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C H A P T E R  1

ThB llaes. Siza and ShaDe ol lrlacromol ecules in

Solution: The EllioEoid of Revoluti.on llodel



1.1 .  l t lacronolecul .ar Structuss in Solut ion

The eoncept of a unique structure for a biological macronolscule

in solution and in crystallized form has only relatively DecentLy bean

eEtabl ished b€yond dispute. Pr ior to the uork of  Svadberg the vieu, tas

eonmonly takan (Sorens€n, 1930) that ploteins and otheD macromolecules

exist  ln solut ion not as unique struetures but as dissociable comDlaxes

containing possibly several conponBnts, that the aquilibrium state uras

d€pendent on circunetances (For example tha compoeition of the solution)

and any components pa€cipitated ara not necessarily to be identifiad u,ith

those occuf,ring in aolution. Researchere LreDB con€equently surpDis€d at

the ul t racentr i fuge resul ts of  Suedberg and his co-uoakers (Svedberg &

Pedeosen, 1940) uhich stlongly suggested the mol.acuLan hornogeneity of

many protein systama. Thus, in stDiking contrast to the polydispersi ty

of many polymer systams (such as carbohydrates, rubbB! or polystyrene)

it uag deduced that carefully prepared protBin golution€ contain one, or

at the most a ferrr, different rnol.Bcular speciee. This deduction rrras

d€rived mainly from the observation that boundary spraading obseDved in

th6 sadimentation of psotein solutions could be identifj-od rrith

gepalataLy measured translational diffusion co€fflcients. BBssleD and

Ta1mud (1944) suggeeted houever that a monodispelse protein real ly

contains a distrtbution of mo.l-ecula! !,eights uith a sharply defined

maximum. This surmiee ia,  on thB othBr hand, stcongly oppos8d by the

immunological  plopert igB of pDoteins (Alexander & Johnson, :1949)

together uith the overuhelming €vidence nour available fron protoin

cryatallography ( Kendreu g+;L, 1 958, Perutz g!_.g!r 1 960 , Blake et al ,

1965, Feldman, 1976) uhich support  the idea of discrete indiv ldual

structures.



X-ray cDystalloglaphy is by fa! the most accurate method for

determining theEe structures. Unfortunately this technique is alEo the

most Labol ioua, roquiDing severaL leseatchers uorkj .ng for a per iod of

month8 to determine the structure of a single globuJ.ar protein. The

ealculated st luctures are also of  the r foEsi l izedr form of tha

macromolecule uhich may not neceEgarily be the sam€ in solution. There

are many tBchniques avai labl€,  such as nuclear magnet ic fegonance,

electnon spin reeonance, fluoEescenca and other spectloscopic techniques

Uhich can gi.ve much detailed infonnation about the dynamic properties of

localized regione of macromolecuLee in solution (for example, the actj.ve

si teE of enzymes arE being extensiv€ly studied).  These techniques

cannot hou€ver gj.ve informatidn as to the overall macromolecular mass,

size and shape. For this one n€eds to consideD the hydrodynamic

properties of, solutions of the macromolecul€ (although seattering

phenomena can alEo give useful i.nformation), ulhich allorJs determinati.on

of the molecular ueight, simpl€ t hydlodynamically aquivalentr

mathematical models for the atructula and also the size (incLuding th6

srrralling due to solvent aasociation) of the macromolecule.

1 . 1 . 1 .  l t l a s s

The r inar t la l  mase? of  a body can be d€f ined as the quant i ty  of

mat ter  in  i t ,  or  as tha rat io  of  the force appl ied to i ts  aceelerat ion

(Neutonrs 2nd Larr r  o f  l lo t lon) .  For  a mac"omolecule ue convenisnt ly

expresE th€ mass by the |ftloJ.ecular trleight r (|lr) uhich ie defined as the

rat lo  oP the mass of  the macromolecule to  that  of  ona s ix teenth of  an

oxygen o j6 aton,  and is  €xplBssed in  qrams.

The maes of fLuid displaced by a macromoleculs in a soJ-ution 1,i11



The I Archinedean

(Van Holde, 19?1) ! 'n

the fluid dieplacEd !

equal the product of  the volume displaced and the densi ty of  the solut ion

( t t t  i / ru-)p.  uhere l l  is  the molecular rr le icht.  N- Avoqadrors number.  I  the'  r '  A '  o '  t  -  A  o

solution density and i the partlal specific volume of ths macromoleculo,

i .e.  th€ vofume incr€aa€ l rhen uni t  mass (general ly one gram) of  solute is

added to an infinite vol.ume of the solvent at constant temDaraturg and

Draaauta

( r )

maser ( i .e .  the buoyant  mase)  of  a  maeromolecuLe

solution urill eoual the true maee minue the mase of

- v o  )
o -

( 2 )

The molecular ueight of a macronolecular eolute can ba measured from nany

m€thod8, for exanple s€dimentation velocity and tlanslational diffusion,

oBmosis,  Light or x-ray acattel ing, or mogt prEcissly f rom a sequence

analysis.  A rscont revieu of  th6se methods is qiven by Rorrre (19?S).

The partial sp€cific uolum€ can be found either from a cone€ntration

d€tetminatlon fo1]orrred by a densimetric analysj.s (Kratky g!3.!, 1969,

19?3),  or for a protain,  f rom Traubers lu la (Ror, le,  t9?8).  This rule may

possibly aleo be appl lcable to nucleic acj .ds (pearce et al ,  19?5).

1 . 1  . 2 .  S i z e

The eize of a rigid macronolecule in solutlon ullf diffler from that

the anhydDous state because of associated solvent. The hydrodynamic

suol]en speci f ic volume i"r  u i l l  nou comprise of  the part ia l  speci f ic

ldn

fr |fr"] ,"=h,'

I N



volumB, i ,  the bound solvEnt that adhelss to thB hydrophi l ic part ic le

surfaee, and rentrainedt solvent u,hich may be trappad in the var ious

cavi t i€s and indantat ions in th6 macromolecule ( f igure t) .  The rat lo

i^/ i is knoun as the teuelling! of the nacromolecule and is equal
s'

to unity if the macromolecule is anhydlous and compact in solution.

The suro1lsn specific volume can b€ simply related to the neffectiven

hydlodynamic volume V" i.e. the suolLan volume of a single macromoLecule

in a homooeneous solution:

i l.r
< ?

' e  N .
1 a \

1 . 1 . 3 .  S h a p e

Ouing to the difficultiee in developing theor€tical relationships

betu€en the shapa of a nacromolecule and experinentally meaeurable

parameters, only rather sirnple I hydrodynanically equivafent t models aDe

culrentLy avai.Iable, th6 boundaries of rrrhich can be deecribed by a sinple

mathematical eqr.ration; these are (Figure 2) rods, diece and elJ.ipsoids

of revoLut ion (Tanford, 1951) .

An ellipsoid of revolution is folm€d by rotating an ellipse either

about the majo! axis (prolate ellipeoid) oc about the minor axis (obJ.ate

ellipsoid) and thu€ has the neceasary restriction that trrro of the three axeE

must be equaL. In the limit of large axJ.al ratio, a prolate ellipsoid

(2 minor axas, 1 major) becomes a good approximation to a rod t,hilst an

oblat6 el l ipsoid (2 major axes, 1 minor) becomes a goocl  approximat ion to

a diec. Consequontly, phystcal biochemists have tendad to usa the

sll.ipeoid of levolution nod€1 to determina the hydrodynamlcally aquivalBnt

shap6 of a r iq id macromoLecule in solut lon.

It should be nade clear at this EtagB that m€ny macronolecules cannot

be modelled by any of theee rigld gtructures as they h6ve no preferred
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structure in solut ion: thes€ r landomly coi ledf macromolscules ean only be

rBpreEantsd by probability configurations. flany othe! mactomolecuLes have

a rrrell defined rigid structure but cannot be reaeonably modelledr judging

from tha x-Day modals at 1ea€tr by any Bllipsoid. The L-shaped Tranefer

RNA molecule ia an outatanding example (Kimr 19?4).

1.2. The Hvdrodvnamlc Prooarties of a flaclonolscula! Solution

The hydrodynamic properties of a macaomolaeular solutionr urhich are

used to detelmin€ theEe etructu!€e, can be convenisntly divided into three

broad c1a€s6g:

(i) The viseosity property, uhich concernE th€ Bffect of the dieeolved

rnacromolacule on the bulk motion of the fluid uhen a Eheir qradi.ent is

appl iad.

(ii) The translationaJ. frictional prop€Dty, uhich eoncdrns the movem€nt

of the' nacromol.ecule through its soLution uhan some form of external force

ie applied. ThiE can be a centrifugal field in a sedimentation experiment

or a concentrat ion gradient ( i .e.  a gradient of  chanisal  potsnt ia l)  in a

translational dif fuslon exoeriment.

(iii) fne rotational frictional prop€Dty, !,hieh conc€rne the diBorienting

offect on the nacronolecule by the locaf Brounian motion of the surrounding

solvent molecul6s.

1.3.  The Vlscosi tv Propertv of  a f lacromolacular Solut ion

The viscosity of a fl.uid is a m€asure of its resigtance

be simply defined for a simple shearing flor,r* (Figure 3) in

sheari.ng stless o and the EhBaD tata G:

o = n G

to f lorrl and may

tBlms of ths

(4 )

* For the equat ions deser ibinq a mole general  f lou see Batchelor ( tSeZ).
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uheDe n is knourn as the viscosity coBffi.cient. If n j.s a proportionality

constant independBnt of the shear rata tha fluid is said to be Neutonian.

