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Aooendix IV Viscous FIou and Sedimentat ion of  Concentrated Dispetslons

of Part ic les (quoted fron A.J.  Rouer mss. in preparat ion)

Tha hydrodynamic properties of dispersions of panticles in flui.de

are quite ue1.L described at very high particle dilutionr both for simple

models (spheres, el l ipsoids, rods) and for more conplex models thich may

be represented as assemblies of simple models and lhe appropriate

interaction tensols computad. Restrictlng outselves to th€ case of small

particles (Bror,rnian motion doninant) suspended in liquids, the uork of

Stokes, Elnstein,  P6rr in,  Simha, Broersma and others ( for s imple models)

and oF Kiakhrood, Bloomfield and others ( for assembl ies) enables a

reasonably accuData de€cliption to be given of the sedimentation and

viscous florrl properties of such suspensions to ba given at rinfinite

diLution I .

At real particle concentaations horrlever, no theory has proved

adequate, even fot the simpJ.est particle model - the sphele. The need

for such a theosy is evident in many flields: in my orr.rn fiBld of

Biochemistry it uouLd be useful both for methodoloqical purposes in

characterising macromolecular pf,opelties and for the description of

r in v ivot systems, l rhich ars genelal Iy aather concentratad dispersions

of macromolecular patticles. I have be6n concBrned to derive such a

theory,  relat ing the propert ias of  suspensions of  part ic les at  real

concent lat ion to their  r inf in i te di lut ionr behaviour.  In a aecent paper

(Ror, le,  197?) a f i rst  part  of  such a theory uas descr ibed: the extension

of this theory to covar the case of high concentrations is nou describ€d.

The State of  the Problen

It has J.ong been notsd that the eoncentration dependence of
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Eadimentation and of reduced specific viscosity is flnite €ven at high

dtlution, and Demains naarly llnear over moderate ranges of concentratlon:

(eedimentat ion) e =
c

(v iscous f lou) n. , 9 D  =

s ( 1  -  k - c )  - -  s ( 1  +  k - c ) - 1- s s l

. l  gD r
l - l\ C / e r u

A lac6ntly d€rived thaory (Rorrle,

^ - , u
K  =  K  =  Z V (  E  +

V

( r  +  tnc)

19??) shoue that

Gfto)s )

fot compact pacticlee, r,lhere i ls the partial. specifie volume of the

partiele and ?ft^, the fllctional. ratio, is a paramete! computabl8 fot" o '

simple models and foe aesambliea of eub-units. This theory le thuE

applicable to partlcles of g1 conformation. Tha valueE pledicted foD

both spheree and oth€r partlclas agree uBl,I Uith expesinenta.L evidencE

and uith earlier theosetical pDedictiona for spheres (Ftgure 62, Table 24).

At high€! concentrations t!,o fucther effecte must bB coneldeled:

(i) mutually proximity of the particles affectE the rate of energy

disslpation at constant shear (the reloud effectr of Burgers).

In genecal this poaee a many-body problam !,hich is not amanabLe

to Eolution by claesical techniques.

(1f) the crltical packing fraction (0e) uilI be appcoached. Semi-

empirical €quatlons duE to |loongy (fSSf), oougherty and

Kr€iger (19?2) and otherE dEecrib€ th€ viscoEity of euspenslone

of epheree in terme of 0o.

A Neu General AEproach

Th6 theory applicable to high dllutions (Rorrle, t9??) uae based on

the supposition that g]a a I frame-of-refer€nce I effect neEd b6 consideDed

ln thlE case. Derived in terms of eedinEntation, it is Ehoun that the
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latter muet ba unchanged uith concentration in a ftame of reference

defined by the gg}g!.1!g.g!ggq!fg1, (i.e. solvent not traneported

or convected rrrith the particles). The equation abovB then follouE from

tha relation bBtueen the dBfingd fram€ of rBference and the c€11-fix6d

fram€ of reference in uhich meagua€menta are nornally made.

To sxtend this approach to higher concentlatione u€ !6-defin€ the

problem by conEidering th€ system to consiet of a larga but finite

nunber of volume slements, each eLement smal,l in comparison to a

Daatlclg. Th6a6 volum€ slEments can ba clasEified as elements of

dieJolnt  sets U1.. . .V4, Ehoun ln a Venn diagDam for tuo part lc les

(FiEurE 53).

Among lntereetlng properties uhich may be noticed are that

(i) Sets Vl, V3 can be classified into sub-eets

vl ,  -  v lnr v3, -  v3nr for n part ic le8 :n thB Eystem

( i i )  v 1 , O  v t .  =  0  ;  b u t  v 3 ,  n  v 3 , l  o
L  J  

-  I  J '

(iii) In Neutonian flor',, the magnltude of the florrr vector of the

sol-vent at any polnt ln thB Eystem ls defined by the fraction

of the vol,une elements in the vicinity of that point elasslfled

as in V2 U V3 in relation to thoeE in V4 U U2 U V3

(1v) v l in V2 /  q:  more completely V2 is part i t ioned into the

dlsJoint subsets V2a and U2b, rrlhere v1r0 V2a = O ;

v l  .O V2b fO: and 00, the cr i t ical  packing volume of the

partlcles, deterninBs the relative number of Blements in

V2a  and  V2b  {  0 -  =  1 ;  V2a  =  o } .
o

0n the ggggg!!ry that n is large, and that thE elementE in V3 are

located randomly in V3 U V4, then a Blmple finite probability space
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can be constructed, enabling us to calculate the number of elenents in

U1 . . . .U4, and hence the quant i ty gc in

( 1  -  e c )
c +  0

s i n c e  V 1  U V 2 U V 3  =  9 c .

