c r D r t { N ,  a a  ( 5 ) ,  A D ( 6 )

0 r 9 0 l r N Ny )  r + 0 r  5 r  { C r C + y  } + + 0 .  5 }

Y r + 1 1 . 5 + ( c r c + Y )  + i  g .  5 )

Y )  + a 0 . 5 *  (  c + c f Y  I  r r 1 .  5 l

Y )  r r 1 .  5 f  ( c + c + Y  I  + +  1 .  5 )
y )  + f  0 .  5 r  l g r e r y  I  r + 1 .  5 )

Y t  + + 1 .  5 r t c r c + Y )  f . 0 .  5 )
f f 1 . 5 . r I g r Q + y ) r r 1 . 5 )

r + B  .  5 f  l  g r e + y )  + r 1 . 5 1

r l1  .5 r  {  C rC+  y )  r r  0  .  5 )

11 { lNSr  l t }OPTS
ST REAI{ 3

Regul ts :

PROTEIN 1 ,  O.T  OEG.  ABSOLUTE ERROR

FUI{CTroN VALUE ON EXIT rS  .000399962996
Ar8= 1 .48309 A+:  .A70456728499 A-=  .0 r r8831535504

FUNCTIOI {  VALUE ON EXIT  IS  .000399962998
A/B=  

-1 .40309  
A+=  .979458041275  A- :  . 0488315340  73

FUNCTION UALUE ON EXIT  IS  .00399962998
A t 6 =  1 . 4 6 3 6 9  A + =  . 0 7 0 4 5 6 8 6 1 2 3 7  A - =  ' 0 4 8 8 3 1 5 3 4 0 8 1

BEST LEAST SQUARES VALUE
A t a

A +
A .

.  0  00  399952996
1 . 4 8 3 0 9
. 0 7 0 7
. 0 4 6 6
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Aooendix UI Use of tl . E and s to dstermine k

Rou€ (19?7) has shoun that

n. = NA1-.,,"" 
.1,/1 

l/l\ /s _ i"\lu'E ^L*-, 'J 
L\*/ \; i  )J

This can be rearrang€d to glve

I c z 13 
-1

k c = z i l g . t l  ( ' - o u )  .  b l
L t n  u o ' \ e n n o " /  n l

An estimate tot ir/i is required, thus this equation uould normally

be used as a check for intErnal consiatancy betueen values for sedimentation

and viscosi ty para$etsls,  stnce i" / i  =k/kE.
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Appendix UII Comparison of the radius of gyration for a spherE of

uniform mags t ith that for a sphere of the same nass but uith a spherical

cavity

The radius of gyrationr Rn of a sphere of unlform maes and radius

R is given by:

,n,= I"1*oo" lf-,*
:)  -a

= = K (1 )

(Tanford, p 306, 't961 
). The radius of gyration of a spherical' shel1 of

unirorn qass uith radius R,., and uith a contEally placed spherical cavity
z '

of radlus R. ls oiv€n bv:

.R2 | .Rz
, r ' =  l o n " o o "  f l a , r 2 a "

R 1  ' l  R 1

, /trt 
- t,t\

E\q - R13/
( i l )

The results of elEctron mlcroecopy and x-ray diffraction (Harrison,

1959, Farrant, 1954, Kuff & Dalton, 195?, Labau & lr,lycof f , 195?) suggest

that apoferritin consiEts of tuenty four subunl,ts, each of molecuLar

u619ht 201000, aslanged ln the forrn of a spherical, shell of diamBtsr

fOs f. If ue take the radius of th€ hoLLo!, to be 18.5 8, and the outer

radl.us of the shelf, to be 54.5 fl, Rn i" calcul.atad using formula (i:.) to

be 43.0 8. The radiue of gyration, had the ltame nasa been concantrated

into a uniform spher€ of denaity identical to tha shell uould have been

41 .6 R, using formula (f)i l.e. . disclspancy of - 3.4*



B I B L I O G R A P H Y .



242.