Houev€r,  i f  the const i tuant molecules shou, preferred oaientat ionar this

uj.lf alter the letaDding forcee betureen adjacent fluid elements and hence

the intEcnal fliction or vlscositv coefficient. This non-Neutonian

effect u,ill occur in Bolutions containing highly rsymmetric or easily

defoDmable molecules and at high shear rates (Batchel :r ,  195?);  th is forms

the b€sis of  f lou, birefr ingenca experim€nts (see 1.5.3).  For charactar iz ing

the nacromol€culs in solution ue can set the conditione (i.e. veDy lou shea!

ratee) so that the Neutonian condition pasvailsr lrheaeas the ch€nical engineer

uiould b€ nore lntBrested in the general flou properties.

Ueing aquation (4) r,re can Eimply r61ate th€ viecosity coefficient to

the eneDgy dissipation during flou. $lriting o as a tangential force per unit

arEa (F/n) and the shear rate a6 tho veloeity gradient ( (ax/at)/av )z

F  l d x
A  ' A y d t

mult ipLying both sides by G:

F d x  ^ 2
AAvdt

Since AAy is th€ volutn€ of the element und€r considerationr then

" (#) = .')
ulhere <dtldt> iE the mean anergy dissipatBd peD unit volume.

The effect of dissolved or susDgndBd naetomolecules urhich aDe asauned

to occupy a volume 0 of  f1uid,  is to distuDb the streamlines of  the

ftuid notion and to reduce the voLuma of the fluid in uhich the eame

overal] defolmation takes place. Thu€ th€ intarnal flrictionl the uisco€ity
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coefficient and hance th€ enetgy diseipated is increased. This incDeass

can be represented by!

<#> = cz(n - no) = G2 no vo
( 6 )

uh€r€ n is ths viecosity co€fflcient of the solution and no that of the

solvent.  Reuri t ing:

n = n o ( l  +  v S )  ( ? )

Here v ie dafined as the viscoeity lnclemgnt and iE a funstion of the

ehape of the particle. Agal.nr leu,riting equation (?):

* - t = n - - = v Olo sP

uhess n-_ is the spacific viscosity. This equation only applies to an
s'D

infi.nitaly dil.ute eolution in urhich no solute-eolute interactions occur.

For finite concentDations:

.  . a  2
n _ _  =  v 0  +  v r o -  +  v Z Q " + . . .  . . .

SD

or, repJ.acing 0 by cvg uhere c Ls thB concentration and vs the 9u,o11en

goecific voLume 3

n - -  t
n"ua = 

T= vi, * urir2 c * v2t7r3 c2 *

uhere 
16d 

is th€ s€ducsd specific visco3ity. As the concenttation

appDoaches zero, nrsd tends to a Limiting valuer knoun as th6 intlingic

viscoaity, [n] . This ean thelefor€ be lound by €xtDapolating a plot of

speci f ic volum6, i "  is knor,rn (sect ion 1.1 .2.) ,  v can algo be found:

n versug concentration to infinite dilution. and. il the gL,ollEn

In l  [n ]Mr
v = - = i i . _

i, "e ttA ( B )



4 ' l

An approximate value for v can be estimated foc tglobularr proteins by

ueing the part ia l  speci f tc volume i  and assuming that i " , /  i  is  -1.4

for globular pfoteins. A full revieu of the Exparimental techniques for

determining th€ intr insic v iscosi ty '  [nJ is given by Yang ( tget) .

Einstein (1906, 1911) uas the f i rst  to deternine an expl ic i t  value

for v for a spaci f ic part ie le shape, i .e.  a spherB, by solv j .ng the

equations of motion fo! thB flou using spherical halmonica. His

agaumptions lrer€:

(i) the particles ar€ laDg€ Enough compared to the eolvsnt molecules

so that the surlounding fluid can be regarded as a continuum and Eulerrs

(Batchalor, 196?) equations concerning the changa of florrr through specific

volume alements rather than the eompliiated Lagrange equations for

part ic le mot ion can be usedt

(ii) the dimeneiono of thB particlas are hobrever consider€d veDy rnuch less

than th€ spatial variations in the velocity fJ.orrr field,

(ifi) ttre flou ratee are snaLl anough so that squaR€d tarns conceDning the

velocity (and hence normal. Etress e?fects) can be n€glected and that the

in€rtia or masa forees can b€ neglected.

using th€se assumptiono and eonEi.dering the inclease in th6 avarage

dissipat ion of  energy per uni t  voluma, he found that v = 2.5,  and uas

indapendent of particle size. This r€su1t has b6€n confirmed oxperj.mentalLy

for polystyrena latex sph€res by Cheng & Schachnan (1SSS1.

Jeffrey (1922) attenpt€d to Bxtend this theoDy to find v ae a

function of arisl latio fo! 61]ipsoids of revolution, u€ing ellipsoidal

haDmonics to soLve tha equations lor the lluid flou. Ouing to the non-

isot lopic nature of  el l ipeoids, the hydrodynanic torquee on the el l ipsoids

ueaB shoun to have tuo effects:



(a) ttre first affeet tends to make the particls rotata on average uith

the local undistuDbed angular velocity of the fluid,

(U) tne s€cond effoct  tBnds to oDient the ninor axie paral le l  to the f lou

for prolata elllpsoids and perpindicu,lar to the flotrl flor obLate ellipeoids.

Ae a result, the fluid is no longer isotropic and an snergy dissipation

analysis fail8 to giv€ a uniqu€ value for the axial ratio for a given value

of v (Brenner, 1972a). Houeve!, if thB particles are sufficientl.y

smal1 the randomizing effect of the Blounian motion of the surrounding

eoLvsnt molecul€s countaracts the orientational tendancy of the

hydsodynamie torque (b) so that the particlee are randomly oriented (Simha,

1940) and Rotate on av€lage rrith the local anguJ.ar v€Locity of the ftui.d.

Tha solution iE th€n statistically isotDopic, allouing an en€rgy

dissipation analysis to be used to obtain an unanbiguous solution for v

in terms of th€ axlal ratio for plolat€ and oblate ellipsoids of revoLution.

Sinha (1940) u,as thus abLe to obtain a formula rrrhich has been shoun to give

good agre€m€nt rrrith experiment (llBhl, oncley & Simha, 1940):

, {
v = * {'o' 

{

2 e " 7 2+ - + -
lSb"clt 5

I u"'La' * b'1 + 2gr"
|-=:._-.-..-...--5

leo '  [za 'u 'oo 
'  +  (a-  +  b-

I

il
t )

lt1 5 b 2 a  t B  I
o o

(e )

uhere arbrb are th€ thr6e soni-axes of  the el l ipsoid (b>a for oblate ano

b<a for prolate),  and th6 cr etc.  rrrhich depend on a and b are el t ipt ic

int€gralE given by Jeffsey ( tszZ) (nppendix I ) .  ThiB relat ion could bB

solv€d nunerica.lly fol both caso6 and a tabl6 of values for v as a

function of axial ratio uas given by f16h]' Oncley & Simha (1940).

' 
l2a2b2go' * 7a2 * b2)8o"1



Th6 funct ion is plot ted in Figure 4.  In the l imit  of  large axial  rat io

P Gb/a)

t/p2
rs(*n(2/p) -3/2)

- 1 .  .
t p l

* l /pz .  L4
s ( tn (2 /p ) - I / 2 )  l s

Coblate)

(prolate)
( t o a )

l 6
15 -*-

(  i ob )

Theee formula€ agaee ulith the indep€ndent deDivatlons of Kuhn & Kuhn

(  1945)  and  K i r kuood  ( t s6z ) .

51mha apparently did not aasume that the particlee uere on averaga

rotating uith the loca1 angular velocity of tha fluid but uith z€so

angular velocity. This objection rraa Daised by Saito (1951) 'rho houever

obtained exactly the sama result (equation 9) dsspite aeeuming particles

on avelage rotating uith the same local angular v€locity of the fluid.

He suggeetod that Simha rrprobably msde som€ BEroD in his calculationri

u,j.thout actually finding it. lJe ui1l shou in the next Chaptor that Simha

had app€r6nt1y anrived at thE correct result by making the u,rong aasumption

and then nissing out a uhole serles of t€I:ma in hiE calcuLation.

1.4. The TranElationaL Frictional Propertv of ltlacromolecular Solutes

The €ase uith uhich a nacromolecule moves throuoh its golution und€x

the influence of an applied ext€Dnal force field uil-l d€pend on it, shape

and siz€. The coefficient gen8rall.y used to describe thj.s ea3e ia ths

fr ict ional  coeff ic ient,  f ,  def ined as the rat io of  the fr ict ional  lorca

to th6 teDnlnal velocity of the partiele. Stokes (1851 ) uaing spherj.cal

harmonics again and aesumptionE simi lar to Einsteinrs (eect ion 1.3)

derivgd th€ k,el1-knoun relatlon betueen the frictional coeffieient f ano
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the radiue R of a spherical  part icfe:

f = 6 r n Ro

uhere n- i€ th€ viacosi ty of  the solvent.  perr in (1936)
o

Herzog, I I1 i9 and Kudar (1954) extended Stokes aquat ion

of general allipsoidal particlee:

( 1 1 )

and ind€pendBntly

to coveB the cas€

( tz)

volune:

( r s )

s8ct ion 1 .1 .2.  The integral

solved for th6 sp€cia1 case

( t a a )

I

I
o t.t"lv3 J TG'a)#.^T"illr

o
rrlhere f- ig the corresponding coeffielent foD a sphere of the saneo

,,- fsv ]h
ro = 6rno(abcY' = *'" 

l#J

V is the molecular auo116n

in equat ion ( tz)  is euipt ic

of BLl iDsoidE of revolut ion.

volumsr defined

and could only

in

be

For prolate et l ipeoids (  p = (n/a)< t) :

r
t

o

and for oblate el l ipsotde (  p = (a/a) > ' t )

t _  ( p  - r J
E .t^'o  partan- '  (pt ' r ) '

and can easily be plotted aa a

tDanglational frictional ratio

from a tranElatlonal diffusi.on

concEntration gradientl oD from

force is a centr i fugal  f ie ld.