The Eesult is gj-ven by

g c - z  =  6 = (kc - 2cis)

t A  i  i + 1
L G -  1 ) ( a  - o  )

L=21 - 2

uhers 2 = zcu - r
s c .

9 C  =

tc i " )2 ( t  -o)* ;  a = (1 -  o} /op

ruhich for almost all caees si,mplifies to

t " - H . ( " i "  ) '
. 2

9-

K C

u h e r e  k  = k  o r k  !

Zc-r1 + 1

= spEcilic volune of th€ hydrodynamic particle.v

This equatlon predicts rath€r accuaately the high-shear viscos!.ty

of latex spheres ovet the ent i re concentrat ion range (Figures 54 -  58).

It is applicable only to Nerrltonian flou, but is Plee of arbitrary oe

anpirical constants. The treatment lsed has some affinity uith the

rrridely used approach involving transient doublets, triplets, etc. (i = 2

in the above sunnation refers to ldoubletl interaction, etc.), but as no

particle model is enpJ.oyed, the results should be generaL flor all panticlee.

The Co term uogld oftan be difficult to estinate, but computer sinulation

shot s that an exact knouledge of Co is uninportant except at the hi.ghest

concentrations
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Figures 54 - 58 demonetrate lhe sueceas of the theory ln predicting

knoun properties of sedimentation and viscous flou at real concentlations.
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Tabl6 24. Uaaious theoretical estimates and a practical estima for

\2 , the second coefficient in the axpans5,on for n

terms of 0 (volume fraction)

J
l r " r  =  1  +  k 1 o  +  k 2 o - +  " " " " " "

Estl.nate for k^ Author

- i n
IgI  _

9 . 1 5

. , .

14 .1

12.6

{ . O

1 0 . 0

vand ( 1e48 )

fYlanley & lYlason (nodification of Vand) (1954)

Kyneh ( 19s6 )

Gold (  193? )

Slmha (modification of cold) (1952)

Batchelor & Green ( 19?2 )

Ro!,€ (19?? )

cheng & Schachman datg on PSL sphesos (1955)rabout 101
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Emplrical data and tha equation for tlanspo rt-concentration dependence

(RouE 19??)r at high sor"ute dir.ution. The equation .nableE rvr. (moracular

ueight) values to be c€lcurated from s and ks only. The agre-ement founo

b8tueen values for fll" computed thus and [rlD valuBs from th6 litarature

(various nethods ) is good euidence por the applicability or the aquation

to a uj.de range of systems.

5oLut6 n" ( sr*" ) Standard symbol
m  l l t + l

ProteJ,ns, nucl€ic acids, 1.92 0,01 a
virueBs

Cel lul .ose der ivat ives 1.01 0.09 O
in CUAII

CsLLul.ose der ivat ivee O.g? 0.10 A
in ACEToNE

Levans (aqueous ) 0 . 9 9  0 . 0 4  D

Poly ( methylyrnacrytate ) 1,0S 0.08  
in ETHYL ACFIATE
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Fiaure 53. Uenn diaoram shouino the vofume €IBments for trrro oarticles

in solution

V1 - particle volume

U2 - DaltielB co-volume

Ug - soLvent frictional foluard fLux

U4 - solvsnt rBtuln volume flux
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V [honas

O Woods & Krieger

Data for PSI spheres

t*,

volune fraction

Fiqure 54. Relativa vlscosity ofl soheles as a function of volume PractLon.

Predict€d l ine, for kn = 4,  i "  = 1,  0O = 0.64. Experimental

data oointe are also shoun
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concentration (S/d)

@fg-g!,. For hLohlv asvmmetrie oarticles the seditneltatlon coefficient

falls verv steeolv urith concentration. lo reach a relativelv

constan! rolateaur value. ComPuted curV€ar

s

ks = looo
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2

t/"

or

n
( r p /  "

Fiqure 56.

s

.002
concentration (g/nf)

fgr  k-(k )  = 1000. i -  = 1.  The 1/s plot  is l inear.  uhi let  the

direct olot  is markedLv curved. Comouled curv€s.



2

't/"

or

,lsp/c

I

concentration (/rt) n05

i I O U f e  5 r / .

lgl-k"(!n)9. Both

concantration Nanoe.

plots are reasonably linear over this

Comouted curves.



Fioure 58. Hvdrodvnanic data for Bovine serun albunin fitted

usino the neu, oaneral Equation for transDort at

all so]ut6 concentrations
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