Alexande!,  A.E. and Johnson, p.  (1949)

t!gL!gi!]9gi@] r Vol.utne 21 oxfoDd University PrBss

Alpert ,  5.5.  and Banks, G. (19?6)

Bioohvslcal Chem. I 287

Baghure t l  P .A .1  N ! . cho1 ,  L . ! / . ,  0gs ton ,  A .G . r  U inzo ! r  0 . J .  (19?5)

Blochem. f , .  1n, 5?5

Ba1]. lnger,  K. l rJ.A. and Jennings, B.R. (19?9)

Nature 282, 699

Eatchelor,  G.K. (196? )

tAn Introduction to Fluid llechahicsr l Cambrldge Univs.sity Prass

Batehelor,  c.K. (19?0 )

J. Fluld llech. 41, 545

BatcheJ.or,  c.K. and Gr€en, J.T. (19?2)

J. Fluid lvlech. 56, 3?5

Beeman, ly ' . l r . ,  Koesbelg,  P,,  Andarsggr J.U. and l . r€bb, lv l .B. (1957)

in t H€ndbuck der physikr, (Flugge, S. ed.); 32, 321, Springer-Uerlagg

(Berlln )

Benoit ,  H. (  1951 )

. Ann. Phvsik. !, 561



243.

Berne,  P .J .  and Pecora ,  R.  (19?4)

Ann. Rev. Phys. ChBm. 25, 233

Blake,  c .c .F .  (  19?5 )

Essays in Blochen. I]. 3?

B1ake,  C.C.F. ,  Gaisotr r ,  l t l .J .  and oat l "ay,  S.J.  (19?8)

l. mor._pior. 121, 339

Blake ,  C .C .F .1  Koan ig ,  0 .F . ,  t / l aJ , r ,  G .A .1  Nor th ,  A .C .T . ,  Ph iL l i ps ,  D .C .

and SaDme, V. R. (1965)

Nature 205, 75?

Bloomfield,  U.A.,  Dalton, !J.0.  and Van Holde, K.E. (196?)

@ ! ,  t s s

BresIEr and Talmud ( 1944 )

CR Acad. sci .  URSS. 43. 310

Bl inkman, H.C.,  HBrman6, J.J. ,  oosterhoff ,  L.J. ,  ovelbeek, J.  Th. G.,

Polder,  0. ,  Staverman, A.J.  and ldiebenga, E.H. (1949)

Ppoc. Int .  RheEl.  Congrsss (Schveningen) I I ,  ??

Br6nns!,  H. (19?0)

J,  Col l .  Int .  Sci .  32, 141



244 .

BrEnnalr  H. (  1972a )

Ch€rn. Eng. Sci. 27, 1469

Brenner, H. (1972b)

@ 9 ' e 3

Cantor,  C.R. and Tao,

Proe. Nucl,. Acid Rss.

T.  (1e?1 )

?t 3't

C€8fr R. and Scheraga, H.A. (1952)

ChaE. R€vB. 51 ,  185

chapman, P. F.  (  1913 )

Phi1. fiag. Et 475

Cheng, P.Y. and Schachman, H.K. (1955)

J.  PoJ.ymer Sei.  9 19

chu, B. (  19?4 )

rLaser Light Scatter ingr,  Academic, Neu York

Chruang, A.T. (  19?5 )

3. Fluid lvlech . Q, 1?

Clenshau, C. l r .  and CuDtis,  A.R. (1960)

- Num. tlath . 2r 19?



l 4 J o

Creeth, J. t t l .  and Knight,  C.G. (1965)

Eiochinr. Biophys. Acta EL 549

Cummings, H.Z. and Pike, E.R. (1973)

(BdE.) tPhoton CorrBlat ion and Light BBal ing spactroscopyr,  Plenun,

N€u York

Dlckerson, R.E. and Geies, I .

rThe Structure and Action of

(1e6e )

ProteinEr,  8€njanlnr Cal i fornia

oougharty,  J.  and Kreige!,  I . l t l .  (19?2)

in Keeiger, Adv. Colloid Sci. L 11'l

Edsa1l,  J.T. (  1953 )

ln t lhg-eggglEr (Neurath, H. and BEiley,

Academlc, Neu York

K. eds) 18, Chapter ?,

Eduardes, 0.  (1892)

Quart. l. nath. 26, 70

Einatsin, A. ( 1905 )

Ann. PhyElk 1J, 549

Etnstain, A. (1906 )

Ann. Physik !1r 59r

Einsteln,  A. (1911)

Ann Physik lJr 591



246.