( 1 4 b )

funct ion of  axiaL rat io (Figure 5).  The

f/?- can be meagured experimentally eith€!' o

experiment,  uher€ ths dr iv ing forcB is a

ul-tracentrifugation, urhele th€ driuing
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1 .4.1.  Translat ional  0i f fusion

The translational diffueion coefficientr Dr is related to the

fr ict ional  coeff ie ient,  f r  at  a part icular part ic le conc€ntrat ion,

by th6 relat ion:

c ,

{ ' . " # } ( t 5 )

(van Holder 19?1),  uhere Yis the tact iv i ty coeff ic lentrr  a meaaure of  thB

concentration gradisnt. Extrapolating Dc to infinitg dilution gives the

Einstein Delat ion (Einstein 1905, Tanfordr 1961):

_ k TU = T

By assuning the eoncantration gradient to

applying Fickre lau,e (Tanfold,  1961) for a

relation fo! findlng D experimentally can

under,  A, and the maximum height of ,  H, a

vereus digtance (x) curve:

l  \ z

l+l = 4nD t
lru c

^ k T
U  = ' . ; -

c r

( t 6 )

be in  one d i rect ion only ,  and

trrlo-component system, a simple

be der ivad,  Ln terms of  the arsa

conc€ntDation gaadient (dc/dx)

?
Thus a plot  ot  (  A/n) versus t ime, t '  in a r fcee di f fuelon of  a sharp

b6undary experin€ntr  rrr i l l  g ive D" from the gradient (Tanford, 1961 ,  van

Holde, 19?1).  D" can be extrapoLated to inf in i t€ di lut ion af te!  r€peat ing

th€ proc€dure for several  solute concentrat ione. Unfortunately,  f6u labor-

ator ies have th6 apparatus required lor an accurate dEtarminat ion of  D using

thig nethod. A faet and acculate method for detsrminj .ng di f fusion coeff ic-

iente hae been developed using quasi-el.astic las6r llght scatt€rj.ng (Chu,

1974r Cummins & Pike, 19?3, Berne & Pecora, 1974);  the f luctuat ions of  solute

particlas from the equilibrium stata are a funetion of the dlffuelon



coeffi.cients and r,rith adequate instrumentation for sj.gnal analysia can bB

t ime-rssolv6d.

Flom squat ion ( t0),  t t re f r ict ional  rat io can bs found From th€

translat ional  di f fugion coeff ic ient using the relat ion

f D o
f D"  ( r z )

uhere D j.s th6 tlanslational diffusion cosfficlant .for a sphare of the
o

same volume and molecular ureight:

. ,16
-  k T  k T  l 4 n l-o 

f  6nn l3V Io o ' e '

( t e )

1.4.2.  SBdim€ntat ion Veloci tv

In a sedimentation veloeity experinentr ueing an analytical

ul t raeentr i fuge (van Holde, 19?1),  the macromolEcules quickly at tain the

tErni.naL vBlocity, uhence

Mr . -  -  - .  + d f
i l t t - v P o ] o - l = ^ d t

urhere p- is the solution deneity, r th€ distanca from the centre of' o

rotation of the solutiort/golvent boundary, 0r ths speed of rotation and

|| l - (1 -  t  p-) / t^ t t retbuoyant masst def ined in sect ion 1.1.1.  Rearranging:
 O - ' � A

M ( 1  - i o  Ir '  dT /d t
. . . . . . . - . . _ . . . . . - . - _ - - J

N. r  u j ' r  c
A ( t s 1

uh€re sc lE the s€dim€ntation coefficlsnt at a partLcular solute

concent"ation. In a sedimentation veloeity axperiment the movement of

the boundaly betueen solution and eolvent is monitored as a function of

tine using th€ psop€rty of change oP re?ractive ind€x u,ith changa in
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concentration, hence optical technJ"ques such as scanning Schlieren optiEg

or ul t ra-vj .o let  absorFt ion can be used (Lloyd, 19?4).  I f  ue rear lange

and integrate aquat ion ( tS) ' re l ind that

I Agnr
-c 

bJz At

thus by plot t ing Ioq_D veraus t  and knou, ing the angular veloci tyul  ,  s can- - A c

be found from the gradiBnt. The ssdimentation coefficient s" is a function

ol solute concEntration, thua is normally axtrapolated to infinite dilution

to give the sedimBntation coefficlant, s, rrrhich iE characteriEtic of any

macromolecular solute.  From equat ion (19) i t  can be geen that the

frictional tatio ?ft- uilt be givan by, o

lrhsla so is the sedimentation coefficient for a compact sphere of the same

molecular  ueight  and volume.  From equat ions ( tS)  ana ( tS) :

r o
r s

o

""=\ire)=H;e,J Fj^
and thuE the fr ict ional  rat io can be found, provided sr f l " r  i r  por r lo

and the suollen moLecular volun€, Vo are knoun:

f  Mr( l  -  i  0 , . , )  ganf6
: =  a  v  r _
to NO 6nno s i3V"J

(2oa)

(2ob)
1.5. Tha Rotat ional  Fr ict ional  Prooerty of  l t lacromolecular Solutes

The ability of a macromo]ecul€ to rotate under the influence of the

local Brounian motion of thB neighbouring solvent mol.ecules u,ill depend on

i ts s ize and shape. By analogy ni th the tranelat i .onal  f r ict ional
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coeff ic ient,  l re can def ine, for rotat ion about a speci f ic part ic le axis,

a rotat ional  f r iet ional  coBff ic i€nt,  6rr  aB tha torque uhich must be

appl ied to cause tha part ic la to rotate ui th uni t  angular veloci ty.  For

a general 611ip6oida1 particle there uill b€ three rotational frictional

coafficients corresponding to rotation about each of thB thr€6 axesl for

an ellipsoid of revolution there brill be ttro, and for a spherlcal particle,

one. Each rotati.onal frictional coefFiceint can be lelat€d to a

sotational diffusion constant by analogy rrrith the Ein€tein refation (1905)

(equat ion 16) :

uhere 0. is definsd as the rati.o of th€ mean squar€d angular displacenent

of the axie to the t ime slapsed (Tanford, 1961 ) .  In a typical  rotat ional

frictional" exoeriment an initial orientation of the macrornolecule is

produced by some externa.L fi€Id. If, for axample, the macromoleculss in

a solution are orientad uith theiD rrarr axi8 parallel to an orienting fiald

and the fie.ld iE suddenly lenoved, the macromolecu.Iee u,lll than relax due

to the Brounian motion and tend to assum€ a random configuration by

rotating about tha b and c axas. ly'e therefore convenLently define a

Dotational relaxation time in terns of tha rotational diffuslon constants.

(eb, 0c about tha brc axeE respect ively) by

^ = --.:-
Y t  A  a  A- ' c " b

(z2a)

TheDe u,ill- be similar telations describing !€laxation of the b and c ax€s:

^ k Ts ;  = -

1 1
"n - 

6--F,  o " . o a  - c  o " * 0 b

Q t )

(22b ,c )
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By analogy Uith the trsnElat lonal  fDiot ional  caee, Stokee (1880)

using epherical harmonic aolutiona of the equatlone of motion uith

the boundary condj.tion that the fluid in contact rrrith the partiele rotatee

uith the eaoe angular veloci ty (1.e.  the Ino-el ipr condit ion) der ived an

equatlon llnking the rotetionel frictlonal co€fficlent rrrith ite

rad iua ,  R :

6 = 8nno R3

(2s)

Eduardes (1893) gxtsnded this Bquat ion to the caee of general  al l ipsoidal

part ic lae. After a corr€ct lon for a nuoesj .cal  erroD (Perr in,  1934),

theae arg r

l 6 r n  , .  c
. = ---9 ,,D- " c;
'a  3 bzBo + c '1 'o

l 6 r n  ,  )' o c - + a -
f  = --b 3 c '1o + a 'ao

l 6 n n  t  . .o  a - + D -r  = --c  3 c ' r  + a 'c' o  o (24)
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uh€f,€ aqain the a- stc.  are el l ipt ic integrals d€f inad by JBf l r€y ( lszZ'1 -- o

s6e Appendix I. The expreesions on the right hand side of equations (24)

ara functions not only of Bhap8 but of volume as uell; the correeponding

rotational fDictional catioE houeverr atre not.

a e' a  o  z  o 2  ,  c 2

%=q=f f i  FzB;- -cT

9 b  o o  
z  c 2  + a 2

E e- 3abc cz"( + a'a- o  b  o  o

r Ae c  " o  
2  a 2  + b 2

a e 3abc azd. + bzg- o  c  o  o

(2s )

rrrhere 6- (=8 1n -abc) & O- (=kT/ E) arg the coDlesponding coefficisntso o o ' ' o -

foD spheree of the sane volume, apd can b€ found experimentally only

if the suollEn molecular volum€, Vo is knoun:

qo = 6no v" ) oo = kr/6no v" 
(26a rh)

The corresponding rotational celaxation time ratios are:

(27a)

' e  z' .=E-5t
l e  e  I
L O  O J

n r =  ,
Po fo" eu I

l e - ' 6 -  I
L o  o l

+l
z
+

n"  =
p o th

uhele go = 1/2 e; (2?b )



Unfortunatelyl as for the tsanelational frictional coefficientsr the

elliptic integraLs could only be solved analytically fo! the sp€cial caae

of el l ipsoids of  r€volut ion of  seoi-axes a,  b=c (Gans, 1928, Perr inr 1934).