EDes ,  C .H .  (19??)

Ph. D. thesisr Uniuessity of LBicsster

Enes, C.H. and Roua, A.J.  (19?84)

Biochim. Biophye. Acta 53?r 110

Enes ,  C .H .  and  Roue ,  A .J .  (19?8b)

Biochim. Biophys. Acta 53?r 125

Farfant,  J.L.  (1954)

BLochlm. Biophys, Acta 13' 559

Feldaran, R.J. (19?6 )

rAtlas of fbcromoleculas Structura on fllcroflchetl Traco Jitco Int.t

Rockuille, tld. USA

Gans, R. ( 1928 )

Ann. Physik g61 628

Garcia Bernal, 3. !1. and Gascia de la Torra, J. (1980)

BiopolynErs 19, 62A

Garcia dE la Totre, J .  and 8 loomf i6 ld,  V.A.  (1977a)

Biopolymers 16, 'l?41

Garcia de la To$e, J.  and Bloomfield,  U.A. (19??b)

Biopolymels 16, 1765



24?.

Garcia de la Torta, J. and Bloomfieldr V.A. (1917c)

Blopolyners 16, 11?9

Garcia de La Tosle,  J.  and BloomfiEldr V.A. (19?8)

Biopolymers 1?r 1605

Gardnaa, 0.G.,  Gardnerr J.C.r  Laush, G. and l t le inke, l / . I t .  (1959)

3. Chen. Phye. 3: ,  978

Giesekus, H. (1962)

Rheol. Acta 21 50

GiI l ,  P.E. and l lurrayl  U. (19?6)

Nat. Phys. Lab. lepolt NAc ?2

Go l .d ,0 .  ( ' l 93? )

Ph. D. thesis, universlty of Uienna

Goodroin, J.U. ( 19?5 )

CoLl.old Solence 2 (Chemical Society), 246

Guoy ,  L .G .  (  1910  )

J.  PhyE. Chem. 9,  45?

Hal l ,  C.E. and S1ayt6!,  H.s.  (1959)

E  a aJ. Biophye. Cytol.



?48.

Harding, s.E. (1980a)

Bl.ochem. J. 189 (in prese)

Harding, 5.E. (  1980b )

mss. submitted to 3. Phy6. Chem.

Ha$ison, P.n.  (1959 )

J. FloL. Biol. 1 , 69

Herzog, R.0.7 l l l ig,  R. and Kudarl  H. (1934)

Z. Phys. Chem. A1671 329

Holtzer,  A. and Louey, s.  (1956)

J. AB. Ch6e. Soc. ?9, 5954

Jabloneki ,  A. (  1961 )

&!s@!.l.99', 1

Jeffrey, G.B. (1922)

Proc. Roy. Soc. (London) A1o2, 4?6

Johnson, P. and ftlihalyi, E. (1965)

Blochln. Biophys. Acta 1O2, 4?6

Jost,  3. l r l .  and orKonski ,  C.T. (19?8)

ln | l lo lecula!  Electro 0pt icar (0rKonski ,  C.T. ed.)  Uolume 2, 529



Kartha, G.,  Bel lo,  J.  and HaDkBr, D. (1967)

Nature 213, 862

Kendrebr,  J.C.,  Bodor G.1 Dintzls,  H. lYl .1 Parr ishr R.G.r Llycoff ,  H.

and Phir l ips, D.c. ( 1958 )

[atuE€ 181 ,  665

Klm, s.H. (19?4)

in I Eiochemj.stry I (Stryer, L.) 653, Freeman, San Francisco

Kirkuood, J.  G. (196? )

| ftlaeromolecu].ee | (Aueur, P.L. Ed.), Gordon and Breach

Koenig,  s.H. (  19?5 )

85.opolymers 14, 2421

Kratky,  0. ,  Leopold,  H. and StabingeD, H. (1969)

Z. An96u. Phys. 27, 2?3

Kratky,  0. ,  LBopold,  H. and Stabing€r,  H. (1969)

in r l lethods in Enzyraologyt (Hirs,  C.H.LI.  and Timasheff ,  S.N. eds.) ,

2?, 98, Academic, London

Klaus€, S. and 0tKonskl ,  c.T.  (1959)

J_L4q1S!_dn _199. qJ, 5082

Kuff ,  E.J.  and Dalton, A.L.  (195?)