Although numerically €quival.sntr Gans uses the less managsabl€

raccentr ic i tyt  (e = 1 -  b/a) rather than the axial  rat io (p = b/") ,  h"n""

the equatione of perrin are gen€rally used:

E a  g o ' � z ( t - p 2 1

{=q=3?r ; ' :3 ,
to 

= 
uo 

= e_.  Cr -  p4)
{= q= 3 iT{fi I l

uhere

s = (t - ne;-i l .r,{[r + tt-p2)l]/p]

for  a prolate el l ipsoid (p<1) '  and

(2Ba)

s = (p2 - t1 
-3 

.",,-i t 02 - r) 
j l

for  an oblate el l ipsoid (p>1).

ThB rotational diffusion ratio er/eo (i=arO) can be related to 6xp€rim6nta1

parametees using equat ionE (zog):

0.  6n \ i
1  O e  a

A I-o kT

(2Bb)
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The corresponding

Perr in (1934) but

raeult uas given

!otati.onal relaxation

contained an er lor of

by  Koon ig  (19?s ) .

tims ratioa usle

sign involving 5.

also g iven by

ThE correct

- o

e
o

a- b

P v _  z  _  4 ( r  - p 4 )

% 
= 

?fT] 
= rrFF6.i5 +11

to- - e-l' o  o '

Th6se

(26b,

may b6 related to expgrimental palametels

27b) |

by combining equations

(2ea)

(2eb)
o .

u o  " " o ' e

Al.1 th€Ee funct ions (et /eo= 0ol0o, ei leo) are ptot ted as funct ione of

axial ratio in Figure 6. It should also be pointad out that, like the

translational lunctione tha rotational diffueion coefflcients and

lelaxation timea aDe functiona of concentlatlon (Riddiford & Jennings,

195?) and should be extrapolated to infi.nite dilution. The same is also

tlue fqr the harmonic mean relaxation time, the birefringenc€. d€cay

conetants and the fluoraaeence depslarieation reLaxation ti.m€s nentioned

balou. The varioue expsrimental methods for d€tEmininq all theaa shape

oarameters uill nou be discussed.

1.s.1. .P!s!.sEslL9!Fs,S,
The capacity of a condenser filled uith a eolution of the macDomoL€cule

is measuled as a function of the aoolied sinusoidal voLtao€ acroes it



(Edsal l ,  1955) .  ThB td ie lBctr ic  incrementr  or  ineaeaee in  the d iBlect r ic

constant, e , due to the presence of the solute is given by

c c
^ F  =  .  -  "  t -  -  - 9- - ^ a ( .

v v
(so)

uhere eo is ths dielsctric constant of the solv€nt and C, Co and Cv

aDe the capaci t ies of  r€epect ively,  the solut ion, solvent and vacuo.

At sufficiently smalI frequencies, the dipolar maeromolecules ean ke€p

pace uith the altarnating field, and the dielectric conetant uril1 remain

at i ts rstat icr  value. At Buff ic iBnt ly hiqh f ie lds,  the rotat ion of  the

macromolecule about a particular axis uil1 no longer follou the figld and

its contribution, Ae_ to the dieLectric conetant is that of a non-polar

Eubstancd (0ncley, 1940);  thus over a certain cr i t ical  rang€

chaDacter ist ie of  tha sizB and shape of tha nacromol€cu]e, the dielsctr ic

conatant decraas€s as the frequency incf,eases. The frequency correspondLng

to the nid-ooint of the disD€Dsion curvE is knourn ag the rcritical

frequancy'. For a general particla uith three rotational Delaxation times

P"r 961 9"r there uill be thDE€ critic€l frequ€nciea 3

v = 2nO :  V.  = 2?To.  :  v  = 2noa  - a  b  - b  '  c  ' c
( r 1 )

For an al l lpeoid of  revolut ion there ui l1 be tuo (s ince 0O = p")  o!  one,

either if the dipolar axis ie paral.lel to tha rotatj.on axis of aymnetry

or for a sphelical particlB. Typical dielectric disp€rsion curves for

BUipeoide of revolution of various axial ratios are shoun in Figure ?

(from Oncley, 1940 )

Even in the most favourabls caee, 0 = 45o, reeoJ.ution ls poor for

axial  rat ios 1ea6 than 9 (Squire,  19?8).  Appl icat ion of  th j .e mathod is
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also l imitad by the fact  that,  due to electrode polar izat ion, onLy

solutions of lorrr ionic strangth can be uaed, thus restricting the use

to pDotelns of  high Eolubi l i ty.

1.5.2.  Elsctr ic Bieefr inqence

Polalized light incidBnt on a eolution of maeromolBcules orlanted by

an Blctric fisld ui1] be split lnto perpendicular components bacause the

sefaactiue j.ndax uilf be different For di.lections parallel and

perptndicula!  to the electr ic dipole moment (Benoit ,  1951).  The EoLut ion

ie th€n eaid to be birefringent and the amount of birefringence rrrill

deDsnd on the natur€ and concentration of the macromolecules.

The decay due to Brounian motion of the birefringence uhan the fiBl-d

is Euddenly Euitched off ie moet int€resting since this urill be

independent of tha Blectri.c propertiee of the macromo}ecules (apart feom

th€ inltial amplitude of the decay) but dependent on their sizs and

asymmetry, assuming the solution to be homogeneous. The solution must

be r€ndered homogeneous by, say, ultracentrj.fugation foD renoving }arger

impuritias, foLloued by 9e1 filtration for fine purifieation. The number

of te!m6 in the exponential decay uill be depandent on the particle

aeymmetDy, aseuming that the paDticLos are small €nough eo that the

RayLeigh -  Gans -  D€bye scatter ing theory appl ies ( i .e.  part ic le dimensiona

lees than I /20).  Ridgeuay (1965, 1968) has shoun that a gBneral  part lc ls

uLll have tuo relaxation tines, "+, "_ oq tlro d6cay conetants, 0* (=l/6r*),

o (=t /ar  ) t

, ,  - 5 0 .  t  - 6 0  t
6 t r = . | 1 n .  e  

' + A  
e  

- )
lIr 1 

- +

(32)

rrrhece An is the birefringence, N iE the number deneiiy of particlas in
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suepeneion, nn the refract ive index of ths solvent and A+ compl icated

axpressions dgpending on the initial pacticle oriBntations and thei!

dielectric and diffueion propeDties. unfortunately, although Ridgeuay

provid€d lelationships linkinq 0* ulth the size and shape of qeneral

tri-axia1 ellipsoids (sae Chapters 3 and 4), only onB relaxation tima

has been reeolved from th€ experinental exponential d€cays for homogeneous

solutions. Thue the method has been restricted to elJ.ipsoids of rBvolution

(A_ = 0) for uhich BBnoit  (1951) had sho!,n previously that,  foa an in i t ia l

b i . re f r i noence  n .' o '

- 6 n  f  - a a  f-  - " L -

An = =.::- Ae 
u = n c

2t" "-

(s3)

assuning the electric dipole axis coincideE rrrith the rotational axis of

synnstDy. For spherical paltic16s theDe lrould be no birefringence.

1.5.3.  Flou Birefr inoence

The aligning fi.e1d can also be pDoduced, if the macronolecules are

highly asynmetric, by large florrr v€locity gradients in the annular spac€

b€tlrBen tuo eoncentri.c cylind€re, ons rotaay and one stationary (van HoJ-de,

19?1 ,  Squire,  19?8).  Th€ oxiBntat ion of  the macromolecules ui l l  again b€

opposed by rotational BDounian motion, and for a constant sheae rate, there

roill bE an Bquiliblium distribution of osientation states. Reeults ior

€arly studies are discuEsed by gerf and SchBraga (1952) and by Tanfosd

(1961).  This method has the advantage that thB eteady state birefr ingance

can nou be used to deri.ve ehape parametBls, since this uri1l be indepsndent

of the alectrie plop€rtiss of the macromolecule. Houev€D, the method hae the

serious disadvantage in that relaxation experimBnts are virtually irnpoeeible,
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and also the uee ls r€str ict€d to highly asynmetsic mol6cule6 (Squire,  19?8).

1.5.4.  Fluorescence Depolar izat ion

Thie method appLies to those maeromolaeuLee that poesess a fltiorescent

group o! a chromophore (Cantor & Tao, 19?1).  I f  an electron in a chromophole

iE sxcit€d to a high€r enargy stat€ by the abeorption of radiation, then

instead of the energy b€ing diesipatBd non-radiatively in the forn of hsat

as it r€turna to th€ ground state, it loees only part of its 6ne!9y as heat

ae it retuens to the lou,eet vibrational LeveL of tha excited state, but t,hen

rE-radiatee the reet. This rrilt neceesarily be of lorrler anergy (hence longer

uavelength) than the incid€nt radiation. This phenomenon is called

f iuorescence.

If the macromoleculs is irradiated rrlith polarized light, and j.f , in th€

10-8 to 10-? seconds it takes for the Bnergy to be re-radiated the

macromolacula has changod itE orientation due to Brounian motion, there tril1

be a net depolar izat ion of  the incldent l ight.  I f  the solut ion is

continuouely irradiatad then a steady state depolarization uiu be f,eached

d€pendj.ng on the ratio of tha fluoreecence decay time, i* to thB harnonic

mean of the three sotational relaxation times (equationa 27), r. (Perrin,

1934)  :

( r  1 l
[P 3J

( s+)

P is the polar izat ion ( i .e.  the rat io of  the di f fBr€ncs in intensi t ies of

lj.ght poLaDized para1161 and parpindicular to the incid€nt beam to their sum),

Po iE the intlineic polarization of the fluorescence (the polarization that

Uould be obEerved i f  no Dotat ion had occurrod) and rn is dBf ined by

( t  r l  ( .
l P  3 l  l '
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for  ganeral  el t ip6oids, or fo!  el l ipsoldE of rEvolut ion (eO - O"),

1  I  ( t  1  1 )
T ,  J  l 0  0 .  o  In  . - a  - b  - c '

I  r  f r  z l
'h 3 lPa eil

Th€ halnonlc m ean Delaxation time ratio rn/ ro can thuB be plotted as a

. functlon of axial Datio (FiguDe 8), uhere t^ ia the corresponding

coBffici€nt for a eph€re of tha eama rol""ui." ueiqht and volune:

J n  v
t = o €' o  

kT

(36a )

Thus t-/ r- can be related to experimental parameters by:
t T o

tn 
= 

nt"n
r  3 n Vo  o e

(36b)

Equation (Sa) is not particularly useful as it stands, since n€ither po

nor rn are knoun. I f  rn is approximated by rh -  ro ( i .e.  = 3novn/kT) tnen:

t +  + l  = f : - l  h . ! r " .1tP 3) [Po 3) t^ nov"J

( 3 ? )

If meaeuremento are then made in solutions of varying viscosity (foc

exampla by adding glycerol) and/or tarperature, (1/P -t/S) can Ue

plotted againet t/no, l/Fo can be found from tho intercept and hence tn
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from the gradiant, assuming ri can be found indep€ndently. A rnajor

disadvantage of this method is that by adding glycsrol or changing the

temp€lature th6 srJ611ing due to solvatlon may b6 alterBd: also an

independent estimata for r* is required.

A more accurate method in principle is nanosecond fluoregcence

depolarization decay (Cantor & Tao, 1971). Here the solution is

irladiatBd urith polalizBd light pulsee of very short duratlon (-1ns).

The anisotropy, A is maasuDed by detelnlninq the lntensity of emiseion

polal ized paral le l  to ( Ix)  and pBspindicular to (1) tn" i .ncident pulser

rr, - It
a  = -" 

Itl + 2rL

( 3 8 )

For a rigid epherical macromoLeeule, the anisotropy decay is described

by a single €xponent j .a l  tarm (JabJ.onski ,  1961)

- t  / -

A f t l  = A e  "

(se)

rrrith ro = no UJkf . For a rigid alJ.ipsoid of revoLution, tlemming (tS6t)

and Uahl (tgeO) nave shoun that the anisotropy is a sum of thres

Bxponent ial  t6rma:

-t / r  
r  

- t / r  
2 

- t /x 
3

A ( t )  =  a r e  *  o 2 "  
' * o 3 "

(ao)

uhBre

1 1' r = E 6 I  ;  r z = E E I
-  - - b  - - b  *  0 a  '  ' 3  

2 e b  +  4 0 a  
( t , t \



The fluorescence d€cay time ratios are plotted in Figurs 9 uhere ro is

tho corDesponding coefficient for a sphere of the sam€ noLecular ueight

and volume !

n V 4ln abz
-  =  - g -  o-o 

kT skT

Thus th€ fluorescence anieotropy decay tim€ latios can bB related to

Bxpelimental paraneters by

L :  K I T .
- J I"o  = 

; - !+  ( i=1,2,3)

(42)

The values o? the component amplitudes s,l, cr2, ea and hence the

dominant relaxation time b,iu depend on the angle betueen the tr€n8ition

moment of the chromophore to the rotation axis of symmetry of the elLipsoid

of a€volution. tJnfoltunately, resolution of a multi-teDm exponential decay

into i ts components ie notosiously di f f icuJ.t  (JoEt,  19?B),  even ?or

relaxation timee differing in ord€ra of magnitude; this is coupled to the

problsm that the observed decay rrril1 be a convolution of the finite cut-off

tlme of the incident pulse, the fluoreseence decay and tha anisot"opy decay.

Th6rs ale also mora serl,ous oroblems:

(i) sinca the fluorescenee itself decays rrithin about 10ns, only nolecules

rrrith very short relaxatlon times can be inv€etigatBd,

(if) noat macromolecuLes do not contain a chromophorie group such as

tryptophan; thus one must be introduced. ThiE may eigni f icant ly al tBr the

true conformatlon of  thB molecule.
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( i : - i )  even i f  the macromolecul€ contains tryptophan, tha dacay is not

perfectly Bxponential, due to interference betueen the side chain and

the indole ring r

( iv)  rotat ion of  the chromophore, or of  a f ragment of  the maeromolecule

to Uhich the chromophore is attached, uith respect to the r6et of the

macromolecufa may occur! tlunro et al (19?9) havs giv6n Bvidenco for

internal rotation of the tryptophan reeidua fn .9!gp!1!ry,ge-ggg

nuclsase B (flD = 14'100) and Plg!!rygggiE azurin (t!" = '141000).

1 .6 .  Sca t te r i nq

Absorption and h€nce FluoDescenca phenomena can only occur urhen the

fraquency of th6 exciting radiatLon is the eam€ as o! nsar to that of an

alloued transition frequency of th€ mol€cule. Houever, at other uave-

langthe electro-optic interactj.on can still occur; the Blectlic vectol

of the incident sadiation polarizes the molecule by attracting th6

nuclear maEs and rep€lling the electron elouds. The f,lequency of

oscillation of the incident rediation i€ the sama as that of tho inducod

oEaillating dipole; houev€r, th6 uava6 €nitted ar€ by Huyghens principle

soherical  and hence the radiat ion iE scatteDed in alL direct ions.

The Eeattering by a Bolution of macromolBcul€s is most rigorously

analyeed by considering the local conc€ntration fluctuations of the

solutlon; houevar, ifl ue consider the particle as small compared uith the

uavalength of the incident light and tha solution to be so dilute so that

aaeh pacticle can b€ conEidsrBd independ€ntly, relationa can b€ d€rived

bstt,e€n particle shape in tsrme of the rradius of gyrationr (Tanford,

1961 ) and tha scatteling (van de Hufst, 195?). Fox Em€.Il particles (<)\/2O)

interfeEence sffects betueen radiation scatteled by dlfferent parts of the



macromolacule can be neglectsd, and the follorrring relation bett€en

molecular ureight, flr and the Ecattering can be derived:

Hr-

T = f r - '  to"
r

uhera c iB th6 partiele concentration, H is the scattBring constant

.  . - a( of,*, and the squar€ of the reflactive index incrBment r dn/dc),

B the sscond viriaL coafficLent and r is a m€asuEs of the rElative

Bcatter ing perpindicular to the incident beam ( i .e.  the fract ion of  l ight

scattered (van Holde, 19?1 )). Hence if HE/t is pj.otted versus

concentaationl the molecular ueight can in principlE be dstecnj.nBd from

thB intereept. For large particlee (d -^/28) destauctive interference

occuas betlreen light scattesed from diffelont palts oF the macromolecule.

Light scatterad in the foruard direction eannot houever be subject to

destructive intarference. Unfortunately thie cannot be vieued directlyt

but if th6 scatteDj-ng is studiad ov€! a Dange of angles it can be

extrapolated to the foruaDd dicection. This involves extrapolating to

zero-angle and to zero-concsntration using the so-cali-ad Zimm plot

(Zimnr,  1948, Stacey, 1956, Tanford, 1961).  The elope of the e0 l ine

give6 the radius of  gyrat ion of  the part ic le l  R6r i .e.  tha mesn €xtenaion

of maes from the centre of gravity. Fo-r a sphere of radi6 R' R" = /SJl A,

and for a large rod of J.ength L, RC = L/62 , thus light "".tt"iing ""n b"

uaed to obtain infornation about confornation in eoLution, uhere particular

node1E for uhich R can be specified are appl5.cable. Holtzer and Louey

(1SSO) enor,reO by this method that L = 1500 f  i f  ryosin couLd be reaeonabLy

modalled by a long rod. ltlartin (1964) has shou,n that the radius of gyration

can be related to the axial ratio of the eouivalBnt elliDeoid of

revolution provided that the suollan volun€ iE knolrn:



32.

un' = 1svu126 1.roa6 * +p-% l
lE-J [-rs 1

( 4sa)

for  a prolate el l ipsoid and

(43b)

for an oblate Bl l iBsoid.