J.  Ul trastructu.B Res. 1,  62



250 .

Kuhn, l r .  and Kuhnl H. (1945)

Helvetica Chiqlcg_Ae !s 38, 97

Kynch, G.J.  (1955 )

Proc. Roy. Soc. (London) A231, 90

Labau, L.U. and uJycoffr  R. l t .G. (195?)

Biochim. Biophys. Acta 25, 263

Lauffer,  I l .A.  (1942)

Eher. R"v.. 31r .551

Laurent,  T.c.  end Ki l landeD' J.  (1964)

J. Chromatog. 14, 3'17

Llpscombr t / .  N. (19?1 )

Proc. Robert A. trlelch Found. Conf. Chem. Res. 15, 134

Lloyd, P.H. (  19?4 )

t0ptical llethods in UltracentDifugation, E1""t"ophot""i" *d 0 tt

Clar€ndon Prsgsr oxford

Lucas, C.|y ' .  and Terr i l l ,  C. ld.  (19?o)

Collected Algorithos from CAClvlr t'lo. 404

llanl ey, R. and fllason' 6. G. (1954)

Canad .  J .  Chen .32 '  763



f i laat in,  R.B. (1964)

I lntroduction to Biophygical- Chemistryr Chap. 11r llcGratrHillr lleur York

l lccaanon, 3.A.,  Dantch, J. l l .  and Bloomfiald,  U.A. (19?5)

Biopolymers lt 2479

m€h1, 3.U.,  oncley, J.L.  and Simha, R. (1940)

Scienqe 92, 132

Itlendelson, R. and Harttl J. (1980)

EllB0 lJorkghop on |rluscla Contraction, ALpbach Conf. Austrla

f'tihaly!., E. and codfrey, J. (1963)

BLochim. BioFhys. Acta 6?, 90

lle3rming, R. (1961 )

Z. Physik. Chern. (Frankfurt) 28, 169

l looney, l I .  (1951)

J.  CoLI.  Sci .  6,  ' l52

l loon€y, ltt. (1

3.  Col l .  Sc i .

es?)

12, 51s

f lunlo,  I . ,  Pecht,  I .  and Strye!,  L.  (19?9)

P !oc .  Na t .  Acad .  Sc l .  (UsA)  ?6 ,56



Nichol,  L. !1. ,  Jeffrey,  P.D.r  Turnelr  D.f i .  and l l inzor,  B.J.  (19??)

J.  Phys. Chen. 81 ,  ??6

Nicihara, T.  and Doty,  P. (1958)

Proc. Nat. Acad. Sci. (USA ) lr 411

oberbeckl  A. (18?5 )

J. reine. ang€u, f,lath. !, 62

0rConno!,  0.U.,  lJare, ld.R. and Andrer l .C. (19?9)

J.  Phys. Chem. 9lr  1333

0ffer,  G.,  l t loos, C. and Stau, R. (19?3)

J. !1o1. Biol. ?4, 653

orHara and sFith (1958)

Comp. Journal 11, 213

0rKoneki ,  C.T. and Ha1tner,  A.J.  (1956)

J.  Am. Chem. Soc. ?B; 3604

0liver, 3. (1912)

Conp. Journal '15, 141

oncley, J.L.  (1940 )

3.  Phys. Chen. 44, 1103



onc ley ,  3 .L .  (1941  )

Ann. Nau York Acad. sci .  41 '  121

Paradine, C.G. and Rivett ,  B.H.P. (1960)

I Statlstical flethods for Technologists I r English lJniversitLEs Pless,

London

P€arce, T.C.y Rorrre,  A.J.  and Turnock, G. (1975)

J. lvlol. Biol. 9?e 193

'PerrLn, 
F.  (  1934)

r._!!ly".R"g I 4e?