An explicit relation r€lating R, to axial ratio afone can be found by

rreducingr i t

t /^'" 
4A -2/a

(R") _ rlr l  o _ (sp"t , 4p-tt-  ( r '  .  = l : - i  K^ = l r- red lSvei 
--G 

|. ls
(44a)

for a plolato ellipsoid and

,  , u s  . 4 ,  
1

(Rc) . = k"J'*- = |,n-o : rn-*l'
r e o  [ 5 v ,  b  I  5  J'  e '

(44b)

for an oblate 611ip€oid.

Thi6 is plot ted in Figure 10. ExperimentaL daterminat ion of  (R"). . ,

requiees of course a knouledge of V".

Th€ €ans analyaia can be used for laser light scatterlng as this

gives good time resolution for rapidly changing solutione (for example

aggregation of macromoleculae, randomly coiJ.ed macromolecules ) . Hourever

a majo! difficulty Uith all light scattBring axperimente is that all

. .24
l 5 v  l  

-
I  e l

l 4 t r J

z
R G =

4/�3
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solutions, glaesurare etc., must be dust freel temovall ulithout damaga to

tha biological  soluta,  poses great di f f icuLt ies.  Due to di f f ract ion

eff lects i t  is  also di f f icul t  to measuDe scatter ing anqleE l€8e than

about fiv€ deg!€es, thug a c16as extrapolation to zero angla may not be

poe8ibl6. Anoth€r major difficulty is thatr Eince the DBsolvi.ng pot',Br

, ^  t , , 2  -  -  . - -  o
dapands on  (Rn/ f ) - ,  the  method fa i l s  fo r  maeromolecu lee  ba lou  about  100 A

(although ltl" may still be found). Reducing th€ uavelength of the

incident ladiation doea not help (unti1 doun to the x-ray negion) since

bslot, 200nm most biological matarials abeorb very strongly. A mBthod of

lorrr angle x-ray scatte3ing (LAXR) has also been developed (Beernan g!3,,!r

195?).  Hourever,  dus to very strong di f f ract ion and intesference effects,

th€ gcattgrlng is almost entirely confin€d to a v€sy narrou uavelength

Dang€. 0n the othel hand, it is possible to coflimate th6 x-ray beam much

bettBr than a light beam, thus m€asur€oents can be nade to a lou, enough

angle to a mole rBasonable extrapolation to zero angle.

Deductione about the siza and stnpe of macronolecules from. scattesinq

infornation ie generally raetricted hou€v6!, since any eimple interpretation

of the radius of gyration must aEsume that the macromolacule ie homogeneous

(uni form electron densi ty) .  I f ,  thereforer the psrt icte contains f lu id

filled cavitias or indantations or a monolayer of bound solvent, tha

dimBnsions of any assumed nodel calculated fron the Ra urill be incouBct.

This problem doss not apply to the determination of the hydrodynamic ehape

parameters coneidered previously si.nce theee phenomena do not depend on

interactions uith oD psopertlBe of ths interlor of ths nacromoleculEs.

1.7.  The ProbLam of  Suel l ino due to Solvat ion

In order to determine from axperimantal data the €lliDsoid



of revolution shape functi.ons mentioned so far, a knotrrledge of the

sb,el l inq due to EoJ.vat ion ( i .e.  V") is required:

(2ob )

(2sb )

(2eb )

(36b )

(42b)

Inl  [nlu-
r, = !!L

i " - N A v "

, _ Ll"(1 - ioo)

{= 
-frF,,"4F

a | 6n tr'" i  r O  - . ' o . e  
;

= _  =  _  =  _  w j

oo 6i  kT

ei kT
e " = r g  e t

T
h  k T r- = =---:_r Lh

t  5 n  v
o  o e

I  K l '

. t ^ a

l 4 n l
lsv I' e '

( i  =  a , b ) .

( i = r  , 2 , 3 )

( B )

Vs

(44)

The first €ignifieant attempt at dealing uith this problem uas due

to 0nc1€y ( te+t)  ustng a graphical  analysis:  I f  V" is f ixed then a elngle

varue of ths shapa paDaneter being considered u l- corrospond to a singre

valus of  the axial  Fat1o. I f ,  hou€ver,  Ve is assuned to have a aange of

possible v€luBa, then a Eingle value of the shapa parameter uill have a

(*n)'"u = ttl Rc



rLine solut ionr of  poseible values of  the axial  rat io.  Thie is shoun in

Figules 11a and 11b for the vieeoeity increment and translat ional

frlctiona.L coefflcient. Houever, if line solutions f,or tuo or mor€

of the different shap€ paaameteDs are compared, th€n in principle a

unioug vaLu€ fof, th€ axial ratio and €ff€ctiue voluma can be found fDom

the intersEction. 0n the other hand, in practice these curves eould only

be mada to intersect by imposing large exparimental €rrors on the datat

and in one caae -  pepsin -  thB culvee do not cross at  al l  (Figure 12).

Here 0ncley uaBB as his abecisea th€ rhydration factocr u, related to

the ef f8ct ive volume, V€ by:

w = p o ( i s  - v )  = p o  l +  t l
t r )

A diffarent approach uould be to 61imi.nat€ V" simultaneously by

combining any tuo of the ehape parameters together. The effective volume

can then also ba found by back subetitution into the equations. Thie

natulally aEsumea, aa doea the Onc1ey approach, that the axial ratio and

ths suelLing are the sane for both type6 of experiment. Scheraga and

flandel.kecn (tS5l) combined equatione (8) anO (ZOU) to produce a srrrelling-

ind€p€ndent funct ion B (Figure 13):

,, us
- NA uv,4 - ---------:-
t s  l r ^  . E t E

( 1 6 2 0 0 1 2 ) t '  ' ' ' o

(4sa )

o! in tarms of experimental parameters, from

No s In] 
' , 'n^

A = --J--:-"  -  
u h ( t  _  i o  ) t o o v 3r - o -

(asu)
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urhere [n] is in ml/gm. Scheraga and tttandelkeln also eombined aquation (8)

uith equatione (zgU) to produes suelling independent 6a and 6b functione

(Flgure 14),  al though in their  or ig inal  paper,  only 6b is given:

E^  0=  6n -0 '  l n i l t l
r  = j . , = f . , _  o r " r- i  

E i -  0 o ' -  N A  k T

(46 )

( i * , b )

scheraga (rg6t)  tater combined (20b) ' r r th (zeu) to produce errrel l ing

independent ua, ub funct ions (Figure 15) al though again only ub uas given:

ui = fFf Ff"=$ Uo')\*= r4",
^  \ ' J  (eo . /  o . - ' "  Mr ( l  _  i co )  t i " ,

y'z
a n  \  -
I  o l
( t r r J

(47 )

( i=a ,b )

Squise et al (1964) eombined equation (20b) uith (zsU) to producE suelling

independent y. and 1O functions:

a 3
r ^ r "  o  I  M r ( I  -  v p o )

- .  _ l E l  
- o = _

' r  (toj pi s+r2tt 'nkt ,,ni ei

(48 )

(:.=a, b )

Squire later (t920) comuined (20b) 'rith (35b) tso g;ve a s"ell t'n3

independent Y funct ion (Figure t6)

, , ,  f 'o l  
% 

f  r i  -  f4 'no)% Mr(r  -  ioo) 1r '1 va
' 

hJ l.{J =l-'.tJ : -%qs t-'J

(4s)
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givBn in

obtained

Bquation

th€ Squire

Figure 16.

Y"

A

and yb parametels as functLons of axial ratj.o

similar sualling independent function can be

by combining th€ viscosity i.ncrementy equation (8) inetead of

(20b)  u i th  (seu)  (ssE Appendix I I  and HaDding '  1980a) :

. ''"o.1 _ 
3no [nJM"

A =  l - l  v  E  : - - i - -
t .nj  nA *, .h

(figure t?). Also, by co|trbining equation

equat ion (29b),  sue ing independent eat

(F igu re  18 ) :

oo  3no  [n ]Mr
. i = u d

( s 1 )

( i + ,  u )

By combining (8) 'rith the fluoreecence anisotropy relaxation times (42b)

three neu funct ionar .1,  K2, KS ale produced (Figure 19) l

r  n  [ n lMo  o "  "* i = u i = f f i .  ( . 1 = r , e , r )  ( s 2 )
. ) A J

Alternat ively,  combining Bquat ion (20b) ' r i th equat ion (azu)(f : .gure 20):

' j
) '
:;

( j  '  t ) 2 / 3  ) ( 5s )

As far a6 the author i.s auare, th€ l, e., r, and E, functions arB neu

and haue not been publiehed before. ThesB functions are tabuLated for

axiaL rat ios betu€en 1 and 10 ( taUte f) .

Itlartin (1964) elininated the requirement of knou,lBdge of the Euollen

volume for EcattBllng experiments by combining (44) simultanaouely rrlith

( s0 )

(8) insteaa of (2ob) ui th

e. functiona ale produced
o

l r l  o  -
t = - l
I I  I  T .

J
t62

vP"
t  t l '

l l

KT
v;
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either the translat ional .  f r ict ional  funct ion (Figure 2t) :

- RG ro D - RG no NA t l fo fro'h * oo-"flY = ---F-= 
",(, _ toJ 

= 6;; r l---"-,J
(prolate ellipeoid )

r fo bv, * zo-7.)L= 6;T l---3- l

(oblate elJ.ipsoid)

or the viecoei.ty increment (Figure 2Z):

- % = 7s 1!I--:z3l '  , . ." = 
-4u- 

= ;q l-ff- ) 't,
L' r l  " ' r  

(pro late a l l ipsoid)

. ,  ]
r-'rj ^--?i t' I

=  _/5 lp  + tp  I= ;F,; t-----J F

(oblate e l l ipsoid )

u,heae D ie the axiaL rat io dsf ined in gect ion 1.4.

Ths nolscular covolume has also b€sn glvEn aE a function of shape

and BuolLen voLume by Nichol et al (1SZZ) for proLate and

oblate elllosoldg

(  -  s  ( ' t  +  s in - Ie )U = N . V  \ 2 + *  l 'A e r z | .- 
--;-l

\ F t  I  F  c - t - l

l ,  *  g 'un l l '  j I
I  z e  r - e i  I

(  s4)
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uhere the €Uipticity e is rel.ated to the axial ratio by

for prolate el l ipsoide (b<a),  and

for oblaie €uipsoide (b>a).

in terms of shape alonB:

By rreducingr U ue obtain a funct ion U"rO

, , uurea = 
f-i[ 

=
|  .  - 1  r
l �  r  +  s 1 n  e l
l r r . . - - - ] I
\  c r l  -  . 2 1 2 )

1 q (  )

The covolume U can be found from a sedimentation equilibrium €xperi.ment

in terma of the act iv i ty coeff lc isnt,  as out l ined by Nichol  Eb! (19??)

although i.n oDde! to determine Ured, a knouledg€ of V6 is stilI required.

Nichol  et  aI  (19?Z) nor ' rever el iminatBd V" by eolving equat ion (55)

simultaneously uith tha translational frictional. ratio (equation 20b) to

produce the suelling independont rJr function (not to bB confused rrlith the

Squire Y funct ion)

t .  r  -  e -  _  r  +  e  I
I I ' ----:- tn f--- |
\ . - L - L )

u , f  . ,3  un3No '  , '

* = 
-rea- 

l-_ol = ITI-----:- .r,  
to2rz  l f  )  

-  M;  ( t  _  upo) '
(  s5)

As seen from Figure 23r { has th€ advantagE that no prior decision has

to be made as to uhether the maceonolecule is batter modelL€d either by

a prolate or oblats al l ipeoid.  Unfortunatalyr for typical  globular

macromoLecules (Emafl axiaf ratios), the paraneter iE still very
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sensitive to €xperimental Brrorr this is clBar fDom Nichol gljlr s

D€sults for ovalbumin, uhose axial  rat io thay found to be 2.5:1 rrr i th

a gtandard error of 5. This is largely due to th6 large number of

tBrms on the right hand side of equatj-on (56), several of tham cubed.

U""d " .n of  course b6 corbinad t i th any of  the equat ions (e),  (zob),

(2sb ) ,  (29b ) ,  (36b ) ,  (42b )  t o  e l im ina te  ve .  Fo r  exampre ,  i f  ( 55 )  i s

oonbined urith the v!,scaslty lncremant (8), a neu suelling ind€pendent

funct ion is produced (Figure 24) (Harding, 1980b):

U- reo .-
t L . =  -  - U

trlq
( s? )

Values of the II function for varioqe a(ial ratio€ a36 given in Table 1.

Tha results for hemoglobin ar6 in excellent agreement uith those found

lrom x-say crystal lography (see Appendix I I I ) .

1.?.1 .  Hvdrodvnamic non-idaal . i ty:  the R funct ion

Th6 vlscosity, translational frictional and rotational parameters

conaidered eo Par are normally those extrapolated to zero coneentration

in oDd€D to negate the effect of the net volume excluded by the particles

and soluta-soluta interaction. Houever, th€ nature of the concantration

dependenca of theee parameters, particularly the sedinentation coefficient

nsn and the reduc€d specS,f ic viscosity, n"'/e r has nou baen shoun by Roue

(1glt) to give valuabla information aE to thB conformation and sualling

in solution and a1€o an sstinate of the naoodnees of fitrr of an ellioeoid

for the nacromoLecule in solution.

Tha variation of E and n /c rrrith coneentlation can be reoregented
sg
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by regression parameters k-,  and k :s -  n

s c =  s ( l  -  k s c ) ( 5 8 )

n__r v =  [ n l  1 + k c )  
( 5 9 )

c  "  -  n -
rrrhere k- and k- ane, Dsspectj.vely, the sedimsntation and viscosity

3  r l

concentration DegFegsion coefficiente. Theee appcoximate lj.near

equations are valid onfy fos dilute solutions. A universal equation hae

been derived by Rou€ (see Appendix IV:.) for all soluta concentrations up

to dpr the cr i t ical  packing fract j .on:

s ^  t - l
- - :=+  =  t ' r ' l :  =  1 -  Bcs t tro/ "

(60a )

!rhere

kc  -  t 26  -  t l  r c i  / o  t 2-  D  ' -  s "  P -qc = -,---  
k c  - 2 i e + L

s
(60b )

uhere k=k- (sedimentat ion) or k=k_ (viscosi ty) .  Thia provides a mores t '  n

acculate method fos extrapolating to infinite dilution to obtain Ell .

and rrsrr, and alEo for finding k" and kn r from a given E6t of data, by

minimisi.ng:

{ w , I s ,  -  f ( k r , i r , s , c ' O D )  ] ] 2

(u.  = rrreight)  (61 )

This procedure j.s unetable if ks, is and s (or the correeponding viscosity

parameters) ara al-l taken to be independent variablee. Houever, if ue

aeeume i" = kJA fox grobular proteins, or assune i" from the ratio i",/ V



= k\/kL, urhere krn and kr ere the Parangt€rs found from thg approximate

Pit  (equat ions 58 & 59),  a stable f i t  may be found.

nor,re (tSlZ) has shoun that the su€LJ.ingr is/ i , can be found flom!

(62)

Therefore

v ks =  n
v k ^

M v  M  k_ .  r  t  " . J . iv " = - T ] -  = i l -  
r (- -'A "A --s

t  oJ , ,

The vElue o? i / 
-u 

and hence V- thue found is ind€P€ndant of any assumed
3 ' g

model lor the ptotein. Since the determi.nation of V" bY back substitution

into the equat ions givon at the beginning of  1.7.  af tar the axiaL rat io has

been datarmLned is dependent on the nodal choeen (i.e. an allipsoid of

revolut ion),  an est imat€ for the r tgoodness of f i t r r  of  an el l ipsoid of

ravolution is no!, available by comparing the model dependent V" rrrith model

indeoendent V (or,  equivalentLy, i  or  i  , /  ! ) .'  ' -  3  s l '

This theory also provides a neu ehape function rrR[, uhich is

independent of  part ic le suel l ing:

( 6 4 )

I ta les & Van Holdb ( tgsa) f raa previousJ.y D€polted that thB rat io k"/ [nJ

uras Eons unknoun function of ehape and equal to 1.6 for spherical

part icJ.ea; th is agreee ui th that prsdicted by equat ion (aa) ( f ieure tS).

R varles rather rapidly uith axial ratio for eJ,lipsoids; Even lor lour

axial ratioe and this function provides a precise method for

characterizing th€ axial ratio of relatively aymmetrical particles.

k

F]-=i ( ,  .  [*] ' )  =
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BeEidee its greate! sensltivity than the B function (or the v function),

R haa Eeveral other advantages:

(1) unltke B computation of R doaE not require knor,rledga of the absolutE

solute concantration (Rouer 19?? )

(Z) leea data ls r€qul.led to compute R and hence the ceror in the final

function is minimlzed. Ae rotational parametBla are generally very

difftcult to determiner ae uil1 be €vid€nt from the earlier parts of this

chapter, the R functlon iE afeo to be psefetred ov€r suelling indep€ndent

functionE involving these. The R function is also to be preferrod over

the ecattellng Y and a functions mainl,y bscause of the particle

homogeneity problem mentioned in section 1.6. The B functlon can stil1

hou€v€! ba u6eful, precl,EeLy b€cause of lts fack of variation for oblate

Bllipeoide, in decJ.ding rrrhather the macromolecule is better modelled by

either a pcolata or an oblatE al.lipsoid. Experimental values for F and

*nltnl (=R) h.ve been tabulated foR a uida range of proteina by clasth

& Knight (fgOs). VaLuee of B belou the theoretlcal minimum a? 2.'l'12 x 1o6

and abov€ 1.6 for R may lndicate that some proteinE cannot be modslled by an

equlvalent ellipsold of revolution. This haE been euggested for Bovine

Eerum albumin (BSA). A table of values of axial ratio calcuLatad flom

the R function for recent datar togather rrrith a compariaon of their

Inodal dependent r astimatee for i"fi uith their tmodel independent I

€Btlmatee to d€termin€ the rgoodness of fitt of an elLipeold of

revolutionr ls. giv€n in Tab1e 2.

1.8.  @4.

Although a hydrodynamically equivalent eLlipeoid of Eevolution

model can nou be fltted uith mueh qreater preciei.on to many rigid

nacronol.eeuJ.eg !,ith the aid of the R functj.on (and poselbly the II function)
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the dlEtinctlon stiLl haE to be made as to uhether the maclomoLeculs

iE better modelled either by a prolate or an obLate nodel. It is clear

from a poluaal of the cryatallogeaphic modELs of many globular proteins

euch ae calboxypeptidags, myoglobin and rlbonucleaee (Table 3) that in

many case6 this iE guite arbit8aFy and indeed in some caeee is

lmpoBelbl.e

It trrould be a Blgniflcant Bt6p foruard thErefora lf the restriction

of ttrlo equal axeg on th6 eLlipsoid !r6se Demoved to a11otr uee of the more

general trl-axial aLllpsold. Ho!,6ve!, elther du€ to the lack of the

theoretlcal Delationships linking the axial. dimenaiona of th€ ellipsoid

uith experimental parametele, o!, even Lf they are available, due to the

lack of the neceeeary experinental pseclgion, nLmeDical lnversion

proceduree or data analyeie tsehniqu€s, thle model hae not, to date, b6en

available. Tha ain of the reet of thig thesis ia to shou that the gensral

tri-axial B[ipeofd can nou be Euccegsfully employed to model biological

maclomolecules in solution. l/e u111 start by d€siving the trl-axial

vi8cosity increment equation.