Pe$in, F.  (1936)

::!U*9lur 1, t

Perutzl  f l .F. ,  Rossmann, f l l .G.1 Cul l ls,  A.F.,  I lu i lhead, H.,  Ul l l ,  G. and

North,  A.C.T. (1960 )

!49'Eg, ato

Pouel l ,  0.R. and l lacDona: 'd,  J.n.  (19?2)

.  Comp. Joulnal  15, 148

Pytkoulckz, R.f l .  and 0rKoneki ,  C.T. (1959)

3. Am. Chen. Soc. 91, SO8Z

RaIIJ.son, J.fl. (1978)

J_J!i4 l'l€ch. s4, ?'31



t c,n

RiddS.ford, C.L. and Jennings, B.R. (196?)

Biopolyners 5r ?57

Rldgerrrayr 0. (1966)

J.  Am. Chem. Soc. 88r 1104

Ridgauay, o.  (  1968 )

J.  Aro. Ch6r[ .  Soc. 90r 18

Ro're,  A.J.  (19?? )

Blooolvmers 16. 2595

Rou6, A.3.  (19?8 )

. T"chnique, in P!"ts . 9lE, 1

sai to,  N. (  1951 )

J .  Phys .  soc .  ( Japan)  5 ,297

Scheraga, H.A. (1955 )

J .  Chen .  Phys .23 ,  1526

Schesaga, H.A. (  1961 )

lProteln StructurEl, Academic, N6u York

Scheraga, H.A. and lvlandelkern, L. (1953)

3: !q! q!eq! !qc, 79, 179



simha, R. (  1940 )

J.  Phys. Chem. 44, 25

sinha, R. (1952 )

J.  App1. Phys. 25, 1020

Sha', , ,  D.J.  (19?0)

t r  t

Sarall, E.l/, and Isenbergr l. (19?7)

Biopolymers 16, 1997

Sotenson, f'|.A. (1930)

CR Lab. Cqrlsberg 18, No. 5

Squlre,  P.G. (19?0 )

8iochim. BiophyE. Aeta 221, 425

Squire,  P.C. (19?B)

In tllolecular Electro 0ptics | (0rKonskL, C.T. ed.) Uolume 2, 565

Squire,  P.G.,  i loser,  L.  and 0rKonskt,  C.T. (1968)

9iochenistry b 4261

Stecey, K.A. (1956)

rLlght Scattering in Physical Chemlstryr, Buttelnosths, London

2s5.

(2na edn.), Butteruorths



z ) o .

stokBs, Sis G. (1851 )

@ . 9 ' 8

stokse, sI!  G. ( 1e8o )

I I'lathernatLcal and Physical Papersr, Cambridga University Press

sv€dberg, T.  and Ped€rsen, K.0.  (1940)

t@!]@!5l@r1 0xford Unlvarsity Prees

Tanford, c. (1955)

J.  Phys. Chea. 59, 798

Tanford, C. (1961 )

rPhysical Chemistry of llacromolEculee I I ldiley; Neu York

Theolall, H. (1934)

8lochen. Z. 268, 46

vand, U. (1948)

J. Phya. ColL. Chen.s2, 2??

Uen ds Hul8t ,  H.C. (195?)

rLight Scattaring by Sma1l Partl.clesI, ldl.ley, Neu York

Uan Holde, K.E. (19?1 )

I Physical. Blochemistryt, Prentice HaII, Neu Jarsay



257.

rdahr, P. (1966)

coopt.  Rend. Acad. Scl . .  (Rarte) 263D't525

l/ales, ltl. and Uan Holde,

:. P"lyr"r S"f . 14, g1

ui ld€, D.J.  (1964)

K.E.  (1es4)

roptinun Seeking llethg!! | r PrenticE Half, Neu, SBrsoy

and tbight,  A.K. (  19?6 )Uil.llama, R.C,,

Anal. Bl,ochen.

Hao, hl .T.

Et 52

ly'llson, R.trl. and Bloonfl.Bld, U.A. ('19?9a)

BiopolynBrs 18, 12Os

tlilson, R.!te and Bloomfield, V.A. (19?9b)

Biopolyoers 18, 1543

Yang, 3.T. ('1961 )

Adv. Protel.n Chen. 16, 323

ZiEn, B.H. ( 1948 )

J. Che0. Phy.. 16, 1093

Ztmn, B.H. (1956 )

3. cM_-tyg. 4t 26e