Values of A r  e"r  
f , r  

* ,1,  
\ ,  \ t  \ t  E2t E 3EbieJ.

axial
ratio

a r P

8 r  €

E
b r P

e
br  o

" 1 r P

K
1 r s

K c ^

K
2 r o

K-

t l  
, o

-2 tF

'2ro

6a, o
'3 ,  o

fip

lT'-o

2 .500

Z.a| .JU

2.500

2.500

2.500

2.500

2.509

2 .500

2 .500

2.500

2.500

2.500

1 .000

1 .000

1 .000

1 .000

1 .000

1 .000

3.2U0

3.200

5.624

1 .854

r . u  r i )

1 . 9 3 1

? .899

4  i I a <

1 .0?5

1 . 9 3 1

3.349

1 .892

10.1?4

1 .77?

0 . 3 1 3

0 .74s

o .976

2.966

0.686

z. tJ:,

Z  ' F E

D . 4 l  /

1 .427

1 .O44

1 . 8 9 6

9 .164

1 .792

1 ,O44

I . O Y O

a . r c , l

't.862

11.8?1

1,7s8

0.292

1 . 0 5 1

0 . ? 1 8

3.322

o.574

2.O41

3.268

45.

7 .359

a  a n E

1 .O20

1 .868

10  .528

1 .??4

1  .868

4.189

,l a'a?

I J . O Y O

1 .742

o.275

8 . ? 1 9

1 . 1 2 9

o.707

3.690

U . O ,  I

1 . 9 3 5

3.2AO

prolate and obLate el l ipsoids of  revolut ion

1 0

l

A

2.490 2.692

2.356 2.157

1.932 1.574

2.522 2.343

2.168 3.250

2 .2?3  2 .110

1 .932  1 .5?4

2.522 2.343

2.211 2.'�133

2.439 2.265

3.047 3.809

2.198 2.O32

0.756 0.588

1.008 o.920

0 .865  0 .79?

o.967 0.890

1 .192  1 .423

0.868 0.?98

3 . 1 2 2 . 2 . 9 6 0

3 .180  3 .1?9

3.O?1 3.5?5

2 .070  1 .989

1 .3?3  1 .251

2.202 2.102

3.920 4.73?

2.005 1.932

1 .373  1 .251

2.202 2.'lO2

2.222 2.413

2.136 2.s45

4.769 5.899

1 .931  1 .97s

o.4a7 0.421

0 .860  0 .818

0 .?88  0 .811

0.834 4.796

1.69'1 1.983

o.757 0.729

2.118 2.601

3.192 3.20e

4.177 4.862

1 .93'�1 1 .887

1 . 1 7 1  1 . 1 1 5

2.029 1.974

5.6?9 6.?36

1 .882  1 .844

' 1  . 1 7 1  1 . 1 1 5

2.O29 1.9?4

2.6?4 2.989

'1 .980  1 .930

7.142 8.509

1 .832  1 .801

o.374 0.340

s .?87  0 .763

0 .854  0 .911

0 .?68  8 .?47

2.295 2.623

o.711 0.69?

2.438 2.291

3.225 3.241

prolate ellipgoid

oblate Bllipsoid

subscrlpt
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Table 3.

Protein

Ca!boxyFeptidas e

llyoglobin

CytochlonE c

Lysoaym€

RibonucleasE

Pre - aLbumin

H eoo 9I obin

Crystallographic dimensions of some globular proteins

Dimensions (R) Reference

4?,

Lipscomb ( 1971 )

Kendreu g!3! ( 1958 )

oickerson & Geiss (1969 )

B]ake g!-g! (1e6s)

Kartha gL3L (196?)

Blaks g!-gl (1e78)

PeEutz gl3l (1e60)

5 0 x 4 2 x 3 8

4 3 x 3 5 x 2 3

2 5 x 2 5 x 3 5

4 5 x 3 0 x 3 0

3 8 x 2 8 x 2 2

? 0 x 5 5 x 5 0

5 4 x 5 5 x 5 0



48.

: V

: associated solvent

trapped or entrained
solvent

Efg-L. A macronolecule in solution is ,oenerallv

suollen du€ to solvent aesociation

Prolate ellipsoid
of revolution
(b.a)

Fioure 2. tlathematical models Por macromolEculas in solution

I
Iyl av
I

x

strcsso-velocityv-

Oblate ellipsoid
of revolution
(b'a)

length of arrows are proportional to
the fluid velocity at that value of y

Fisule 5. Shearinq of a Neutonian

fluld b etrJeen paraLl,el

pl.ates ( frorn Van Holde,

1971)

statronary



Fiou!6 4. Plot of the V_iSegS_!!.LlaefeqeO! as a function of axial ratio

for ellipsoids of revoluti,on
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A r i a l  R a t i o

Fioure 5.  PIot  qf  lhe t , ranslat ional  Fr ict ional  rat io ( thE rrperr in

of revolution



q, l

Floure 6.



Fioure ?. Oielectric dispersion curves for prolate eLliosoide of

r€vol.ution. Constant dipole angle ( O= +So) and varying

axial ratio (arlb from 1 .to 50). From 0ncley (1940)
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?1

&

Plot of th€ harmonic nean rotational relaxati,on lin€ ratio

aa a lunction of axiaL ratio for eflipsoids of revolution

Floure 8.



4 5

A x  i a  I  R a t i o

Fioure 9.  Plot  of  the l luorescence anisotropv relaxat ion t ime rat ios as

I rat io



Arial  Rat io

Fioule 10.



Fiqure 11. (a) Values of  axiaL rat io and hvdrat ion as a funct ion of

v( i"r / i  ) .  contour l in€s denote values of  v(V"/V )

(u) ne auoue, uut as a runction of (f , /ro).( i" / i )1/3.

Contour l ineE denote vatues of (f  /?i .( ir / i )1/3

( f rorn Bncley, 1941 )
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Fioure 12.

certain olotein moleculas. ( f rom Onclev. 1941)



Serum Albumin

N I
\

..\ fun'r\
B IN
4,t W

.,1ffiw))t

t t
V

I

4

2

I

h

\

ue

d
o

d

E

J

x

o 0 5

Hemoglobin

1 5 0

lnsulin

o.5 1.0 0

Pepsin

o.5 1.O

Egg Albumin
8

4

2

I

,h

u4

v8
o.5 r.o o o.5 0 05 l.o o o.5

HYDRATION
Groms of l{oler pcr Grom d Prolcin

From frhtknol rotio flffi from viscoeily cofidenf
(ocluming *4? cnor) lll I lll (ossuning rlO% error)

Fron
rith

Edestin

E
\

E
t- \

E-
::l

il
/_

7

\

E
H

7

. t t

w Ih*
.l
ii

I
I

I {r(w

[fi pTer cry:lcl denaily [\ From X-roy eludias
[:::: :::l (orumlng *25% crror) lii.\r]

From dielcclrlc dirpcnion,
rith one relorolion llmc

diclcchic dbperdan,
tro rclorotion lirnrs



p r td6 tProlet

p r l O - ( O b l a t . )

( O b l a t . )

R  (P ro la

4 5

Ar ia l  Ra t  i o

Eiquf6 13. Plo! oF thE Schetaqa & ltandBlkef,n e (x 10-") and Roue R functions

velgus axial, ratio for ell,iosoids of revolutl,on



59 .

FiourE 14. PIot of d- and 6- as functiona of axial ratio Pos ellipsoids

of revolution



6 0 .

4 5
A r i a l  R a t  i o

Fi.oure 15. Plo!  of  p_ and p- as funct ions of  axial ,  lat io for el l ipsoids

of revolut ion



4 5
A r i a l  R a t i o

Fioure 16. PIot  of  y^r Y. and Y as funct ions of  axial  rat io for eJ. l ipsoids

prolati

r  ob f  a  tC

of revolut ion



J

Arial  Rat io

Fioure 1?. Plot  of  A as a funct ion of  axial  ral io lor el l ipsoids

of revolut ion



Fioure 18.  PIot  o f  e-  and e l .  as functLons of  ax la l  ra t io  lor  e l l lpsoids

of revolut ion



6 4 .

Fioure 19.  Plot  o f  K1,  K2 and K3 as funcl ions oF ax ia l  ra t io  for  e l l ipsoids

rr prolatE

of  revBlut ion



F iou re  20 .  P lo t  o f  E . ,  6 as functions of axial ratio for ellipsoids

of  revolut lon
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ros @lb)
Fiqure 2 ' l  .  P lot  o f  Y as a funct ion of  ax ia l  ra t io  for  eLl ipsoids o l  revolut ion

(from lvlartin, 1964 )
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Fiqure 22.  Pl -ot  o f  a  as a lunc l ion of  ax ia l  ra t io  for  e l l losoids of  revolut ion
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Flaule 23. Plot  of  0 as a funct ion of  axial  rat io for el l i .osoids

of revolut ion
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